CHAPTER 7

CIRCLES AND ANGLE
MEASUREMENT

7.1  CIRCLE PARTS AND RELATIONSHIPS

AN
KEey Ipeas

£\

The two basic figures in the study of plane geometry are the triangle
and the circle. A circle is a set of points in a plane at a fixed distance
from a given point. The fixed distance is the radius of the circle and
the given point is its center. A circle is named by its lettered center. If
the center of a circle is point 0, then that circle is referred to as circle

0. A semicircle is one-half of a circle. Congruent circles are circles
with congruent radii.

Points, Lines, and Segments of a Circle

If the distance from the center of a circle to a point Y is less than the radiz
it is an interior point of the circle; if the distance from the center to poin: *
is greater than the radius, then X is an exterior point of the circle.

it is called an arc. An arc that is less than a semicircle is named by its =
endpoints. The notation LM refers t

o the arc whose endpoints are points £ =
M, as shown in Figure 7.1.

Interior

Arc

M

L ]
Exterior X
Figure 7.1 Interior and exterior points.

The accompanying table identifies some different types of lines and sez
ments that contain points of a circle.,
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A continuous set of points of the circle that trace out a curved portior =

Special Line or Segment Circle Diagram

% chord isa segment whose endpoints are

: : Point of
coints of the circle. (Erigericy

~ diameter is a chord that passes through

Tangent
== center of the circle.

= secant is a line that intersects a circle at
~#0 points.

= tangent is a line in the same plane as.the
zircle that intersects it at exactly one point
zzlled the point of tangency or point of
contact.

Central Angles and Arcs

% central angle is an angle whose vertex is the center of a c_ircle and whose;
miies contain radii of the circle. If radii O4 and OB are the sides of a centra
zmsle that measures less than 180 degrees, as in Figure 7.2, then

* Points 4 and B and the points of the circle that are in the interior of the
central angle form a minor arc. . ' -

* Points 4 and B and the points of the circle that are in the exterior of the
central angle form a major arc.

Major Minor
arc arc

Figure 7.2 Classifying arcs.

Z points 4 and B are the endpoints of a diameter, then each arc that is formed
= a semicircle.

Naming and Measuring Arcs
To help distinguish minor arc AB from the major arc having the same two

=ndpoints, a third letter is placed on the major arc. In Figure 7.3, APB is the
major arc with endpoints 4 and B.
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e The measure of a circle is 360 degrees, and the measure of a seme-
circle is 180 degrees.
e The measure of minor arc AB is the measure of central angle AOB na

intercepts it. Thus,
mAB = mZAOB = 50.

e The measure of major arc APB is 360 minus the degree measure of =

minor arc. Hence, mAPB = 360 — 50 = 310.

50°
&

Figure 7.7 Parallel chords

Figure 7.6 Congruent chords
cut off congruent arcs.

have congruent arcs.

& Figure 7.7, if chords AB and CD are parallel, then 4C = Zp

. Theorems: Arc—-Chord Theorems

. I the same or congruent circles:
- = Iftwo chords are congruent, then their arcs are congruent
= Iftwo arcs are congruent, then thejr chords are congruent.

Figure 7.3 Degree Measure of Arcs. \
= Iftwo chords are parallel, then their intercepted arcs Gk Congricn:

Congruent Circles and Arcs
In the same or congruent circles, congruent central angles have congruess

arcs. as shown in Figure 7.4. Although arcs AB and CI_) in Figure 7‘,-5 hzws
conéruent central angles, their arcs are not congruent since they are in cor-
centric rather than in congruent circles. Concentric circles are circles wia

’ Example 1
| @ the accompanying diagram, 45 is paralle]
% CD.IfmAB = 110 and m CD = 90, what is

the same center but unequal radii. ;
e degree measure of central angle BOD?

SR (2

E Solution: Since parallel chords intercept
B =sual arcs, let v = mBD = mAC. The sum of
. e degree measures of the arcs that comprise
- sarcle is 360. Thus

m@+m§?)+m&3 +m.:1_(::360

110+ x + 90 + X =360

—_ 2x + 200 =360

Figure 7.5 AB # CD. 160
X = ‘.’1— = 80

Figure 7.4 AB = CD.
. Hence, mBD = 80. Since a central angle and irs intercepted arc have the same

Congruent Arcs and Chords |
g fegree measure, mZB0OD = §0.

In Figure 7.6, if chords 4B and CD are congruent, then 4B = CD. Coz-

versely, if 4B and CD are congruent, then AB = CD.
217
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Diameter Perpendicular to a Chord

When a diameter is perpendicular to a chord, the diameter bisects the =

and its minor and major arcs, as shown in Figure 7.8.

A

Figure 7.8 Diameter AB L chord CD makes CM = DM,
CB =CD and AC = AD.

Theorem: Diameter L Chord

If a diameter of a circle is perpendicular to a chord, then it bisects
chord and its arcs.

Paragraph Proof (Refer to Figure 7.8)

Given: Circle O, diameter 4B | chord CD.
Prove: a. AB bisects CD.
b. AB bisects CD and CAD.

a. Prove ACOM = ADOM to show that CM = DM.

e Draw radii OC and OD ) (two points determine a line).

e OC = OD (Hyp) and OM = OM (Leg). Right triangles COM and DO«
are congruent by HL = HL.

e CM = DM (CPCTC) so 4B bisects CD.

b. Use congruent central angles to obtain the required pairs of congruss

arcs.

e Since £1 = /2 (CPCTC), CB = DB. Hence, AB bisects CD .
® ZA40C = £A40D since supplements of congruent angles are congruent.
o .. AC = 4D so 4B bisects CAD .
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| lisszmce of chord AB from center O. It is
swen that O4 = 5 in and OF =3 in. Because

is 3 inches from the center of a circle whose radius is 5 inches. What
1oth of the chord?

ey |

= Seng
Seiurion: In the accompanying diagram

=22 0, OA4 1s a radius, and OF is the

24 isa 3-4-5 right triangle, AE = 4.
= OF is perpendicular to chord AB and
.= through center O, it lies on a diameter,
%@ 1 disects AB. Hence AE = BE=4in.

% =ngth of the chord AB is, therefore,

L &-Zor8in.

. Equidistant Chords

. = =zure 7.9, 4B = CD. The lengths of perpendicular segments OP and 00
_ w=r=sent the distances of the segments from the center O. When a line
“#ugh the center of a circle is perpendicular to a chord, it bisects the chprd.
| umce, AP = CQ, as halves of congruent segments are congruent. Since
i 04 = OB, AOP4 = AOQC, which means OP = OQ.

B

Figure 7.9 AB= CD = OP= 0Q.

Conversely, if two chords are the same distance from the center of a circle.
©e chords are congruent.

. Theorems: Equidistant Chord Theorems
In the same or congruent circles:
e Iftwo chords are congruent, they are the same distance from the center.
e If two chords are the same distance from the center, they are congruent.
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RAres: Errem

Deciding When Two Arcs Are Congruent

In the same circle or in congruent circles, two arcs are congrus=
when any one of the following statements is true:

The central angles that intercept the arcs are congruent.
The chords that the arcs determine are congruent.

The arcs are between parallel chords.

The arcs are formed by a diameter perpendicular to a chord.
The arcs are semicircles.

Deciding When Two Chords Are Congruent
In the same circle or in congruent circles, two chords are congruen:
when

e The arcs that the chords intercept are congruent.
e The chords are the same distance from the center.

= MarH Facrs = =

l - 1fOC=CD and mAC = 79, find m£ 4OB.

Check Your Understanding of Section 7.1

A. Multiple Choice

1. A chord 48 centimeters in length is 7 centimeters from the center o= &
circle. What is the number of centimeters in the length of a radius of ==

circle?
(4) /2,353

(1) 25 (2) 50

2. A chord is 5 inches from the center of a circle whose diameter =
26 inches. What is the number of centimeters in the length of the cho=z"
(1) 12 (2) 24 (3) 31 (4) 36

(3) 55

3. What is the distance, in inches, of a 30-inch chord from the center o= ¢
circle with a radius of 17 inches?
(1) 4 (2) 8 (3) 13 (4) 47

220

10. Given: Incircle P, PB L DE. PC L. FG. DE

E .o accompanying diagram of circle O,

30C is a diameter, radius OA is drawn, C
znd mZLOAB = 30. What is the measure

of minor arc AC ?

i1) 15 (3) 60

12) 30 (4) 90 A ' A
Exercise 4
Show or explain how you arvived at your answer:
~. In the accompanying diagram, 4B is parallel to CD in circle O.

S IfmBD=75and mCD = 90, find m~AOB.

5. fm/BAO =40 and mCD =70, find mBD. 4 e B

Exercises 5-7

% In circle O, chord 4B is 9 inches from the center. The diameter of the
circle exceeds the length of 4B by 2 inches. Find the length of 4B.

%. Given: In circle O, quadrilateral OXEY is a square.

Prove: _(:)-13 = JT.

P T

&~

-

Exercise 9 Exercise 10

FiF.

n

Prove: P4 bisects ZFAD.
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11. In the accompanying diagram of circle O,
points £ and F are midpoints of radii OD

and OC, respectively, AD = BC.

Prove: a. AAOE = ABOF
b. ZDAE = ZCBF

Exercise 11

7.2 TANGENTS AND CIRCLES

/A
KEy Ineas

V. ¥

Tangent segments drawn to a circle from the same exterior point arz
congruent. Circles may be tangent to each other. The same line ma;

be tangent to more than one circle.

Properties of Tangents
In Figure 7.10, tangent line 7 intersects the circle at point 4 so radius O4 _ -
Conversely, if line ¢ is perpendicular to radius OA at 4, then ¢ is tangem @

circle O at point 4.

A

] t ]

b - |

Tangent
Radius
O

&

B
Figure 7.10 OA L t. Figure 7.11 PA= PB.
In Figure 7.11, tangent segments P4 and PB are drawn. Since AOAP = AOZ2

by Hy-Leg, PA = PB.

222

{5 _ RS, AOSR is a right triangle
| waose side lengths form a 5-12-13
. ™thagorean triple where x = 5. The

i 5 :
. mrmula 4 = r”. Because r = 5 inches,

‘Theorems: Tangent Theorems
= Theorem: If a line is tangent to a circle, then it is perpendicular to the

- radius drawn to the point of contact.
= Theorem: If a line is perpendicular to a radi i i

a lin 1us at its endpoi ir-
: cle, then the line is tangent to the circle at that point. e
= Theorem: If two tangent segments are drawn to a circle from the same

exterior point, then they are congruent.

. “=m a point R that is 13 inches from the center of ci RS i
“ = ; . _ circle O, RS is drawn
. amzent to circle O at point S. If RS = 12 inches, what is the area of circle O

| =moressed in terms of 12

Solution: Draw radius OS. Since

ax=a. 4, of a circle is given by the

=1 x5%=25in’.

Zxample 2

i the aécompanying figure, PAB and PCD are tan i

i /Ing higure, /= D gent to circle O at points

- ¢ and B, respectively, mZP = ; i - FIELLAS

iy Cp v, m 48, chord AC and diameter AOK are drawn.
Solution: Tangents P4 o :

. oution gents P4 and PC are congruent, so in A4PC. mZPIC =

x+x+48=180
2x=180-48

2x 132

22

Y =66

Angle KAP is a right angle so mZKA4P = 90.
mAKAC + m£LPAC = mZKAP

msLKAC+ 66 =90
mLKAC =90 - 66
mLKAC = 24

223
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Circles and Angle Measurement

Tangent Circles

Tangent circles are circles in the same plane that are tangent to the same line
at the same point. Circles may be tangent internally or externally, as shown iz
Figure 7.12. )

Circles tangent internally Circles tangent externally

p
Figure 7.12 Tangent circles.

¢ If the circles lie on the same side of the common tangent line, the cir-
cles are tangent internally.

e If the circles lie on opposite sides of the common tangent line, the ciz-
cles are tangent externally.

Common Tangents

A line that is tangent to two circles is a common tangent. Common tangenz:
may be external or internal. A common external tangent does not intersez
the line through the centers of the two circles at a point between the two ci-
cles. A common internal tangent intersects the line joining the centers of the
two circles at a point between the two circles. Figure 7.13 shows the possibiz
numbers of common tangents drawn to two circles.

One common external tangent Two common external tangents

&)

Internally tangent circles

Circles intersecting at two points

Figure 7.14 Common tangents.

Two common external tangents and

{ Two common external tangents and
one common internal tangent

two common internal tangents

wr M P el

Externally tangent circles

Nonintersecting circles

Figure 7.14 (continued) Common tangents.

._:_e length of a common tangent is the length of the segment whose end-
-oints are the two points of contact.

Circumscribed and Inscribed Polygons

* polygon is inscribed in a circle if all the vertices of the polygon are points

oz the circle, as in Figure 7.14. The circle is said to be circumscribed about
w2e polygon.

C

D

Figure 7.14 Quadrilateral ABCD
is inscribed in circle O.

Figure 7.15 Quadrilateral PQRS
is circumscribed about circle O.

< oolygon is' circumgcril?ed about a circle if each side of the polygon is tan-
£=at to the circle, as in Figure 7.15. The circle is said to be inscribed in the
slygon.

. 'he center of a regular polygon is the point in the interior of the polygon
72 1s equidistant from the vertices of the polygon. The centers of the

=scribed and circumscribed circles of a regular polygon coincide with the
===ter of the regular polygon.



Circles and Angle Measurement

Check Your Understanding of Section 7.2

(5]

n

. In the accompanying diagram, equilateral

Multiple Choice

. If two circles are internally tangent. what is the total number of commo=

tangents that can be drawn to the circles?

(1) 1 (2) 2 (3) 3 (4) 0

- From exterior point L of circle O. tangent segments LP and LQ arz
drawn such that m£PLQO = 60. If a radius of circle O measures 6, whatiz

the distance from the center of the circle to point L?

(1) 33 (2) 2 3) 3 4) 12

- If two circles with diameters of 6 and 2 are internally tangent, then ths

distance between their centers is

(1) 0 (2) 2 (3) 3 (4) 4

. The radii of two circles are r and R, and the distance between the=

centers is d. If d = r = R. then the number of common tangents the twe
circles have is
(1)1 (2) 2

(3) 3

(4) 4

. If circles O and O’ do not intersect, the maximum number of commos

tangents they may have is

(D1 (2) 2 (3) 3 (4) 4

- If for two given circles exactly two common tangents are possible, ths

circles

(1) intersect at two points
(2) are concentric

(3) are tangent internally
(4) are tangent externally

AABC is circumscribed about circle O, i g
and equilateral ADEF is inscribed in
the same circle. What is the ratio of
AB to DE? # A
(1) 4:1 (3 2351 —
2) 2:1 @) \3:1
54

Tangents P4 and PB are tangent to circle O at points 4 and B, respec-
tively, and radii O4 and OB are drawn. Which statement is always true?
(1) m£P =mZAOB (3) mLP +mZLAOB =90

(2) m£P >mZAOB (4) mLP + mZAOB = 180

3. Show or explain how you arrived at your answer:

9

*. Externally tangent circles 4 and B have diameters of 8 inches and

4 inches, respectively. Point P lies on their common internal tangent at a
distance of 3 inches from the point at which the two circles touch. Find
the perimeter of AAPB correct to the nearest tenth of an inch.

In the accompanying figure, JK, KL, and JL are tangent to circle O at
points R, S, and 7, respectively. What is the length of JTL?

Exercise 11

Exercise 10

‘1. In the accompanying figure, PJ and PL are tangent segments drawn to

circles 4 and B, respectively, and PK is tangent to both circles at K. Find
the values of x and y.

From a point R that is 15 inches from the center of circle O, RA is drawn
tangent to circle O at point 4. If the area of circle O is 64n, what is the
length of R4?

In the accompanying diagram of circle O, the lengths of the radii of the

two concentric circles are 4 and 5. Chord AB of the larger circle is
tangent to the smaller circle. What is the length of AB?

B D
12
C
’ @
A

Exercise 13 Exercise 14
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Circles and Angle Measurement

5. The area of a circle is 16m. What is the length of a side of the regular

hexagon inscribed in the circle?
(1) 8 (2) 2 (3) 6 4) 4

B

\\

\\
30° _\e
A

6. In the accompanying figure, a radar tracking beam is centered at O and
sweeps in a circular pattern an angle of 30° as the er_xd of the beam moves
from point 4 to point B in the counterclockwise direction. If the length

of 4B of circle O is 6 kilometers, what is the number of square kilo-
meters in the area of the region that the radar beam covers when it moves
from A to B?
(1) 36n

0

(2) 34n (3) 72n (4) 108w
7. Kira buys a large circular pizza that is divided into eigh't equal sli_cetz.
She measures along the outer edge of the crust of one piece and fincs

1 L , : B
the distance to be 3 5 inches. What is the diameter of the pizza to to

nearest inch?

(1) 14 (2) 8 3) 7 (4) 15

8. In a circle, the minor sector formed by two perpen@icular radii has =
area of 167. The length of the major intercepted arc is
(1) 12r (2) 8m (3) o1 (4) 4m

9. A regular hexagon is inscribed in a circle. What is the ratio of the lengx

of a side of the hexagon to the minor arc that it intercepts?

bid 3 3 6
— s — 4 —_—
() < @) % @) 7 4 -

B. Show or explain how you arrived at your answer.

10. In circle O, sector AOB has a central angle of 40°. If the area of
sector is 4w square inches, find in terms of 7 the number of inches =

the length of minor arc 4B.

11. A ball is rolling in a circular path that has a radius of 10 inches, as shown
in the accompanying diagram. What distance has the ball rolled when
the subtended arc measures 54°? Express your answer to the nearest
hundredth of an inch.

54°

Exercise 11 Exercise 12

12. Kathy and Tami are at point 4 on a circular track that has a radius of
150 feet, as shown in the accompanying diagram. They run counter-
clockwise along the track from A4 to S, a distance of 247 feet. Find, to the
nearest degree, the measure of minor arc AS.

L2
H

A circle is circumscribed about a traffic sign that has the shape of a
regular octagon. If the area of the circle is 2567 in?, find to the nearest
tenth of an inch the distance along the circle, between two consecutive
vertices of the octagon?

“+. If each side of a regular polygon with 12 sides measures 54.0 cm, find
a. The length of the minor arc intercepted by a side of the polygon
correct to the nearest tenth of a centimeter
b. The area of the polygon correct to the nearest square centimeter

74 CIRCLE ANGLE MEASUREMENT

A

KEey Ipeas

L\

“he vertex of an angle whose sides are chords, secants, or tangents
may lie on the circle, inside the circle, or outside the circle. In each
zase, the location of the vertex determines the relationship between the
measure of the angle and the measures of the intercepted arc or arcs.

RIS A A
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Circles and Angle Measurement

Vertex on the Circle: Inscribed Angle

An inscribed angle of a circle is an angle
whose vertex is on the circle and whose
sides are chords. In Figure 7.18. inscribed

angle 4BC intercepts AC . An inscribed o
angle is measured by one-half of the
measure of its intercepted arc:

Figure 7.18 Measuring an

(50)=2 inscribed angle.

b | —
h

| —
mLABC = ;m.—-IC =

Vertex on the Circle: Chord-Tangent Angle

An angle whose vertex is on the circle and whose sides are a tangent anc
a chord is measured by one-half of the measure of its intercepted arc. In
Figure 7.19:

I — 1
mLRST = ;mR.S' = 5{140) =70

Figure 7.19 Measuring an angle formed by a tangent and a chord.

Theorem: Inscribed Angle Theorem

The measure of an inscribed angle is equal to one-half of the measure of
its intercepted arc.

G D
xﬁ
A »
Tangent
‘ F
B
1

mLABC =—x MZLDEF = —y

Theorem: Chord-Tangent Theorem
The measure of an angle formed by a tangent an_d a chord drawn to the
point of tangency is one-half of the measure of its intercepted arc.

Example 1

In each case, find the value of x.

Solution:
a. ABC is a semicircle, som BC = 180 — 110 = 70.

1 —
x=—_—m§h
"

Il

1
=(70
5 (70)
=35

b. £AOC is a central angle, so mAC = 110.

1 —

mZLABC = EmA

1
=(110
5 (110)
=55

c. The degree measure of an arc intercepted by an inscribed angle must
be twice the degree measure of the inscribed angle. Hence

x=2(mLABC)
=2(25)
=50



Circles and Angle Measurement

d. £AOB is a central angle, so m ACB = 70.
m A4PB = 360 — 70 = 290

1 —

x= Emf!PB

1
= 5( 290)
=145
Example 2 E
In the accompanying diagram, DE is
tangent to circle O at D, AOB is a

diameter, and CD is parallel to 4O0B.
If m£DAB = 21, find mZCDE. y 5

Solution:

* Angle CDE intercepts arc CD, so the degree measure of this arc is needeé.
Since the sum of the degree measures of the arcs of a semicircle is 180:

meE”+mE‘B+m13§= 180.

¢ The degree measure of inscribed angle DAB is 21. The degree measure of -

its intercepted arc, I’DE, must be twice as great, or 42. Since parallel chords
intercept equal arcs, mAC = m DB = 42. Hence:
42 +mCD +42 = 180

mCD = 180 — 84
=96

* Since ZCDE is formed by a chord and a tangent:
] ==
mZ£CDE = 5 mCD

Ly
=2(96)

= 48

Corollaries of Inscribed Angle Theorem

Several important relationships follow directly from the Inscribed Angle
Theorem.

 Corollary 1: If two inscribed angles s

intercept the same or congruent arcs,
then the angles are congruent. In the

accompanying figure, inscribed angles
B and D are congruent because they />
Ay
D

o]

intercept the same arc, AC.

* Corollary 2: An angle inscribed in A
a semicircle is a right angle. In the
accompanying figure, because £4AHB
is inscribed in a semicircle, its inter-
cepted arc is also a semicircle so

s

180°

I — 1
mALAHB = EmAB = 5(180)= 90

* Corollary 3: The opposite angles of an
inscribed quadrilateral are supplemen-
tary. In the accompanying figure,

at+tc=180 and b+d=180

Circle Proofs

“hen the sides of triangles cut off arcs of a circle, circle angle-measurement
=lationships can sometimes be used to prove that pairs of angles in these
Tangles are congruent.

Example 3

=ven: In circle O, AB is a diameter, - = -
AM = DM.
=wver AAMB = ACMB. s
Solution: See the proof.
“.ax: The triangles can be proved &

-imzruent by using the ASA postulate.



Circles and Angle Measurement

Proof AT R T e e
arem:
Statement Reason s ® . C:or B hordAngle heorem
- —=- . - ' measure of an 1 dby - R .

1. Incircle O, 4B is a diameter. 1. Given. ‘ o chords mtersa:c:;ggl?nf:l(-i?zdc?rjéle ‘ "
2. ZAMB is a right angle. 2. An angle inscribed in a semicircle qual to one-half of the sum of the ”

is a right angle. asures of its two intercente A
3. ZCMB is a right angle. 3. The supplement of a right angle e oL Wog}gtercgptgd arcs.

is a right angle. '
4. LAMB = LCMB Angle 4. All right angles are congruent. 1
5. MB=MB Side 5. Reflexive property. ms1 =5(x +y)
6. AM =DM 6. Given. R
7. LABM = ZCBM Angle 7. Inscribed angles that intercept

congruent arcs are congruent.
8. AAMB=ACMB 8. ASA postulate.

Vertex of Angle: Inside the Circle

When two chords intersect in the interior of a circle, as in Figure 7.20, each
of the angles formed are opposite two arcs of the circle. The angle formed by
the two chords is measured by one-half the sum of the measures of the two

intercepted arcs. Thus

l —_— —
mLAEC = E(mAC + mBD)

150°

Figure 7.20 Vertex of angle inside circle.

fn the accompanying diagram, regular
pentagon ABCDE is inscribed in circle O.
- Chords AD and BE intersect at F, and

BT is tangent to circle O at B. Find:

mZABT

Solution:

b. mZAFE

In a regular pentagon all five sides have the same length: theref i
Inar _ ; ore, circl
is divided into five equal arcs. The degree measure of ezgi::h arc is, therefl';iee

1
= 5(150 +70) or 72. Hence:
=110 |
1 —
MZLABT=—mAB = l(72) =36
b 2 2
70° 7 ingle 4£E intercepts arcs BCD and AE. Since mAE = 72 and mBCD =
wBC+mCD=72+72=144:
B

1 — —
mZ£AFE = —(BCD +m4E)

(144 + 72)

N | —

N =

(216)

Il
[
[
-]




Circles and Angle Measurement

Vertex of Angle: Outside the Circle
The vertex of an angle whose sides intercept arcs of a circle may lie in the
exterior of a circle, as illustrated in Figure 7.21.
Secant-Secant Tangent-Tangent
Angle Angle
C

P

—_—

| — p— 1 =
mZP= "Z‘(mBC -mAD) mZP = E(mACB— mAB)

Tangent-Secant
Angle

P

L == s
mLP = E(mBC - mAC)

Figure 7.21 Angles whose vertices are in the exterior of the circle.

Theorems: Sec-Sec, Tan-Tan, Tan-Sec Angle Theorem
The measure of an angle formed by two secants, two tangents, or a tan-
gent and a secant intersecting in the exterior of a circle is one-half of the
difference in the measures of its two intercepted arcs. :

244

Example 5

in each case, find the value of x.

118°

Solution:

: mAC + 76+ 84 =360 b.
mAC =360 — 160

) [— —
=200 mLP= E(mBD—mAC)

=ence:

1
1l = = 42=—(118-x
x= E(mAC—mAB) 2( )

84=118-x
:%(200—-76) x=118-84
=—(124
2( )
=62
Example 6

= the accompanying diagram, PA is tangent to circle O at point 4. Secant

7BC is drawn. Chords C4 and BD intersect at point E. If
mAD:mAB :mDC :mBC =2:3:4:6

“nd the degree measure of each of the numbered angles.

Solution: First find the degree measures of the arcs of the circle. Let

Zr=mAD. Then

3x=m;1-1§, 4x=rnC“B, 6x=mfi’_é.
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Circles and Angle Measurement

Since the sum of the degree measures of the arcs of a circle is 360: "MATH FACTS -
mAD +mAB +mDC + mBC =360 The measure of an angle whose sides cut off arcs of a circle depends
x+3x +dr +6x =360 on the location of the vertex of the angle.
15x =360
360 _,, Position of Vertex of Angle ~ Measure of Angle
15
; 1
Hence e (Onthe circle *3 the degree measure of the
mAD = 2x =2(24) = 48 intercepted arc.
mAB =3x=3(24)= 72 . :
I AL e Interior of the circle o % the sum of the degree measures
mDC =4y =4(24) =96 : :
— of the two intercepted (opposite)
mBC = 6x =6(24) = 144 arcs.
e /1 isan inscribed angle: e /L2 isachord-chord angle: i . 1 )
1 ’ e Exterior of the circle °5 the difference of the degree
ML= S maE AL mADmBC) measures of the two intercepted
1 1 arcs.
=36 =96
® L3 isatangent—chord angle: * £ 4 is a secant—tangent angle: Check Your Understanding of Section 7.4
msi3= %mﬁ = %(m@ + mDC) ms4= %(m;I_C\' - mAFE')
- 4. Multiple Choice
1 1
—(4 = -
’)( 4+ 20) 2( 144-72) 1. Tangent P4 and secant PBC are drawn to circle O from external point P,
=72 =36 and chord AB is drawn. If mAC = 2 mA4B, what is the ratio of m/P4B

to mZABC?
® £5: Angles 5 and CBD are supplementary. The measure of £5 may be (?)mm c7 2) 1:2 (3) 3:2 4) 1:4

found indirectly by first finding m~CBD.

— ; i A
m/ CBD = lmDC _ —(96) —48 2. In the accompanying diagram, A4BC /
2 2 is lnscnbed in cxrcle R.If mAB = 2x, B
ms5=180-msCBD mBC = Sx, and mAC = 150, which

=180—-48 type of triangle is AABC?

=132 (1) right
(2) isosceles
(3) equilateral
(4) obtuse ¢
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Circles and Angle Measurement

3. Incircle O. P4 and PB are tangent to the circle from point P. If the ratio
of the measure of major arc 48 to the measure of minor arc 4B is 5:1,
then mZP is
(1) 60 (2) 90 (3) 120 (4) 180

8. Two tangents to a circle from the same external point intercept a major
arc whose measure is 210. What is the measure of the angle formed by
the tangents?

(1) 30 (2) 75 (3) 90 (4) 150

4. In the accompanying diagram, quadrilateral ABCD is inscribed in circle

0. m£BAD = 80 and BCE is drawn. What is m£DCE ?
(1) 60 (2) 80 (3) 100 (4) 120

9. In the accompanying figure, 4B is tangent to circle O at E, DE, EF, and
FD are chords, and mZAEF = 136, What is mZD ?
(1) 68 (2) 22 (3) 88 (4) 44

F

Exercise 9 Exercise 10

\/

Exercise 4 Exercise 5

19. In the accompanying diagram, tangent P4 and secant PBC are drawn to

circle O. If mADC is twice mTB and mZP is 50, what is mAB?
(1) 25 (2) 50 (3) 100 (4) 200

ININIUNSYIN ITINY ANY STTIHID / Jeidey)

5. The accompanying diagram shows a child’s spin toy that is constructez
from two chords intersecting in a circle. The curved edge of the large
shaded section is one-quarter of the circumference of the circle, and th:
curved edge of the smaller shaded section is one-fifth of the circumfer-
ence of the circle. What is the measure of angle x?

(1) 40 (2) 72 (3) 81 (4) 108

4. Show or explain how you arrived at your answer.
. ~14. Find the value of x.

6. In the accompanying diagram, chords AB and CD intersect at E. ¥
m~ZDEB = 55 and mDB = 70, what is mAC? |

(1) 15 (2) 40 (3) 55 4) 70
D
A
' 70° 180°
s
Exercise 6 Exercise 7

7. In the accompanying diagram of circle O, the measure of angle P formes ABIICD
by tangent P4 and secant PBC is 40. If mAC = 180, find m4B.

(1) 50 (2) 70 (3) 100 (4) 140
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Circles and Angle Measurement

15. Point P lies outside circle O, which has a diameter of 40C. The angle
formed by tangent P4 and secant PBC measures 30°. Find the number of
degrees in the measure of minor arc CB.

16. In the accompanying diagram. chords 4B and CD intersect at £. If
mZLAEC =4x. mAC =120, and mDB = 2x, what is the value of x?

Exercise 16 Exercise 17

17. In the accompanying diagram, CED s a secant, BD i ) 1s tangent to circle O
at B, BC is a chord, and BOA is a diameter. If mAC :mCB = 1:4 ané
mCE = 68. find m£BDC.

18. In the accompanying diagram, chord BE bisects ZABC. If mZ ABC =
70 and m BAE = 200. find m£AFE.

Exercise 19

Exercise 18

19. In the accompanying diagram of circle O, diameters BD and AE, secan=
P4B and PDC, and chords AD and BC are drawn. Diameter AE inte=-
sects chord BC at F. If m£ABD = 20 and mZBFE = 75, find mZP.

20. In the accompanying diagram of circle
O, chords AB and CD intersect at E
and mAC : mCB: mBD:mDA =
4:2:6:8. What is mZDEB?

250

. A machine part consists of a circular wheel with an inscribed tnangular

plate, as shown in the accompanying diagram. If SE = E4, SE =

inches, and mSE =140, find the length of S4 to the nearest tenth of
an inch.

Exercise 22

Exercise 21

. Given circle O w1th dlameter GOAL secants HUG and HTAM intersect

at point H,; mGM mML mLT 7:3:2;and GU = UT. Find the ratio
of mZUGL to mZH.

. In circle O, tangent PW and PST are drawn. Chord 74 is paraIIel to

chord ST. Chords AS and WT intersect at point B. If mWA :mAT : mST =

1:3:5, find
mZTBS

mZLTWP
mZLWPT
. mZLASP

pogow

Exercise 24

Exercise 23

In the accompanying diagram, PCD and PBA are secants from external
point P to circle O. Chords DA, DEB, CEA, and CB are drawn. AB =DC,
mBC is twice mAB, and mAD is 60 more than mBC. Find:

a. mZLP

b. mZPCB
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Circles and Angle Measurement

25. In the accompanying diagram of circle O, AB = CD, mZDFB = 70.

mAB = 1 15. and mDE = 65. Find the measure of ZP.

Exercise 25 Exercise 26

26. In the accompanying diagram, circle O has radius OD, diameter BOHF.
secant CBA. and chords DHG and_ BD; CE is tangent to circle O at D;

rnDF ’82 ande-I mAG.mGF—.» RS |
Find mGF, m£ZBHD. m£BDG, mZGDE, m<£C, and m£B0D.

27. Given: Secants PD4 and PCB are drawn to circle O, PDA = PCB.

chords 4C and BD intersect at F.
Prove: AF = BF.

Exercise 27 Exercise 28

28. Given: Secants PAB and PCD are drawn to circle O, PAB = PCD.

chords AE L BD, and CF 1 BD.
Prove: AE = CF.
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7.5 SIMILAR TRIANGLES AND CIRCLES
N\

Key Ipeas =

N\
Proving that triangles with chord, tangent, or secant segments as
sides are similar can lead to some useful relationships involving the
lengths of these segments.

Similar Triangle Proofs with Circles

Circle angle-measurement relationships can be used to help prove two trian-
zles are similar.

Example 1
amp B
Given: DB is tangent to circle P at B, . .
AB is a diameter, and CD L DB.
2
Zrove: —’iﬂi BC A . B
BC D’ P

Solution: See the proof.

#LAN: Prove that triangles ABC and CBD
ire similar.

Proof
* Angle 1 is an inscribed angle, and £2 is formed by a tangent and a chord.
Since the degree measure of each of these angles is one-half of the degree

measure of the same arc, BC, £1 = £2.
* Angle 3 is inscribed in a semicircle, and £4 is formed by perpendicular
lines. Since each angle is a right angle, £3 = Z4.
» Hence, AABC ~ ACBD by the AA Theorem of Similarity. Since the
lengths of corresponding sides of similar triangles are in proportion:
AB _ BC

BC CD

Segments of Intersecting Chords

#7en two chords intersect inside a circle, similar triangles can be used to prove
izt the product of the lengths of the segments of one chord is equal to the
meoduct of the segments of the other chord. In Figure 7.22, AAED ~ ACEB
Tom which it follows:

AEXEB=CE X ED
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