Locus and Coordinates

17. On graph paper, draw the graph of the circle x> + y* = 9 and Iz =
a. On the same set of axes, draw the image of circle 4 after 1=z T
tion (x, ¥) = (x + 5, y— 3) and label it B.

b. On the same set of axes, draw the image of circle B after 2 =7

in the x-axis and label it C. What is the area of the triangle formesim

connecting the centers of circles 4, B, and C?

18 a. On graph paper, draw the gragh of circle O, which is repress=n=. = |

the equation (x - 1)* + (y + 3)* = 16.

b. On the same set of axes, draw the image of circle O after th= e
lation (x, ¥) = (x — 2, y + 4) and label it O’. Write an equz=vm &

circle 0.

c. Write an equation of OO’

19-22. Solve each of the following line—circle systems of equations grap=izs.

19. 2 +y*=25
x+2y=10

20. X*+(y—2)%=9
x=y=1
21, (x-2*+(¥-3)>=100
y+13=x

22, (x+4)*+(y-3)%=25
2y+x=17

23-25. Solve each of the following line—parabola systems of equz=ims
graphically.

23,  y=x’+4x-1
y—x=3

24, y=-x'-2x+8
y=x+4

25.  y=x’-6x+35
y+7=2x

(x - ;&)3 +(y—5)*=25and (x - 7)> + (v — 5)* = 9. Write an equation =
the line passing through the two points at which the circles intersect.

26. Graph on the same set of axes the two circles whose equations ==

326
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CHAPTER 10
AREA AND VOLUME OF SOLIDS

5.1 PRISMS AND CYLINDERS

7.

The solid figure counterpart of a polygon is called a polyhedron. A
polyhedron is a solid figure whose sides or faces are polygons. Th_e
ine segment where two faces intersect is called an edge. A vertex is
a point at which three or more edges intersect.

Edge q
] Face
i
T

Vertex

. Prisms

. & prism is a polyhedron formed by connecting the corresponding vertices of
| w0 congruent polygons that lie in parallel planes. T_he two congruent poly-
" 2ons are called bases. Figure 10.1 shows a prism with pentagon bases. The
b imes joining the corresponding vertices of the bases are the lateral edges and
. = parallel to each other. The nonbase faces are called lateral faces.

1 Base
1
Vertex — ;
1
i
T 1 Lateral
! edges
]
Lateral face — > Ao
r \"1-._
il Height
Base

Figure 10.1 A prism with height h and congruent pentagon bases.
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Area and Volume of Solids

e Since the lateral edges are parallel to each other, the lateral faces == &
prisms are parallelograms. :

® An altitude of a prism is a line segment perpendicular to both Sz
and whose endpoints are in the planes of the bases. The length of =
altitude is the height of the prism.

® A prism is named by the type of polygons that form their Hese
A prism with triangles as bases, for example, is a triangular prisr

. Theorem: Volume of a Prism ] . :
.« The volume, ¥, of a right rectangular prism (box) is the product of its
three dimensions:

VBox = length x width x height and Vcuee = (edge)’
—_—
Area of base

‘e The volume, ¥, of any prism is equal to the area of a base times the

Right Prisms height:

A prism may be right or obligue, as in Figure 10.2, where 4 is the heigt «

V=Bxh
the prism. A right prism is one whose lateral edges are perpendicular == =

where B is the area of a base and 4 is the height. Thus, two prisms have
equal volumes if their bases have equal areas and their heights are equal.

bases. The bases of a right prism are aligned directly above the other ™= »

right prism, the length of a lateral edge represents the height of the pms.
and the lateral faces are all rectangles.

Example 1

=ind the volume of the right triangular prism in the accompanying figure.

I, Y
N
- A

Right triangular prism

14 in.

Oblique triangular prism
Figure 10.2 Right and oblique prisms.

e 8in.—!

Solution:
If the lateral edges of a prism are slanted because they are nor perpendicu =

to a base, the prism is called an oblique prism. You can assume a prism is 2
right prism unless stated or drawn otherwise.

» If B represents the area of a triangular base. then

B= ! % base of triangle x height of a triangle
2

Volume of a Prism

1 . .
=i 8inx 10 in
The volume of a solid figure is the amount of space it occupies as measur=:

by the number of nonoverlapping 1 x 1 x 1 unit cubes that can exactly fill t==

=40 in’
interior of the solid. * Since the height of the prism is the perpendicular distance between the two
triangular bases, i = 14 in.

o Use the volume formula for a prism where 8 =40 in” and & = 14 in:
V=Bxh
=40in’x 14 in
=560 in’
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Area and Volume of Solids

Lateral Area of a Right Prism

The lateral area of a prism is the sum of the areas of only its non=es
(lateral) faces. To find the lateral area of the right prism in Figure 17

add the areas of its three lateral sides: 4BCD, ABEF, and ECDF. S=i=
BC=4D=12inand AB=CD =35 in;

Area rectangle ABCD = 5x 12 = 60 in?

+ 10in.
Area rectangle ABEF = 5% 10 =50 in?
¥ B
Area rectangle ECDF = 5% 10 =50 in?
) A
Lateral Area = 160 in? 4 12in. -
In a right prism, there is a relationship between Figure 10.3 Rig~
the lateral area, height, and base perimeter: triangular prism

Lateral Area =5x 12+5x 10+ 5x 10
= 5 x (12+10+10)

[S—— ;
Height x Perimeter of base

Theorem: Lateral Area of a Right Prism
If in a right prism, 4 is the height and p is the perimeter of a base, then

Lateral Area (L. A)=hXp.

The surface area (S.A.) of a prism is the total area of all of its faces
including the two congruent bases.

Example 2

Find the volume of the prism in Figure 10.3.

Solution: The accompanying figure
shows a two—dimensional view of the lower
triangular base in which FP is the altitude
drawn to the base of isosceles triangle AFD.
The lengths of the sides of right triangle
APF form a 6-8—10 Pythagorean triple in
which FP=8.

330

~ » Determine B. the area of the base of the prism:

1
Area of AAFD = 3 x (AD) x (FP)

=lx12inx8in
2

48 in’
Thus, B = 48 in”. 5 B
o Use the volume formula for a prism where B =48 in" and # = CD = 5 in:
V=Bxh
=48in°x 5in
=240 in’

Example 3

In a right equilateral triangular prism, the length of a side of a base is 20 cm
and a lateral edge measures 25 cm. Find the volume and lateral area of the
prism.

Solution: In a right prism, the lateral edge represents an altitude. so
h=25cm.

s=20cm

-

: ' P
¢ Find the area of the equilateral triangle base using the formula B = 2V 3

where s is the length of a side of the triangle. Since it is given that s = 20 cn:
2

(20)°
v

P
400 —

=—4/3

4

1

o

B:

Il

1004/3 cm?
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Area and Valume of Solids

e Use the volume formula for a prism where B = 100~/3 and h = 25 cm-
V=Bxh
= (1004/3)(25)
=2500+/3 cm*

e Use the formula for the lateral area of a prism where h = 25 cm z=u
p=20+20+20=60cm:
LA =hxp
=25 cm x 60 cm
=1,500 cm?

Cylinders

A cylinder, like a prism, has two congruent bases in parallel planes. 7o
bases of a cylinder, however, are circles rather than polygons. The radius. -
of a base is the radius of the cylinder. A cylinder may be right or oblizs
(slanted), as illustrated in Figure 10.4.

Oblique cylinder

Right cylinder
Figure 10.4 Right and oblique cylinders.

In a right cylinder, the line joining the centers of the two bases is perpencize-
lar to the bases so that the centers of the bases are directly aligned. A cyvimz=
is oblique if the line joining the centers is not perpendicular to the bases. Tm=
height, A, of a cylinder is the perpendicular distance between the two bases

Volume and Area Formulas for a Cylinder

The volume and area formulas for a cylinder and right cylinder correspon:
those of a prism and right prism except that for a cylinder nr? is substirm=s

for the area of the base and 2mr is used as the perimeter (circumferencs o

the base.

332

. Theorem: Cylinder Formulas
' ® The volume, V¥, of any cylinder is equal to the area of a base times the
height:

V=Bxh

where B = nr? is the area of a circular base and 4 is the height.
e Ifinaright cylinder, 4 is the height and p is the perimeter of a base, then

Lateral Area (L.A.)=p X h=2nrh.

Example 4

A closed cylindrical can has a diameter of 1.0 ft and a height of 1.8 feet. Find
The volume of the can correct to the nearest tenth of a cubic foot.

The lateral area of the can.

The surface area of the can correct to the nearest tenth of a square foot.

™

oo

Solution: Let r= % x1.0ft=0.5ftand h = 1.8 feet.

2. Determine the volume of the cylinder using the formula I = t2h:
V=mx(0.5"%x1.8
=nx025x1.8
=0.45x f
Multiply using the stored

calculator value for m: =1.413716694 ft°

Round: =1.41f

2. Use the formula for lateral area of a right cylinder:
L.A. =2mrh
=2nx05x1.8
= 1.8x ft’

. The surface area (S.A.) of the can is the sum of the areas of the two circu-
lar bases and the lateral area:

S.A.=LA.+2n-
=181+ 2m(0.5)
=18n+0.5n
=23nfi
=724
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Area and Volume of Solids

Check Your Understanding of Section 10.1

A. Multiple Choice

1.

. In the accompanying figure of a right

What is the number of inches in the radius of a cylinder 2 inches =
height if its volume is 2887 in’?
(1) 3 (2) 6

(3) 12 (4) 24

10in.

prism, the bases are right triangles.
Which statement about its volume (¥)
and lateral area (L.A.) is true?

(1) ¥=288 in*and L.A. = 288 in® 12in.
(2) ¥=288in*and L.A. =216 in

(3) ¥=7201in> and L.A. = 288 in?

(4) ¥=720in% and L.A. = 216 in?®

. If in a right square prism, the length of each side of the two bases =«

doubled and the height is tripled, then the volume of the prism is
(1) multiplied by 12 (3) multiplied by 6
(2) multiplied by 8 (4) multiplied by 4

. The amount of light produced by a cylindrical-shaped fluorescent Ezx

bulb depends on its lateral area. A certain cylindrical-shaped fluoresc=m
light bulb is 36 inches in length, has a 1 inch diameter, and is manufa:-
tured to produce 0.283 watts of light per square inch. What is the s
estimate for the total amount of light that it is able to produce?

(1) 32 watts (3) 48 watts

(2) 34 watts (4) 64 watts

. The bases of a right prism are right triangles whose legs measurz *

inches and 12 inches. If the lateral edge of the prism measures 15 inchss
what is the number of square inches in the lateral area of the prism?
(1) 120 (2) 255 (3) 360 (4) 450

. The lateral area of a right cylinder whose height is two times the lenz=

of the radius is 1007 in>. What is the number of inches in the heigh: =
the cylinder?
(1) s (2) 10

3) 15 (4) 20

334
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B. Show or explain how you arrived at your answer.

|
|
|
T
|
l
| 7cm

|
|
I
L
Lo~ dcem 8in.
2 ~
P o
~ ey

5cm.

Exercise 8

Exercise 7

7-8. For each right prism above, find the:

a. Lateral area.
b. Volume.

13cm

R (e

20cm

Exercise 10

Exercise 9

9-10. For each right cylinder above, find

11.

12.

13.

a. The lateral area in terms of .
b. The volume correct to the nearest renth of a cubic unit.

The length of a side of the base of a right square prism is 12 cm. If the
length of a lateral edge is 9 c¢m, find the surface area of the prism.

A prism has isosceles triangle bases whose legs measure 10 inches and
base measures 16 inches. If the height of the prism is equal to the height
of the triangular base, what is the volume of the prism?

A right circular cylinder has a lateral area of 306 ft*. If the height of the

cylinder is 17 ft, express in terms of 7 the number of cubic feet in the
volume of the cylinder.
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14. The base of a right prism is a right triangle whose legs measure 18 mu
24 inches, respectively. If the length of a lateral edge is 16 inches. w==

. 10.2 PYRAMIDS AND CONES

is the surface area of the prism? VA
Key Ipeas
15. A piece of ice that has the shape of a right cylinder has a diame:=- - L\

6.0 cm and a height of 5.0 cm. If the ice cube melts at a constan: —==
of 13.0 cm? per minute, how many minutes elapse before the ice cum
is completely melted? Round your answer to the nearest hundres== =
a minute.

Unlike prisms and cylinders, pyramids and cones have only one base.

Pyramids

= pyramid is a polyhedron formed by connecting all of the vertices of a
zolygon to a point in a different plane than the polygon, as in Figure 10.5.
The polygon is called the base, and the point to which the vertices are con-
=ected is called the vertex of the pyramid. The line segments joining the ver-
=ces of the base to the vertex are the lateral edges. The lateral (nonbase)
faces of a pyramid are always triangles. The height. 4, of a pyramid is the
. ~erpendicular distance from the vertex to the plane of the base.

16. A cylindrical can is manufactured using aluminum for the top and -
tom bases and tin for the remainder of the can. If the can is 10 c= =
height and 6 cm in diameter, what percentage of the metal used to mz=-
ufacture the can is tin? Round your answer to the nearest tenth.

17. The diameter of a cylindrical water storage tank is 12 feet and its heiz=
is 15 feet. A leak develops in the tank and water leaks out of it at 2 zo-
stant rate of 18.0 in*/sec. If the tank is initially full, how many o
elapse before the tank is empty? Round off your answer to the nez==
hour.

18. A hot water tank with a capacity of 85.0 gallons of water is bems
designed to have the shape of a right circular cylinder with a diametsr ~ *
feet. Assuming that there are 7.48 gallons in 1 cubic foot, how high =i
the tank have to be? Round your answer to the nearest tenth of a foor

Lateral
face

19. A rectangle 6 inches in width and 8 inches in length is rotated in soz=
about its longer side. Find in terms of 7 the volume and surface arez =
the solid generated.

Radius (2 in.)

Like a prism, the volume of a pyramid depends on the area of its base and the
. zeight.

5in.

15in. 10in. th i

201n. Theorem: Volume of a Pyramid

- The volume. ¥, of a pyramid is equal to one-third of the area of the base

20. In the accompanying diagram, a rectangular container with the dimez- . times the height:
sions 10 inches by 15 inches by 20 inches is to be filled with water. vsmz 1

a cylindrical cup whose radius is 2 inches and whose height is 5 inces

What is the maximum number of full cups of water that can be plac=t

into the container without the water overflowing the container?

1
=—Bxh
3

where B is the area of the base and 4 is the height.
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Regular Pyramid

The base of a pyramid can be any polygon. If the base is a regular pohvze
and its lateral edges are congruent, then the pyramid is a regular pyramsit
Because the base of the pyramid in Figure 10.6 is a regular hexagor. e
pyramid is classified as a regular hexagonal pyramid. You can assume z jaer—
mid is regular unless stated or drawn otherwise.

Altitude

Congruent
lateral edges

Figure 10.6 Regular hexagonal pyramid with center O,
slant height ¢ (VM), and AM = BM.

In Figure 10.6, VM represents the slant height. The slant height of a rezu=
pyramid is the perpendicular distance from the vertex of the pyramid to a sic=
the base. The slant height is usually denoted by €. Because the lateral faces = =
regular pyramid are congruent isosceles triangles, the slant height is the perman-
dicular bisector of the side to which it is drawn. In any regular pyramid,

he lateral faces are congruent isosceles triangles.
The altitude drawn from the vertex intersects the base at its center.
The altitude from the vertex and the slant height determine a right =z
gle, as illustrated in the regular square pyramid in Figure 10.7. Beczuse
O is the center of the square base and M is the midpoint of 4B, OV =
one-half the length of a side of the square base.

Figure 10.7 Right triangle determined by slant
height VM and altitude VO.
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Lateral Area of a Regular Pyramid

The lateral area of a regular pyramid depends on its slant height and perimeter.

- Theorem: Lateral Area Formula for a Regular Pyramid
If in a regular pyramid € is the slant height and p is the perimeter of the
: base, then:

1
LA .= —p¢€
219

Example 1

The perimeter of the base of a regular square pyramid is 40 cm and a lateral
=dge measures 13 cm. Find

z. The lateral area of the pyramid.

2. The height of the pyramid in radical form.

. The volume of the pyramid correct to the nearest renth of a cubic centimeter.

K
13
h
A
~_ 5
\ M (0]
10 5
\y B 10

Solution:

First find the slant height.

’-l

. . 40 cm
* Each side of the base measures

= 10 cm. Because it is given that a

lateral edge measures 13 cm, K4 =13 cm. o

* Lateral face 4KB is an isosceles triangle in which altitude K1/ bisects base
AB. Thus, AAMK is a 5-12-13 right triangle in which KM. the slant
height, is 12 cm.

¢ Use the formula for lateral area of a pyramid where p =40 cmand € = 12 e

1

1
- ?(40 cm)(12 cm)

=240 cm?
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b. To find the height, A, of the pyramid, apply the Pythagorean Theore= =

right triangle KOM where the length of hypotenuse KM is 12. Sincz "

is one-half of the side length of the square, OM = —é— x 10 =5, Thus.

W + (OM)* = (KM)*

B+ 5% =122
=144 -5
h=+119 cm

¢. Use the formula for the volume of a pyramid where B = 10 cm x 10 == =
100 cm? and 4 = /119 cm:

1
V=—Bh
3

% x 100 cm? X /119 cm

Use your calculator: 363.6 cm®

Cones

A cone, unlike a pyramid, has a circular base with each point on its circum=
ference joined to a single point in a different plane called the vertex of e
cone. A cone may be right or oblique, as in Figure 10.8.

<—— Vertex

Vertex —

Height

Figure 10.8 Right and oblique cones.

A right cone is a cone in which the line segment joining the vertex and ==
center of the base is perpendicular to the plane of the base, as in Figure 17 &
You can assume a cone is a right circular cone unless stated or drawn o=
wise. The slant height, €, of a right circular cone is the distance from the ==
tex to any point on the circumference of the circular base. The volume zm
area formulas for a cone correspond to those of a pyramid except that mr— =
2mr are substituted for the area and the perimeter of the base, respectiveh

340

‘Theorem: Cone Formulas
~» The volume, V, of any cone is equal to one-third of the area of the base
times the height:

= leh= l1't:r2h
3 3

where B is the area of the base, 4 is the height, and # is the radius of the
base.
e Ifin a right circular cone € is the slant height and r is the radius, then
1
LA = s % Circumference X € = —(2nr)€ =mrf
D e 2

*base perimeter”

Example 2

- Find the volume and surface area of the cone in the accompanying figure.

Answers may be left in terms of .

Solution: To find the volume of the cone. use the volume formula where
r=5cmand /=12 cm:

nh

| — | —

nTx5%12

=100 T em?

To find the surface area, first find the lateral area. ‘ . .
¢ Since the slant height is the hypotenuse of a 5—12-13 right triangle, { = 13
cm. Hence,

LA =m€=nx5cmx 13 cm= 651 cm”.
® The surface area includes both the lateral area and the area of the base:

SA. =L.A. +m” =65tcm? + (5 cm)* = 90mem?.
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Table 10.1 summarizes volume and lateral area formulas where B = arez -
base, h = height, p = base perimeter, r = base radius, and € = slant hemht
formulas for lateral area only apply to right prisms, right cylinders, reg:
pyramids, or right cones.

4. In the accompanying figure of a regu-
lar square pyramid, the length of a side
of the base is 40 meters and the slant
height measures 25 meters. Which
statement about its volume () and

Table 10.1 Formulas for Volume and Lateral Area. lateral area (L.A.) is true?

. : : (1) ¥=8,000 m? and L.A. = 2,000 m’
Prism Cylinder Pyramid Cone (2) ¥'=8000m’and L.A. = 1.200 m?
1 1 (3) ¥=2,000 m* and L.A. = 2,000 m?
* V=Bh . Vh:BhB_ 2 o V=2Bh ¢ V=3Bh (4) ¥'=2,000 m’ and L.A. = 1,200 m>
e 1 where B =mr 5. A right cone has a diameter of 18 feet and a slant height of 15 feet
_ - _ 1 . . as :
* LA =hp ¢ Low=2me @ L 2p€ * Lt Which statement about its volume (V) and lateral area (L.A.) is true?

(1) ¥=405xr ft> and L.A. = 1357 fi
(2) V=405 ft’ and L.A. = 3247 fi2
(3) ¥'=2324n f) and L.A. = 1357 2

(4) V=324xn ft’ and L.A. = 324x f°

Check Your Understanding of Section 10.2

B. Show or explain how you arrived at vour answer:

A. Multiple Choice

6. In the accompanying diagram of a square pyramid. the slant height is 15
cm, and the length of a side of the base is 24 cm. Find the lateral area
and volume of the prism.

ment is always true?
(1) h>¢ (3) h=
(2) h<¢ (4) € > lateral edge

2. If a regular square pyramid with side length s and a right cone =
radius » have congruent altitudes and equal volumes, then

(1) s=mr 3) s=nvr

s

@) s @) s=rln
24 cm
3. For any right cone, which statement is always true? _ 1aem
(1) lateral area > area of base Exercise 6 Exercise 7

(2) area of base > lateral area
(3) area of base = lateral area
. (4) surface area = 2 x area of base

7. In the accompanying diagram of a square pyramid. the length of a lateral
edge is 25 cm and the length of a side of the base is 14 cm. Find
a. The surface area of the pyramid
b. The volume of the pyramid correct to the nearest tenth of a cubic
centimeter

8. A right circular cone has a lateral surface area of 80m square inches. If
the slant height of the cone is 10 inches. what is the volume of the cone?

342 343

$QI10$ 40 JANTOA ANY VIHY 01 4e1dey)



Area and Volume of Solids

9. In c,the accompanying figt_lre of a right cone, the vertex angle mezsum=
60 .and the slant height is 15 cm. Find, to the nearest tenth of 2 o=
centimeter, the volume of the cone.

Exercise 9 Exercise 10

10. In the accompanying figure of a regular pyramid, the length of a dzzz -
nal of the square base is 16+/2 ft. If a lateral edge measures 17 fi. Fme
the number of cubic feet in the volume of the pyramid. Round w»oar
answer to the nearest tenth of a cubic foot. -

11. The altitude of a right circular cone makes an angle of 45° with the siz=

heigh‘t. If the radius of the base is 8 inches, what is the volume of ==
cone in terms of 7?

12. The lateral area of a regular square pyramid is 1,040 fi*. If the <=

height is 26 ft, what is the number of cubic feet in the volume o7 ==
pyramid?

13. Inthe accompanying diagram of a regular triangular pyramid, the len== =
each side of the base is 20 cm and the length of a lateral edge is 26 cm. Tt
a. The lateral area of the pyramid

b. The volume of the pyramid to the nearest cubic centimeter

———— ey
> 2

26 cm

-——1-

20 cm A 18 in. B

Exercise 13 Exercises 14-15

344

14-15. In the accompanying diagram of a regular hexagonal pyramid, the length
:% each side of the base is 18 cm, and the length of a lateral edge is 41 cm.

I4. Find the lateral area of the pyramid.

13, Find the volume of the pyramid correct to the nearest cubic centimeter.

16. A lamp shade with a circular base has the shape of a solid called a fius-
trum. If a plane parallel to the base of a cone intersects the cone below
its vertex. the truncated part of the cone between the slicing plane and
the base is called the frustrum of the cone. In the accompanying figure,
the shaded region represents a frustrum of a right cone in which the por-
tion of the original cone that lies 12 inches below its vertex has been cut
off. Find
a. The radius, R, of the original cone
b. The volume of the frustrum expressed in terms of 1t

17. A cone has a volume of 135 in’. A plane parallel to the base divides the
cone into two parts such that one part is a cone whose height is two-
thirds that of the height of the original cone. Find the volumes of this
smaller cone and the remaining frustrum.

10.3 SPHERES AND SIMILAR SOLIDS

/\
Key Ipeas
LN\

The solid figure counterpart of a circle is a sphere. Two solids are sim-
ilar if they have the same shape and their corresponding dimensions
are in proportion. The ratio of corresponding linear dimensions of two
similar solids is called the similarity ratio. Any pair of cubes or pair of
spheres are similar.
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Spheres and Great Circles

A sphere is the set of all points in space at a fixed distance from z ==
pomt called the center. The radius of a sphere is the length of a line segmem
Joining the center of the sphere to any point on the sphere. See Figure 1©

Figure 10.9 Sphere with
center O and radius r.

Figure 10.10 A great circle
divides the sphere
into two hemispheres.

A great circle is the largest circle that can be drawn on a sphere. It hzs e
same center as the sphere and divides the sphere into two equal parts cz /=
hemispheres, as in Figure 10.10.

e The intersection of a plane and a sphere is a circle. A great circle =
intersection of a plane passing through the center of a sphere. The =+
cumference of a great circle may be drawn through any two poinz =
the surface of a sphere as these two points and the center of the sprem
determine a plane. See Figure 10.11.

Figure 10.11 Drawing a great
circle given two points on
the surface of the sphere.

Figure 10.12 Planes intersectinz
sphere Oin circles A and B.

® Two planes equidistant from the center of the sphere and interseczme
the sphere do so in congruent circles. If in sphere O shown in Fizus
10.12, OA = OB, then circles 4 and B are congruent.

e The surface area and volume of a sphere depends on its radius.
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Ifa sphere has radius , then

- matio of their lateral areas is [

E (2 s
i..:g 01’2__.

' Theorem: Sphere Formulas

Surface Area =4m/” and Volume = gmj

"- Example 1

Find the volume of a sphere whose surface area is 1447 in’.
Solution: Use the formula for surface area to find the radius of the sphere:
S.A. =47 = 1441 in?

A M i
4n
r=61n

. Now use the formula for volume of a sphere where » = 6 in

4
V=—nr
3

4 .
~n(6°
3 m(67)

4n(216)
3
=288n

‘The volume of the sphere is 288m in®.

7‘ Comparing Areas and Volumes of Similar Solids

.. . .a
f'the ratio of corresponding linear dimensions of two similar solids is 5’ then

3 3 a
e The ratio of their corresponding areas is [3} ;

; . |a
e The ratio of their corresponding volumes is (E] :

9

For example, if the ratio of the heights of two similar cylinders is g., then the
2

2 i _ .
} or 5 and the ratio of their volumes

L | o
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Area and Volume of Solids

Example 2

Two spheres have radii of 8 cm and 20 cm. If the volume of the smzle
sphere is 1047 cm?, what is the volume of the larger sphere?

Solution: Since the similarity ratio is % or, equivalently, %:

Volume of smaller sphere _ ( 2 )3
Volume of larger sphere 5

If x represents the volume of the larger sphere, then

104 8
x 125
8x = (1047)(125)
8x _ 13,000
8 8
x=1,625n

The volume of the larger sphere is 1,625% em®

Example 3

The lateral areas of two similar prisms are 324 in® and 729 in?. If the volume
of the larger prism is 2,916 in’, what is the volume of the smaller prism’

Solution: First find the similarity ratio. The lateral areas of the two sim =

. . . ik ; a
prisms have the same ratio as the square of the similarity ratio. If 3 IepressTs:

the similarity ratio, then
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Let x represent the volume of the smaller prism. Since the volumes of the two

- similar prisms have the same ratio as the cube of the similarity ratio:

Volume of smaller prism [ET

Volume of larger prism 3
X 8
2916 27
27x =23,328
27x _ 23,328
27 27
x =864

The volume of the smaller prism is 864 in®.

Check Your Understanding of Section 10.3

4. Multiple Choice

1. If the diameter of a sphere is tripled, the volume of the sphere is multi-
plied by
(1) 4 (2) 9 (3) 16 (4) 27

pounds

= -

in
mate weight, in pounds, of a lead ball that has a 5 inch diameter?
(1) 26.8 (2) 785 (3) 804 (4) 214.7

2. The density of lead is approximately 0.41 What is the approxi-

3. Which diagram represents the figure with the greatest volume?

4in. 4in.

() (2) (3) (4)
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4. Triangle ABC represents a metal flag

on pole 4BD, as shown in the accom-
panying diagram. On a windy day the
triangle spins around the pole so fast
that it looks like a three-dimensional
shape. Which shape would the &
spinning flag create?

(1) sphere |
(2) cone

(3) right cylinder
(4) pyramid

- What is the best approximation of the number of square inches in <

surface area of a spherical ball that fits tightly in a cube-shaped box w=
edges 8 inches in length?
(1) 67 (2) 201

(3) 268 (4) 804

. If the volume of a sphere is 7,776 cm?’, what is the number of SquzE

centimeters in the surface area of the sphere?

(1) 324n  (2) 648~ (3) 1,2967 (4) 2,592n

. If the ratio of the volumes of two similar solids is 27 to 64, what 15 =t

ratio of their areas?

(1) V27 108 (2) 3t08 (3) 9to0 16 4) 3to4

» The surface areas of two similar prisms are 112 in” and 63 in?. The == _ -g: 1

of the volume of the larger prism to the volume of the smaller prism =
(1) 4t0 3 (3) 641027
(2) 16t09 (4) 256 to 81

B. Show or explain how you arrived at your answer:

9. Tamika has a hard rubber ball whose circumference measures 13 in===

10.

She wants to box it for a gift but can only find cube-shaped boxzs =

sides of 3 inches, 4 inches, 5 inches, or 6 inches.

a. What is the smallest box that the ball will fit into with the top oz’

b. Tamika has a square sheet of wrapping paper that measures 1 = =
1 ft. Assuming no waste, does Tamika have enough wrapping papes %
completely cover the box? Explain your answer.

A solid sphere with a radius of 8 inches weighs 32 pounds. What is <«

weight, in pounds, of a sphere made of the same material whose radizs «
6 inches?
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. A ball is placed inside a cube-shaped boxed that measures 6 inches on

each side. When the box is closed, each of its sides touches the ball.
What is the approximate volume of the enclosed space between the
sphere and the sides of the box correct to the nearest cubic inch?

. A bookend is shaped like a pyramid and weighs 0.24 pounds. How many

pounds does a similarly shaped bookend weigh if it is made of the same

material and each corresponding dimension is 2 ) times as large?

. The lateral areas of two similar cylindrical cans are 567 in® and 1,008 in”.

If the volume of the smaller can is 1,161 in®, what is the volume of the
larger can?

. The volumes of two similar pyramids are 2,744 cm® and 9,261 cm’. If

the lateral area of the smaller pyramid is 1,624 cm?, what is the lateral
area of the larger pyramid?

. In the accompanying figure, a cone with a solid hemisphere at its top has

a slant height of 13 cm. If the radii of the cone and hemisphere are 5 cm,
find the volume of the figure correct to the nearest cubic centimeter.

]

Exercise 16

Exercise 15

. In the accompanying figure. a vitamin tablet is 13 mm long and 3 mm in

diameter. Find the volume of the tablet to the nearest cubic millimerer.

. A sealed cylindrical can holds three tennis balls each with a diameter of

2.5 inches. If the can is designed to have the smallest possible volume,
find the number of cubic inches of unoccupied space inside the can cor-
rect to the nearest tenth of a cubic inch.
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