CHAPTER 8

TRANSFORMATION
GEOMETRY

8.1 TRANSFORMATIONS AND ISOMETRIES
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A geometric transformation changes the position, size, or shape of a
figure. A particular type of transformation is defined by describing
where it “takes” each point of a figure. Under a transformation, each
point of the original figure is taken to its image. The original point is
called the preimage. An isometry is a transformation that preserves
the distance between points. If two geometric figures can be related
by an isometry, then they are congruent.

Transformation Notation

Figure 8.1 shows one possible transformation of A4BC onto AA’B'C. Tb:
set of points that comprise A4BC belong to the preimage set and the set o
points that form AA4’B’C’ represent the image set.
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Figure 8.1 Transformation of AABC onto AA'BC'.

It is customary to use the same capital letter to represent a preimage poms
and its matching image point. To distinguish between the two points, the l=
ter representing the image point is followed by a prime mark ("), as when <
is the image of A. The pairing of a preimage image point with its corr=-
sponding image point can also be indicated using “arrow” notation. Ref=-
ring to Figure 8.1, A — A’ indicates that point 4" is the image of point -
under the given transformation. Similarly, the notation A4BC — AA'B
means that A4’B’C” is the image of A4BC under the given transformatioz.

Definition of Transformation

Because each point of A4BC in Figure 8.1 corresponds to exactly one point
of A4’B’C” and each point of A4’B’'C’ corresponds to exactly one point of
—ABC, there exists a one-to-one mapping or pairing of the points of the two
figures.

- MATH Facts =
A transformation is a one—to-one mapping of the points of one set,
called the preimage set, onto the points of a second set, called the
image set. When a transformation is applied to a geometric figure, the
transformed figure is the image and the original figure is the preimage.

Congruence Transformations

A transformation that maintains the distance between any two points of a fig-
¢ is called an isometry. Under any isometry:

¢ Collinearity and betweenness of points are preserved. In Figure 8.2, 4”

and B’ are the image points of 4 and B under some isometry. If C is
between 4 and B, then C”’ is between A’ and B’.

* The image of a line segment is a congruent line segment. In Figure 8.2,
if AB =6, then 4A'B’ = 6.

* The image of an angle is a congruent angle, as illustrated in Figure 8.2.
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Figure 8.2 Properties of Isometries.

Some Basic Isometries

zure 8.3 illustrates three different types of transformations that are isome-
wes: reflection, translation, and rotation. Because an isometry always pro-
fces an image congruent to the original figure, it is sometimes referred to
= z congruence transformation.



Transformation Geometry

Rotation: “turn”

Reflection: “flip” Translation: “slide”
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Figure 8.3 Transformations that are isometries.

Reflections

A line reflection “flips™ an object over the line so that the image appeass
“backwards™ much like how the reflected image of that object would appez
in a mirror. The transformation represented in Figure 8.1 is actually the
reflection of A4BC over a vertical line (not drawn) midway between A4BC
and A4'B'C”. . ]

Figure 8.4 shows how to determine the reflected image of point A over lize
¢

* Draw a line segment from A perpendicular to line ¢. Extend that s==
ment its own length to 4”. _

* The shorthand notation r¢(4) = 4" indicates the reflection of poin: =
over line £ is 4”.

AP=A'P
Figure 8.4 Reflecting point A over line €.

To reflect a polygon over a line, reflect each of its vertices over the me 1
Then connect the reflected image points with line segments as shows = &
Figure 8.5.

€ c’
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Figure 8.5 Reflecting Trapezoid ABCD over line ¢.

= MartH Facts =
A reflection over a line is an isometry that maps all points of a figure
such that each image point is on the opposite side of the reflecting
line and the same distance from it as its preimage. If a point of the fig-
meBonﬂwrmmmmgmw,mennsmwgeSHmpmnHEMt

Orientation

=vzry convex polygon has two orientations: clockwise and counterclockwise.
“2e orientation assigned to a polygon depends on the direction of the path
Tzced when moving along consecutive vertices. In Figure 8.6, A4BC has
“eckwise orientation while A4’B’C, its reflected image in line p, has coun-
erzlockwise orientation. A reflection, therefore, reverses orientation. It is this
woperty of a reflection that makes the reflected image appear “backwards.”

e
0

Figure 8.6 AABC has clockwise orientation,
while AA’B'C’ has counterclockwise orientation.
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Transformation Geometry

Translations

A translation is an isometry that “slides” each point of a figure the same
distance in the same direction, as illustrated in Figure 8.7. A translation pre-
serves orientation.

Figure 8.7 A translation or “slide” of an object.

Rotations

Suppose two identical pieces of paper have the same smiley face drawn in the
same location. A pin is pushed through the papers when their edges a=
aligned. A rotation of the smiley face can be modeled by holding one pape
fixed and turning the other paper, as illustrated in Figure 8.8. The pin reprz-
sents the center of rotation.

Figure 8.8 Modeling a rotation.

A rotation is an isometry that “turns” a figure through an angle about so—e
fixed point called the center of rotation. Unless otherwise indicated, row=
tions are performed counterclockwise. Figure 8.9 shows a counterclockwse
rotation of A4BC x° about point O. The images of points 4, B, and C ==

determined so that corresponding sides of the figure and its image have e
same lengths and

mZLAOA" = mLBOB = mZCOC = x

The shorthand notation R+(4) = A’ indicates that the rotated image of point 4
after a counterclockwise rotation of x° is point 4”. You should verify that the
rotation preserves orientation.

c

Figure 8.9 Counterclockwise rotation of AABC x° about point O.

Glide Reflection

There are only four types of isometries: reflections, translations, rotations,
md glide reflections. A glide reflection is an isometry that combines a
=zflection over a line with a translation or “glide” in the direction parallel to
=e reflecting line, as in Figure 8.10. The line reflection and translation may
e performed in either order. Reflections and glide reflections reverse orien-
ziion; translations and rotations have the same orientation.

Figure 8.10 Glide reflection.

Classifying Isometries

sometries are given special names according to whether they maintain or
w=2rse orientation.

* A direct isometry is an isometry that preserves orientation. Transla-
tions and rotations are direct isometries.

* An opposite isometry is an isometry that reverses orientation. Line
and glide reflections are opposite isometries.



Transformation Geometry

Example 1

Maru Facts =
Which transformation appears to represent an 1sometry?

O - -

(D 3)

T—[\ <7

(2) (4)

If two geometric figures are related such that either one is the image
of the other under some isometry, then the two figures are congruent.

Similarity Transformations

Not all transformations produce congruent images. When the image size ser-
ting of an office copying machine is set to a value other than 100 percent, ths
copy machine changes the size of the figure being reproduced without affec:-
ing its shape. This process is an example of a dilation in which the repre-
duced copy is the dilated image of the original. The image size setting
represents the scale factor of the dilation. Figures 8.11 and 8.12 illustrz=
dilations with scale factors greater than 1 and less than 1.

o -

Solution: A transformation is an isometry if the preimage (original fig-

’1’ \\ B 6 C ' & . 5
7 & wrz) and image are congruent. In choice (2), the pair of figures appear con-
j R . zuent, although the image is turned upside-down.
Cl
[ |~ Image B f----—-------- ] 3
1 I ! o
\ ; 12 Zxample 2
7 I
AY /! I . .
. / P L n -=der what type of transformation, shown
e . D = the accompanying figure, is A4B’C’ the
T o mage of AABC?

Figure 8.11 Dilation with center P Figure 8.12 Dilation with center A - dilation

of a circle \I\nth raclu.lsf 2 using of rectangle ABCD L;smg = translation

a scale factor of 3. a scale factor of . = rotation about point 4
~ reflection in line €

Solution: Consider each choice in turn:

- MarH Facrs : E .
e . = _hoice (1): A dilation changes the size of the original figure. Since A4B'C’

d AABC are the same size, the figure does not represent a dilation.
“hoice (2): Since AAB’C’ cannot be obtained by sliding AA4BC in the hor-
zontal (sideways) or vertical (up and down) direction, or in both direc-
=oms, the figure does not represent a translation.

:" ao0ice (3): A rotation about a fixed point “turns” a figure about that point.
sce angles BAB” and CAC are straight angles, AAB’C’ is the image of
—1BC after a rotation of 180° about point A.

-20ice (4): Since line € is not the perpendicular bisector of B’ and cC’,

zoints B’ and t the reflected images of points B and C respec-

“zlv. Hence, the figure does nof represent a reflection.

A dilation is a similarity transformation that changes the size of a fig-
ure by mapping each point onto its image such that the distance from
the center of the dilation to the image is ¢ times the distance from ths
center to the preimage. The multiplying factor ¢ is called the scale
factor or constant of dilation.

e If ¢> 1, the dilation enlarges the figure, as in Figure 8.11.
¢ If 0 < ¢< 1, the dilatation shrinks the figure, as in Figure 8.12.

e correct choice is (3).



Transformation Geometry

Table 8.1 summarizes some key properties of transformations.

Table 8.1 Properties of Transformations

Preserves
Type of Preserves Angle Preserves Type of
Transformation | Distance | Measure | Orientation Isometry
Reflection v v X Opposite
Translation v v v Direct
Rotation v j v v Direct
| Glide reflection v v X Qpposite
Dilation X v v Not an
Isometry
Check Your Understanding of Section 8.1
A. Mulriple Choice
1. Which figure best represents a line reflection?
MPA  @P g 3) Pp “ pP

2. One function of a movie projector is to enlarge the image on the fiim

This procedure is an example of a
(1) dilation (2) reflection (3) rotation
3. A reflection does not preserve
(1) collinearity
(2) segment measure

(3) orientation
(4) angle measure

4. In the accompanying diagram,

AA'B’C’ is the image of A4BC ke
under a transformation in which b
AABC = AA’B'C’. This trans- .
formation is an example of a e
(1) line reflection Tl

(2) rotation
(3) translation
(4) dilation

(4) translation

5. Ms. Brewer’s art class is drawing reflected images. She wants her
students to draw images reflected over a line. Which diagram represents
a correctly drawn image?

A A A

3
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(1) (3)

A
OO A
B B’ C B

c
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Agl
6. In the accompanying diagram of right

triangle ACB with the right angle at C, 4
line € is drawn through C and is parallel
to AB. If AABC is reflected in line €,
forming the image AA’B’C’, which
statement is not true?
(1) Cand C” are the same point.
(2) mLABC = mZA’B'C.
(3) Line € is equidistant from 4 and A4’ ¢
(4) Point C is the midpoint of 44" area

of AA'B'C".

- In the diagram, figure B is the image of figure 4 under which transfor-
mation?

A B

1) line reflection
i2) rotation

(3) translation
(4) dilation



Transformation Geometry

8. The accompanying diagram shows the ' 11. In the accompanying diagram, K is 4 B < b
starting position of the spinner on a board the image of A4 after a translation.
game. Which figure represents the image Under the same translation, which \ \
of this spinner after a 270° counterclock- point is the image of J? £ ck L3 ks ¥
wise rotation about point P? (1) B
(2) C
(3) E
@) F H G F E

. B. Show or explain how you arrived at your answer.

- 12. Write the converse of “If a transformation is a line reflection, then it is
an isometry.” Give a counterexample to show that the converse is false.

]P PE /

H (@)
(1) (2) (3) C)) D
9. If AOAB, shown in the accompanying B
diagram, is rotated 90° clockwise about o
point O, which figure represents the E G
image of this rotation? :
g2 A 1
: - F .
o B A B i : ¢
. - . 13. In the accompanying diagram of square ABCD, F is the midpoint of 4B,
\ o G is the midpoint of BC, H is the midpoint of CD, and E is the midpoint
F of DA.
' : a. Find the image of AEQOA after it is reflected in line €.
- : b. Is this isometry direct or opposite? Give a reason for your answer.
4 B’ o o '
(1) 2) 3) (4) . 82 TYPES OF SYMMETRY
e /\
10. The area of a circle is 167 square inches. After the circle is dilated. =& Key Ipeas
circumference of the new circle is 167 inches. What is the scale facia” / \

There are many examples of symmetry in nature. People's faces,
leaves, and butterflies have real or imaginary “lines of symmetry” that
divide the figures into two parts that are mirror images. If a geometric
shape has line symmetry, it can be “folded” along the line of symme-
iry so that the two parts coincide. A figure can also have rotational
symmetry or point symmetry.

1 1
(H1 @) 2 G 3 * 7

272 273

AH13N03I NOLLYINHOASNYHL 8 Jeydeyg




Transformation Geometry

Line Symmetry

The objects in Figure 8.13 have line symmetry. A figure has line symmetry i7
it can be reflected in a line such that the image coincides with the preimage.
The reflecting line is called the line of symmetry and divides the figure into
two congruent reflected parts. The line of symmetry may be a horizontal line.
a vertical line, or neither.

e L B

Figure 8.13 Horizontal line symmetry.

The objects in Figure 8.14 have vertical line symmetry.

O

Figure 8.14 Vertical line symmetry.

Figure 8.15 illustrates that a figure may have both a horizontal and a verticz
line of symmetry.

Figure 8.15 Both Horizontal and Vertical Line Symmetry.

As shown in Figure 8.16, a figure may have many lines of symmetry or ma
have no line of symmetry.

274
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An infinite number of
lines of symmetry

Four lines of symmetry No line of symmetry

Figure 8.16 Figures with many or no lines of symmetry.

Rotational Symmetry

After a clockwise rotation of 60° about its center O, a regular hexagon will
zoincide with itself, as indicated in Figure 8.17. Regular hexagon ABCDEF
225 60° rotational symmetry.

i A’
’ N\
/ \
/ \
/ \
/ A
& \
/ \
\
> r / \ B'
[ ] 2}
Rotate 60° % o’ e
A\ /
\ /
\ /
hS /
A\ /
AY /
b Y s
D e

Figure 8.17 Rotational symmetry with a 60° angle of rotation.

= figure has rotational symmetry if it coincides with its image after a rota-
1on through some positive angle less than 360°. Every regular polygon

. s . o

=m;0vs rotational symmetry about its center for an angle of rotation of ﬂ,
n

w2zre n is the number of sides of the polygon. For an equilateral triangle,

| .zeare, regular pentagon, and regular octagon, the angles of rotation are

27°.90°, 72°, and 45°, respectively.

“oint Symmetry

= “izure has point symmetry with respect to a point when it has 180° rota-
==zl symmetry about that point, as in Figure 8.18.
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Transtormation Geometry

A c 8. Which letter has line symmetry but no point symmetry?
(1) O (2) X (3) N 4 M
D - B’{i———-—-:\é D’ 9. Which geometric shape does not have any lines of symmetry?
Rotated 180° NP
c & 7

Figure 8.18 Point symmetry.

O LI

(1) (2)

If you are not sure whether a figure has point symmetry, turn the page o=
which the figure is drawn upside down. Now compare the rotated figure wit

the original. If they look exactly the same, the figure has point symmetry. 10. Which figures, if any, have both point symmetry and line symmetry?

Lo I

(1) A and C only (3) none of the figures
(2) B and C only (4) all of the figures

Check Your Understanding of Section 8.2

AY13N039 NOILYINHO4SNYHL 8 J8idey)

A. Multiple Choice

1. If a rectangle is not a square, what is the greatest number of lines =
symmetry that can be drawn?

(1) 1 (2) 2 3) 3 4) 4
5 i 8.3 TRANSFORMATIONS USING
2. Which figure has one and only one line of symmetry? COORDINATES
(1) rhombus (3) square A
(2) circle (4) isosceles triangle Key IDEas
L\
3. Which type of symmetry, if any, does a square have? ; . .
(1) line symmetry, only (3) both line and point symmetry Transformations can be performed in the coordinate plane.
(2) point symmetry, only (4) no symmetry

seflections Using Coordinates

7 reflect a point over a coordinate axis, flip it over the axis so that the
mazge is the same distance from the reflecting line as the original point. In
fFcure 8.19:

» 1" is the reflection of 4 over the x-axis. Point A" has the same x-coordi-
nate as point 4 but the opposite y-coordinate.

* 4" is the reflection of A over the y-axis. Point A” has the same y-coordi-
nate as point 4 but the opposite x-coordinate.

» 4" is the reflection of 4 in the origin. The coordinates of point 4™ are
opposite those of point A4.

4. Which letter has both point and line symmetry?
(1) Z 2T 3 C 4) H

5. What is the total number of lines of symmetry for an equilateral trianzie"
(13 1 (2) 2 (3) 3 4} 4

6. Which letter has point symmetry but no line symmetry?
() E (2) S G W @I

7. Which number has horizontal and vertical line symmetry?
(1) 818 (2) 383 (3) 414 (4) 100

276 277




Transformation Geometry

¥ )
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Figure 8.19 Reflecting over
an axis and in the origin.

Figure 8.20 Reflecting
a line segment.

The notation r,.ss (2. 4) = (2, —4) indicates that the reflected image of poin:
(2. 4) over the x-axis is (2,—4). In general,

® Peaxis (YL 1) = (x )

® Faxis (X)) = (=x,p)

® Torigin (%, ) = (=x, =)
To reflect a line segment over a coordinate axis, flip it over the axis &
reflecting each endpoint of that segment. Then connect the images of the
endpoints. If the endpoints of AB are A(-1 .4)and B(3, 1). then, after a reflec-
tion of 4B over the x-axis, the image is 4’8" with endpoints A4'(—1,-4) ans
B’(3,~1). See Figure 8.20. To reflect a point over the line ¥ = x or over the lins
v =-x, as illustrated in Figure 8.21, use these rules:

o ry=x A, y) =4y, %)
¢ = A(x, ¥)=A" (-, —x)

y=-x

Figure 8.21 Reflecting over y = +x.

278

Example 1

Graph AABC with coordinates A(1, 3), B(5, 7), and C(8, —3). On the same
set of axes graph AA4’B’C’, the reflection of A4BC over the y-axis.

Solution: After graphing AABC, reflect points 4, B, and C over the
-axis, as shown in the accompanying figure. Then connect the image points
4%, B’, and C” with line segments.

Reflection in a Point

= point may be reflected in the coordinate plane in a point other than the ori-
z=. Under a reflection in point P, the image of point 4 is point A” provided P
= the midpoint of 44", as illustrated in Figure 8.22.

-~ 7T AJ — 1T
7 -6 -5 4 2’1741 1234567
bt bl bl B2

S OO TN S G, N SO SOV ) A ) S

Figure 8.22 Points A and A’ are reflections of each other in point P.
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Transformation Geometry

it follows that

Translations Using Coordinates

In Figure 8.23, AA4’B’C” is the image of A4BC under a translation that shifts
each point of A4BC 7 units to the left and 2 units up. If (x, y) is any point
of A4BC. then (x — 7, » + 2) represents the coordinates of the translated
image point.

2+h=0 and h=-2
-3+k=0 and k=3
Therefore:
B(0,4)— B(0+[-2],4+3)=B(,7)
C(-1,5) = C'(-1+[-2),5+3)=C'(-3,8)

'

o

=

=

=

co

-—'

=]

>

oA >

B . . . =

% I H Rotations Using Coordinates S

71 | . . =

¥ - The notation R, (x, y) represents the counterclockwise rotation of point =
iy i3 // %, ) through an angle of x°. Unless otherwise indicated, the center of rota- = -
2 vé Zon is the origin. In Figure 8.24, rectangle 4B’C’D’ is the image of rectangle = :
= _ 14— 4 1 . <BCD under a 90° counterclockwise rotation about the origin. The vertices T .
%3352, [ 1334847 e frectangle ABCD are mapped as follows: g
T = [ 1] Rage A(0, 0) = 4(0, 0) =
a . _ B T =
= Roge B(6, 0)=B'(0, 6) L —~
b

Rope C(6,3) = C'(-3, 6) S
Rope D(0, 3) = D'(-3, 0) EEEEmn | |
“2u should also verify that : HTTS T A

Ryso- C(6, 3) = C'(—6,-3) |
and Ryzge C(6, 3) = C'(—6, —3) =

Figure 8.23 Translation of AABC.

The shorthand notation T} is sometimes used to represent a translation of z
figure / units horizontally and & units vertically. The signs of /2 and k indicatz
direction: # > 0 means right, # <0 is left; £ > 0 represents up, and £ <0 &=
down. Referring again to Figure 8.23,

T92A2, 1)=A"(2+(-7),1 +2)=A(-5, 3)

-

D0} 400) - 260),
i1 | | |

,_I | i | | |
| |

T RN

In general,
Ty P, N =Px+hy+k Figure 8.24 Rotation of a rectangle 90°.

Example 2

The coordinates of the vertices of A4BC are A(2, -3), B(0, 4), and C(-1. 3. .
If the image of point 4 under a translation is point A°(0, 0), find the images ==
points B and C under the same translation.

Rl et Farmomn b

= MarH Facts =

After a rotation of 360°, the image of a figure coincides with itself so
Assoe(%.y) = (x.y). To find the image of (x, y) after a counterclockwise
rotation of 90°, or a multiple of 90°, use these rules:

* Rooe (X, Y) = (=, %)

* Rigee (X, Y) = (=%, -¥)

* Ao (X ¥) = (¥, ~X)

“ne notation R_,- (P) represents a clockwise rotation of point P
Trough an angle of x°. Thus, Razee (P) and R_gge (P) are equivalent
—ansformations.

Solution: In general, after a translation of / units in the horizontal dirz:
tion and & units in the vertical direction, the image of P(x, y) is P'(x + h,y — .

Since
——

A(zs —3) =3 A’(z + hs =3 k) =A’(0= 0)
|

280 281



Transfermation Geometry

Example 3 i

In the accompanying figure, . o T S S B
each grid box is 1 unit. R T T
Describe a transformation
that maps:

a. LJCK onto ABCQ .
b. AWST onto AJCL E
¢. AWST onto AJCK
d. AJCK onto ACAP N
1 F1 |

Solution:

a. A rotation of AJCK 270° counterclockwise about point C produces az

image that coincides with ABCQ. Thus, using C as the center of rotatior.

Ry70: (AJCK) = ABCQ
b. A translation of 9 units horizontally and 2 units vertically will shift ths
vertices of AWST suchthat W — J S — C,and T — L. Thus,
Ton (AWST) = AJCL
c. A glide reflection comprised of a reflection of AWST in the y-axis anz

followed by a horizontal translation of the reflected triangle 1 unit to ths
right and 2 units up:

Ryaxis (AWST = AW’S'T") followed by T, , (AW’'S'T") = AJCK.

d. A glide reflection comprised of a reflection of AJCK in vertical segmemr .

followed by a vertical translation of its image, AJCL, 5 units down:
r7c1 (AJCK) = AJCL followed by Ty s (AJCL)= NCAP

Dilations Using Coordinates

A dilation with a nonzero scale factor of £ maps P(x, y) onto P “(kx, ky) wh==

the origin is the center of the dilation. This transformation can be expressez |

using the notation
Dylx, y) = (kx, ky)

Figure 8.25 illustrates a dilation in which &£ > 1 so that OP" > OP. To illuszae

. . e I
further, assume the coordinates of the endpoints of 4B are A(2, 4) and B (7_

The coordinates of the endpoints of 4’B’, the image of 4B under a dilzzim. C

with a scale factor of 3, are 4°(6, 12) and B'(1, 3).

282

Figure 8.25 Dilation of point P.

Example 4

After a dilation with respect to the origin, the image of A(2, 3) is 4'(4, 6).
“what are the coordinates of the point that is the image of B(1, 5) after the
:zme dilation?

Solution: Determine the constant of dilation. The constant of dilation is 2
smce

A(2,3) > 4'(2x2,2%3)=A'(4, 6)

~=der the same dilation, the x— and y—coordinates of point B are also multi-
zizad by 2:

Dy(1,5) = B’ 2% 1,2x 5)=B’(2, 10)

Check Your Understanding of Section 8.3

& Multiple Choice

L. Which transformation represents a dilation?
1 @,4—->01,7
(2) (8,4) = (-8,4)
'3) (83 4) — (_4: *8)
i4) (8,4)—>(4,2)
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Transformation Geometry

2. Which transformation is an example of an opposite isometry? B. Show or explain how you arrived at your answer.

() (x.y)=>(x=+3.v-6) L
(2) (x, )= (3x.3y) 11-14. In the accompanying figure, each grid box is 1 unit. Identify each of ﬁ
(3) (x,v)—= (v x) the given transformations as either a reflection, translation, rotation, dilation, <=
4 (x.7) = (=) or glide reflection. State the reflection line, translation rule, center and angle <°
of rotation, or the reflecting line and translation for a glide reflection. =
3. The image of point A after a dilation with a scale factor of 3 is (6, 15). =
What was the original location of point 4? ¥ >
(1y (2. %) (2) (3.12) (3) (9, 18) (4) (18.45) J 3
) [ R T U g
4. What is the image of point (-3, 4) under the translation that shifts (x, v . =
to (x— 3,y +2)? ™% a E G 3
(1) (0.6) (2) (6, 6) (3) (-6, 8) (4) (-6, 6) h =
ANl N\ / )
5. The image of point (-2, 3) after a certain translation is (3, —1). What iz \\ \\ // rc"
the image of point (4, 2) after the same translation? | N\ Y %
(1) (-1.6) (2 (0,7 () .4 ) 9.-2) N - \|/ =]
g q =X =
6. What is image of point (-3, —I) after a rotation of 90° about the origin’ e e H
(1) G, (2 (1,-3) 3) 13,=1) 4 (1,3) \ \
i N\
7. The three vertices of A4BC are located in Quadrant II. The image o ) b
AABC after a reflection in the x-axis is A4’B’C’. In which quadrant = \ X
the image of A4’B’C” located after a reflection in the y-axis? J| ]? bd Bl T 1P
(1) I (2) 1I (3) 4) IV I
8. A function, f is defined by the set {(2, 3), (4, 7), (=1, 5)}. If fis reflect=t
in the line y = x, which point will be in the reflection? - 11. AGHM = AACM
(1) =5,1) (@) 5,-1) (3] ;-5 4 (-1,5) =
) ) . ) o ABMC — ANUR
9. Which mapping rule does not represent an isometry in the coordinzz= |
plane? ABKC — AGEM

(1) (x. ¥) = (2x, 2x)

2) (x¥)=>0H+2,y+2)
3 x¥)—=>=xy)

4) (x, y) = (x,-»)

= AACM — APHM

. If Ty (2, -1) = (=2, 1), what are the coordinates of the image of (-3, 4)

) , . . _ ) i under the same translation?
10. Point P’ is the image of point P(-3, 4) after a translation defineé =

T(7, -1). Which other transformation on P would also produce P’ zs
image?
(1) ry= (2) ry-axis (3) Rgpe (4) Rogoe

T T23(x,y) =(2,-1), what are the coordinates of the preimage point?

Under a reflection in point X(1, 2), the image of point P(3, -1) is P".
Determine the coordinates of point P’.
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Transformation Geometry

18. Carson is a decorator. He often sketches his room designs on the coordi-
nate plane. He has graphed a square table on his grid so that its corners
are at the coordinates A4(2. 6). B(7. 8), C(9, 3), and D(4, 1). To graph z
second identical table. he reflects 4BCD over the y-axis.
a. Using graph paper. sketch and label 4BCD and its image A’B'C’D’.
which show the locations of the two tables.
b. Find the number of square units in the area of ABCD.

19. Given: Quadrilateral ABCD with vertices A(=2. 2), B(8, —4), C(6, -10..
and D(—4, —4). State the coordinates of 4’B’C’D)’, the image of quadn-

1
lateral ABCD under a dilation of factor P Prove that A’B’C’D’ is =

parallelogram.

20. The vertices of A4BC are A(—4, 7), B(3,-2), and C(8, -2). Aﬁeratran:-
lation that maps (x. ¥) onto (x + A, v + k), A4’B’C’ is the image ¢
AABC.

a. If A4’B’C’ lies completely in Quadrant I, what are the smallest poss-
ble integer values of / and &?

b. How many square units are in the area of A4BC?

c. If A4”B”C” is the image of A4BC after a dilation using a scale fac-
tor of 2 with respect to the origin, how many square units are in th:
area of A4”B"C"?

21. The vertices of APEN are P(1, 2), E(3, 0), and N (6, 4). On graph papz:
draw and label APEN.
a. Graph and state the coordinates of AP'E'N', the image of APE"
after a reflection in the y-axis.
b. Graph and state the coordinates of AP”E”N", the image of APE"
under the translation (x, y) = (x + 4, y - 3).

22. Triangle SAM has coordinates S(3, 4), 4(3,
graph paper, graph and label ASAM.
a. Graph and label AS’A’M’, the image of ASAM after a reflection =
the line y=x.
b. Graph and label AS”A4”M”, the image of ASAM after a dilation o7 2
Express in simplest form the ratio of the area of ASAM to the arez =
AS"A"M”.
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-5), and M(4, -2). Or |
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8.4 COMPOSING TRANSFORMATIONS

VAN
Key lpeas
AR\
A glide reflection is an example of a composite transformation as it
combines two other transformations to form a new transformation.
When evaluating a composite transformation, the order in which the
transformations are performed matters.

Composite Transformations

% composite transformation is a series of transformations, one followed by
e other, in which the image of one transformation is used as the preimage
:7 the next transformation.

Example 1

= the accompanying figure, p and g are P
izes of symmetry for regular hexagon
#3CDEF intersecting at point O, the
zznter of the hexagon. Determine the final
mage of the composite transformation of E

_y

e reflection of 4B in line g followed by B o
z =zflection of its image in line p.

Solution: Since 7ipe (AB) = CB and
== » (CB) = EF, the final image is EF.

Example 2

Tz< coordinates of the vertices of A4BC are A(2, 0), B(1, 7), and C(5, 1).

= Graph AA’B’C’ the reflection of A4ABC over the y-axis and graph
2A4”B”C" the reflection of A4’B’C’ over the x-axis.

1 What single type of transformation maps AABC onto A4”’B”’C"?

Solution:
= Under the given composite transformation

A2,0)—> A" (=2,0) > 4” (-2, 0)
B(1,7) > B (-1,7) = B” (-1,7)
G5, 1) =€ (5, [ 0P (8, 1)

= the accompanying figure.
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Transformation Geometry

b. Risp: (A4BC )= AA"B"C".

Composite Notation

A composite transformation is indicated by placing a centered circle betwezr
two transformations, as in s © 712 (—1, 4). The transformation on the rigss
side of the centered circle is always evaluated first. Thus, r, gy, 0 712 (-1, =
represents a composite transformation consisting of a translation followed ==
a reflection. To find the final image point,

e First perform the translation:
Tia(-1,4)=(-1+1,4+2)=(0,6)
e Then reflect the translated image point:
Fr-axis (0, 6) = (0, —6)

Thus, reais © T2 (<1, 4) = (0, —6). The composite transforman=

Feeaxis © 112 (=1, 4) can also be written as r_4is(712 (-1, 4)) where the tra==- |

formation enclosed by the parentheses is performed first.

288

Example 3
Using the same figure as in Example 1, identify the image of the composite
transformation r, o Repe (£).

Solution: The notation r,  Reoe (£) represents the composite transforma-
tion of a 60° counterclockwise rotation of point £ followed by a reflection of
the rotated image point in line g. Because, Rgge (E) = D,

rgo Repe(E) =1y (D) =F
The final image point is F.

Composing Reflections over Two Lines

The composition of two rotations with the same center is a rotation. The com-
position of two translations is a #ranslation. The composition of two reflec-
ons, however, is not a reflection. There are two possibilities to consider:

e Composing two reflections over parallel lines translates the original
figure, as shown in Figure 8.26.

e Composing two reflections over intersecting lines rofates the original
figure, as shown in Figure 8.27.

=reimage

Length of CC" =2x d
Figure 8.26 Composing reflections over two parallel lines.
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Transformation Geometry

Check Your Understanding of Section 8.4

A. Multiple Choice

Preimage

1. The composition of two equal glide reflections is equivalent to
(1) a translation that is twice the distance of a single glide reflection
(2) a dilation with a scale factor of 2
(3) arotation
(4) areflection in a line perpendicular to the direction of the translation.

m

Final image
“B’,, 2-5. In the accompanying diagram of regular octagon ABCDEFGH, lines €
and m are lines of symmetry.
r
msCOC"” =2 x m£POQ £
A
Figure 8.27 Composing reflections over two lines intersecting at point O. m B A

AH13N039 NOILYIWHOISNYHL 8 181dey9

MarH Facts

Reflection—-Reflection Theorem

Case 1: Reflecting over Parallel Lines
The composition of two reflections over two parallel lines is a translation.

* The direction of the translation is perpendicular to the reflecting lines.
* The distance between the final image and the preimage is two times
the distance between the parallel lines.

Exercises 2-5

15]

. What is the image of the reflection of AB over line m followed by a
reflection of the image over line €?

Case 2: Reflecting over Intersecting Lines (1) CD ) 4H (3) HG 4) FG

The composition of two reflections over two intersecting lines is a
rotation about their point of intersection. The angle of rotation is equal
to two times the measure of the angle formed by the reflecting lines at
their point of intersection.

3. What is the image of a 135° counterclockwise rotation of point H
followed by a reflection of the rotated image over line m?
() B (2) D () E ONE

4. What is 7, o r¢ (FG)?

Composite Transformations and Congruent Figures () CD @) 4H (3) 7G (4) BC

Here are some other observations about composite transformations that v &
should know:

Ly

. Whatisr,orgor, H)?
(1) 4 2) (3)F @) G

* Because of the Reflection—Reflection Theorem, any translation or roze
tion can be expressed as the composition of two reflections.

e If two figures are congruent, there exists a transformation that igto.
one figure onto the other.

* Ina plane, one of two congruent figures can be mapped onto the o
by a composition of at most three reflections.

#. What are the coordinates of 7y, -, o Fyaxis (3, 1)?

1) 1,-3) @ B0 3) 1,3) ) G.-D
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Transformation Geometry

7. What are the coordinates of 7. © Rgg= (4. —2)?

(1) (2,4) (2) 24)

8. The coordinates of AJRB are J(1, —=2). R(-3, 6), and B(4, 5). What are
the coordinates of the vertices of its image after the transformation

T30 © Fpgis?

(1) (3,1).(-1,-7), (6,-6)
(2) (3.-3).(-1.5), (6. 4)
(3) (1.=3).(5.5). (=2, 4)
(4) (=1,-2). (3, 6). (4, 3)

9-10. In the accompanying diagram, p and ¢ are lines of symmetry for

figure ABCDEF.

9. Whatisryeryor, (4)?

(3) 4.2)

4 (4.2

(1) B (2) D 3) E 4) F
10. Whatis r, o 1, < 1, (BC)?
(1) 4B (2) BC (3) DE (4) EF
L P ¥
A C 1 . T
\/ g
I //
/,‘} P(5,1)
/Y/ : ° 1
i !
// | x=2
o -
r S~ ¥
/\ " ¢

F Y D

Exercises 9—10

11-12. In the accompanying diagram, the equation of line € is x = 2 and ths

equation of line m is y = x.

Exercises 11-12

11. What are the coordinates of the image of r¢ o r,, (P)?

(1 G35 @ LD

12. What are the coordinates of the image of Forigin © 7€ © 'y-axis (P)?

O LD @ (LD

(3) 3,-5) @) 2.1
3) (3.5) 4 5,-3)
292

13.

14.

16.

17.

What are the coordinates of the image of point 4(—4, 1) after the composite
transformation Rgge © 7, =, where the origin is the center of rotation?
M L4 @ H4-) (3) (1,4) 4) (4,1)

If the coordinates of point 4 are (-2, 3), what is the image of 4 under the
composite transformation ry_ais © D3?
D 6,-9) (@) (5,-6) (3) ,6) 4) (6,9)

. The composite transformation that reflects point P through the origin,

the x-axis, and the line y = x, in the order given, is equivalent to which
rotation of point P about the origin?
(1) Rooe (2) Rigoe (3) Razoe

S

(4) Risoe

In the accompanying diagram,

s || t. Which is equivalent to the
composition of line reflections
reor (AABC)?

(1) arotation

(2) aline reflection

(4) a glide reflection A 4

c

(3) atranslation

Given the transformations: R(x, y) — (-x, ») and S(x, y) = (y, x). What

is (R o S)(5, —1)?
1 (1.5) 2 (1,-5) (3) -L,5) 4) (-1,-5)

. Which transformation is equivalent to the composite line reflections

Fy-axis © Ty =x (Z_E)?
(1) arotation (3) a translation
(2) adilation (4) a glide reflection

2. Show or explain how you arrived at your answer.

9.

5 . ¥
Given point A(-2, 3). State
the coordinates of the image [1p "T__TS
of A under the composite I N
transformation 773 4 © #ygxis- e \\ 3
| N_! 2
. . Ny
. Draw the image of the figure TN [ ] .
shown in the accompanying go= - L FEREILEN
. . - 1
grid after the composite - Laf |
= : i1 | |
transformation 7y.axis © Roge. 3 %) 5
State the coordinates of P, : N 1]
the image of point £ under Lo Ly | ]
this transformation.
Exercise 20
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21.

22,

23.

24,

3]
wn

26.

Using the same figure as for Exercises 11-14 in Section 8.3, state the
composite transformation rule that maps ARUN onto AGEM.

If (-4, 8) is the image under the composite transformation T}, ; e 75 4(-3, 0).
what are the coordinates of the image of (2. —1) under the same compos-
ite transformation?

Given 4(0. 5) and B(2, 0). graph and label AB. Under the transformation
Franis © Traxis(4B). 4 maps to 4”, and B maps to B”. Graph and label
A”B"”. What single transformation would map AB to A”B”?

The coordinates of the vertices of A4BC are A(-1, 2). B(6, 2), and

C(3. 4). On graph paper, draw and label A4BC.

a. On graph paper, graph and state the coordinates of AA’B'C’, the
image of A4BC after the composition Rgg: © rc.ayis.

b. Write a transformation equivalent to Rop: © r*raxis.

. @ On graph paper. graph and label the triangle whose vertices are

A4(0.0). B(8, 1), and C(8. 4). Then graph, label, and state the coordinates
of AA'B'C’. the image of A4BC under the composite transforma-
tion 7y = g o 1, = (A4BC). Which single transformation maps A4BC
onto A4’B'C’
(1) rotation
(2) dilation

(3) glide reflection
(4) translation

b. On the same set of axes, graph, label, and state the coordinates
of AA”B”C”, the image of AABC under the composite transforma-
tion ry = 3 o 1. - o (AABC). Which single transformation maps AABC
onto A4”B"C"?
(1) rotation
(2) dilation

(3) glide reflection
(4) translation

In the accompanying diagram of
regular hexagon ABCDEF with
center O, L and P are lines of
symmetry. State the final

image under each composite
transformation.

a. 70 R 130+(C)

b. Fro i‘p(zg)

C. Rgpeoro(A)

/
S
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CHAPTER 9
LOCUS AND COORDINATES

9.1 SIMPLE LOCUS

VAN
Key Ipeas

.

A locus may be thought of as a path consisting of the set of all points,
and only those points, that satisfy a particular condition. A locus that
satisfies only one condition, called a simple locus, takes the form of a
line, a pair of lines, or a curve such as a circle. The plural of locus is /oci.

Finding a Simple Locus: An Example

To find the locus of points that are 3 units from point K:

e Make a diagram. Keep drawing points 3 units from point K until you

discover a pattern.

e Connect the points with a broken curve as shown in the accompanying

figure,

e Write a sentence that describes what you have discovered: “The locus
of points that are 3 units from point K is a circle that has point X as its

center and a radius of 3 units.”

Five Basic Loci

Tz accompanying table summarizes the five basic loci that you need to

MW,
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