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Algebra | ® Module 1
Relationships Between Quantities and
Reasoning with Equations and Their Graphs

OVERVIEW

By the end of Grade 8, students have learned to solve linear equations in one variable and have applied
graphicaland algebraic methods to analyze and solve systems of linear equations in two variables. Now,
students are introduced to nonlinear equations and their graphs. Students formalize their understanding of
equivalent algebraic expressions and begin their study of polynomial expressions. Further, they learn that
there are some actions that, when applied to the expressions on both sides of an equal sign, will not result in
an equation with the same solution set as the original equation. Finally, they encounter problems that induce
the full modeling cycle, as it is described in the Common Core Learning Standards for Mathematics.

In Topic A, students explore the main functions that they will work with in Algebral: linear, quadratic, and
exponential. The goalis to introduce students to these functions by having them make graphs of situations
(usually based upon time)in which the functions naturally arise (A-CED.A.2). Asthey graph, they reason
abstractly and quantitatively as well as choose and interpret units to solve problems relatedto the graphs
they create (N-Q.A.1, N-Q.A.2, N-Q.A.3).

In middle school, students applied the properties of operations to add, subtract, factor, and expand
expressions (6.EE.A.3, 6.EE.A.4, 7.EE.A.1,8.EE.A.1). Now, inTopic B, students use the structure of
expressions todefine what it means for two algebraic expressions to be equivalent. In doing so, they discern
that the commutative, associative, and distributive properties help link each of the expressions in the
collection together, even if the expressions look very different themselves (A-SSE.A.2). They learnthe
definition of a polynomial expression and build fluency in identifying and generating polynomial expressions
as well as adding, subtracting, and multiplying polynomial expressions (A-APR.A.1). The Mid-Module
Assessment follows Topic B.

Throughout middle school, students practice the process of solving linear equations (6.EE.B.5, 6.EE.B.7,
7.EE.B.4, 8.EE.C.7) and systems of linear equations (8.EE.C.8). Now, in Topic C, instead of just solving
equations, they formalize descriptions of what they learned before (variable, solution sets, etc.)and are able
to explain, justify, and evaluate their reasoning as they strategize methods for solving linear and nonlinear
equations (A-REI.A.1, A-REI.B.3, A-CED.A.4). Students take their experience solving systems of linear
equations further as they prove the validity of the addition method, learna formal definition for the graph of

an equation and use it to explain the reasoning of solving systems graphically, and represent the solution to
systems of linear inequalities graphically (A-CED.A.3, A-REI.C.5, A-REI.C.6, A-REI.D.10, A-REI.D.12).

In Topic D, students are formally introduced to the modeling cycle (see page 61 of the CCLS) through
problems that can be solved by creating equations and inequalities in one variable, systems of equations, and
graphing (N-Q.A.1, A-SSE.A.1, A-CED.A.1, A-CED.A.2, A-REI.B.3). The End-of-Module Assessment follows
Topic D.

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 3

o Their Graphs
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Module Overview

ALGEBRA |
Focus Standards
Reason quantitatively and use units to solve problems.
N-Q.A.1 Use units as a wayto understand problems and to guide the solution of multi-step

problems; choose and interpret units consistently in formulas; choose and interpret the
scale and the origin in graphs and data displays.*

N-Q.A.22  Define appropriate quantities for the purpose of descriptive modeling.*

N-Q.A.3 Choose a Ie*vel of accuracyappropriate to limitations on measurement when reporting
quantities.

Interpret the structure of expressions.

A-SSE.A.1 Interpret expressions that represent a quantityin terms of its context.™
a. Interpret partsof an expression, such as terms, factors, and coefficients.

b. Interpretcomplicated expressions by viewing one or more of their parts as a single
entity. For example, interpret P(1 + r)nasthe product of P and a factor not
depending on P.

A-SSE.A.2  Use the structure of an expression to identify ways to rewriteit. For example, see x* — y*

as (x?)? — (y?)?, thus recognizing it as a difference of squares that can be factored as
(2 =yH(x*+y?).

Perform arithmetic operations on polynomials.

A-APR.A.1 Understand that polynomials form a system analogous to the integers, namely, they are
closed under the operations of addition, subtraction, and multiplication; add, subtract, and
multiply polynomials.

Create equations that describe numbers or relationships.

A-CED.A.13 Create equations and inequalities in one variable and use them to solve problems. Include
equations arising from linear and quadratic functions, and simple rational and exponential
functions.*

A-CED.A.2 Createequations in two or more variables to represent relationships between quantities;
graph equations on coordinate axes with labels and scales.™

A-CED.A.3 Represent constraints by equations or inequalities, and by systems of equations and/or
inequalities, and interpret solutions as viable or non-viable options in a modeling context.
For example, represent inequalities describing nutritional and cost constraints on
combinations of different foods.™

2This standard will be assessed in Algebra | by ensuring that some modeling tasks (involving Algebra | contentor securely held content
from Grades 6-8) require the student to create a quantity ofinterest in the situation being described.
3In Algebra |, tasks are limited to linear, quadratic, or exponential equations with integer exponents.
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A-CED.A.4 Rearrange formulasto highlight a quantity of interest, using the same reasoning as in solving
equations. For example, rearrange Ohm’s law V = IR to highlight resistance R.*

Understand solving equations as a process of reasoning and explain the reasoning.

A-REI.A.1  Explain each step in solving a simple equation as following from the equality of numbers
asserted at the previous step, starting from the assumption that the original equation has a
solution. Construct a viable argument to justify a solution method.

Solve equations and inequalities in one variable.

A-REI.B.3  Solve linear equations and inequalities in one variable, including equations with coefficients
represented by letters.

Solve systems of equations.

A-REI.C.5 Prove that, given a system of two equations in twovariables, replacing one equation by the
sum of that equation and a multiple of the other produces a system with the same
solutions.

A-REI.C.6* Solve systems of linear equations exactlyand approximately (e.g., with graphs), focusing on
pairs of linear equations in two variables.

Represent and solve equations and inequalities graphically.

A-REI.D.10 Understand thatthe graphof an equation in twovariables is the set of all its solutions
plotted in the coordinate plane, often forming a curve (which could be a line).

A-REI.D.12 Graph the solutions to a linear inequality in twovariables as a half-plane (excluding the
boundary in the case of a strict inequality), and graphthe solution set to a system of linear
inequalities in two variables as the intersection of the corresponding half-planes.

4Tasks have a real-world context. In Algebra I, tasks have hallmarks of modeling as a mathematical practice (less defined tasks, more
of the modelingcycle, etc.).
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Foundational Standards

Apply and extend previous understandings of numbers to the system of rational numbers.

6.NS.C.7 Understand ordering and absolute value of rational numbers.

a. Interpretstatements of inequality as statementsabout the relative position of two

numbers on a number line diagram. For example, interpret —3 > —7 asa statement
that —3 is located to the right of —7 on a number line oriented from left to right.

b. Write, interpret, and explain statements of order for rational numbers in real-world
contexts. For example, write —3°C > —7°C toexpress the fact that —3°C is warmer
than —7°C.

Apply and extend previous understandings of arithmeticto algebraic expressions.

6.EE.A.3 Apply the properties of operations to generate equivalent expressions. For example, apply
the distributive property to the expression 3(2 + x) to produce the equivalent
expression 6 + 3x; apply the distributive property to the expression 24x + 18y to produce
the equivalent expression 6(4x + 3y),; apply properties of operationstoy +y +y to
produce the equivalent expression 3y.

6.EE.A.4 Identify when two expressions are equivalent (i.e., when the two expressions name the
same number regardless of which value is substituted into them). For example, the
expressionsy + y +y and 3y are equivalent because they name the same number
regardless of which number y stands for.

Reason about and solve one-variable equations and inequalities.

6.EE.B.5 Understand solving an equation or inequality as a process of answering a question: which
values from a specified set, if any, make the equation or inequality true? Use substitution to
determine whether a given number in a specified set makes an equation or inequality true.

6.EE.B.6 Use variables to represent numbers and write expressions when solving a real-world or
mathematical problem; understand that a variable can represent an unknown number, or,
depending on the purpose at hand, any number in a specified set.

6.EE.B.7 Solve real-world and mathematical problems by writing and solving equations of the form
x +p = q and px = q for cases in which p, g and x are all nonnegative rational numbers.

6.EE.B.8 Write an inequality of the form x > c or x < c to represent a constraint or condition in a
real-world or mathematical problem. Recognize thatinequalities of the form x > c or
x < c have infinitely many solutions; represent solutions of such inequalities on number line
diagrams.
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Use properties of operations to generate equivalent expressions.

7.EE.A.1

7.EE.A.2

Apply properties of operations as strategiesto add, subtract, factor, and expand linear
expressions with rational coefficients.

Understand that rewriting an expression in different forms in a problem context can shed
light on the problem and how the quantities in it are related. For example,
a + 0.05a = 1.05a means that “increase by 5%” is the same as “multiply by 1.05.”

Solve real-life and mathematical problems using numerical and algebraic expressions and

equations.

7.EE.B.3

7.EE.B.4

Solve multi-step real-life and mathematical problems posed with positive and negative
rational numbers in any form (whole numbers, fractions, and decimals), using tools
strategically. Apply properties of operations to calculate with numbers in any form; convert
between forms as appropriate; and assess the reasonableness of answers using mental
computation and estimation strategies. For example: If a woman making $25 an hour gets
a 10% raise, she will make an additional 1/10 of her salary an hour, or $2.50, for a new
salary of $27.50. Ifyou want to place a towel bar 9 3 /4 inches long in the center of a door
thatis 27 1/2inches wide, you will need to place the bar about 9 inches from each edge;
this estimate can be used as a checkon the exact computation.

Use variables to represent quantities in a real-world or mathematical problem, and
construct simple equations and inequalities to solve problems by reasoning about the
qguantities.

a. Solve word problems leading to equations of the formpx + g =randp(x+q) =7,
where p, q, and r are specific rational numbers. Solve equations of these forms
fluently. Compare an algebraic solution to an arithmetic solution, identifying the
sequence of the operations used in eachapproach. For example, the perimeter of a
rectangle is 54 cm. Itslengthis 6 cm. What is its width?

b. Solve word problems leading to inequalities of the formpx +q >rorpx+q <,
where p, q, and r are specific rational numbers. Graphthe solution set of the
inequality and interpret it in the context of the problem. For example: As a
salesperson, you are paid $50 per week plus $3 per sale. This week you want your pay
to be at least $100. Write an inequality for the number of sales you need to make, and
describe the solutions.

Work with radicals and integer exponents.

8.EE.A.1

8.EE.A.2

EUREKA
MATH

Know and apply the properties of integer exponents to generate equivalent numerical
expressions. For example, 32 x 3> =33 =1/33=1/2".

Use square root and cube root symbols to represent solutions to equations of the form
x%2 = pand x® = p, wherep is a positive rational number. Evaluate square roots of small
perfect squares and cube roots of small perfect cubes. Know that+/2 is irrational.

Module 1: Relationships Between Quantities and Reasoning with Equations and 7
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Analyze and solve linear equations and pairs of simultaneous linear equations.

8.EE.C.7

8.EE.C.8

Solve linear equations in one variable.

a. Give examples of linear equations in one variable with one solution, infinitely many
solutions, or no solutions. Show which of these possibilities is the case by successively
transforming the given equation into simpler forms, until an equivalent equation of the
formx = a, a = a, or a = b results (where a and b are different numbers).

b. Solve linear equations with rational number coefficients, including equations whose
solutions require expanding expressions using the distributive property and collecting
like terms.

Analyze and solve pairs of simultaneous linear equations.

a. Understand that solutions to a system of twolinear equations in two variables
correspond to points of intersection of their graphs, because points of intersection
satisfy both equations simultaneously.

b. Solve systems of two linear equations in two variables algebraically, and estimate
solutions by graphing the equations. Solve simple cases by inspection. For example,
3x +2y = 5and 3x + 2y = 6 have no solution because 3x + 2y cannot
simultaneously be 5 and 6.

c. Solve real-world and mathematical problems leading to two linear equations in two
variables. For example, given coordinates for two pairs of points, determine whether
the line through the first pair of points intersectsthe line through the second pair.

Focus Standards for Mathematical Practice

MP.1

MP.2

MP.3

MP.4

MP.6

EUREKA
MATH

Make sense of problems and persevere in solving them. Studentsare presented with
problems that require them to try special cases and simpler forms of the original problem to
gain better understanding of the problem.

Reason abstractly and quantitatively. Studentsanalyze graphs of non-constant rate
measurements and reason from the shape of the graphs to infer what quantities are being
displayed and consider possible units to represent those quantities.

Constructviable arguments and critique the reasoning of others. Studentsreason about
solving equations using if-then moves based on equivalent expressions and properties of
equality and inequality. They analyze when an if-then move is not reversible.

Model with mathematics. Students have numerous opportunities in this module to solve
problems arising in everyday life, society, and the workplace from modeling bacteria growth
to understanding the federal progressive income tax system.

Attend to precision. Studentsformalize descriptions of what they learned before (variables,
solution sets, numerical expressions, algebraic expressions, etc.)as they build equivalent
expressions and solve equations. Students analyze solution sets of equations to determine
processes (e.g., squaring both sides of an equation) that might lead to a solution set that
differs from that of the original equation.

Module 1: Relationships Between Quantities and Reasoning with Equations and 8
Their Graphs
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MP.7 Look for and make use of structure. Studentsreason with and about collections of

equivalent expressions to see how all the expressions in the collection are linked together
through the properties of operations. They discern patternsin sequences of solving

equation problems that reveal structures in the equations themselves: 2x + 4 = 10,
2(x—3)+4=10,2(3x—4)+4 =10, etc.

MP.8 Look forand express regularity in repeated reasoning. After solving many linear equations

in one variable (e.g., 3x + 5 = 8x — 17), students look for general methods for solving a
genericlinear equation in one variable by replacing the numbers with letters: ax+ b =

cx + d. They have opportunities to pay close attention to calculations involving the
properties of operations, properties of equality, and properties of inequality as they find
equivalent expressions and solve equations, noting common ways to solve different types of
equations.

Terminology

New or Recently Introduced Terms

Algebraic Expression (An algebraic expression is either: (1) a numerical symbol or a variable symbol
or (2) the result of placing previously generated algebraic expressions into the two blanks of one of
the four operators ((__ )+ (), (_)—(_), (_)x(_), (_)=(_)) orintothe base blank of an
exponentiation with an exponent that is a rational number.)

Constant Termofa Polynomialin Standard Form (The constant term is the value of the numerical
expression found by substituting 0 into all the variable symbols of the polynomial, namely a,.)
Degree of a Monomial (The degree of a nonzero monomial is the sum of the exponents of the
variable symbols that appear in the monomial.)

Degree of a Polynomialin Standard Form (The degree of a polynomial in standard form is the
highest degree of the terms in the polynomial, namely n.)

Equivalent Algebraic Expressions (Two algebraic expressions are equivalent if we can convert one
expression into the other by repeatedly applying the commutative, associative, and distributive
properties and the properties of rational exponents to components of the first expression.)
Equivalent Numerical Expressions (Two numerical expressions are equivalent if they evaluate to the
same number.)

Graph ofan Equation in Two Variables (The set of all points in the coordinate plane thatare
solutions to an equation in two variables is called the graph of the equation.)

Leading Term and Leading Coefficient of a Polynomialin Standard Form (Theterma,, x" is called
the leading term, and a,, is called the leading coefficient.)

Monomial (A monomial is a polynomial expression generated using only the multiplication operator
(__ X __). Monomials are products whose factors are numerical expressions or variable symbols.)
Numerical Expression (A numerical expression is an algebraic expression that contains only
numerical symbols (no variable symbols) and that evaluates to a single number.)

Numerical Symbol (A numerical symbol is a symbol that represents a specific number.)

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 9
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=  Piecewise Linear Function (Given a finite number of non-overlapping intervals on the real number
line, a (real) piecewise linear function is a function from the union of the intervals to the set of real
numbers such that the function is defined by (possibly different) linear functions on eachinterval.)

= Polynomial Expression (A polynomial expression is either: (1) a numerical expression or a variable
symbol or (2) the result of placing two previously generated polynomial expressions into the blanks
of the addition operator (__ 4+ __) or the multiplication operator (__ X __).)

= Solution (Asolution toan equation with one variable is a number in the domain of the variable that,
when substituted for all instances of the variable in both expressions, makes the equation a true
number sentence.)

= Solution Set (The set of solutions of an equation is calledits solution set.)

=  Standard Formofa Polynomial Expression in One Variable (A polynomial expression with one
variable symbol x is in standard form if it is expressed as a,x™ + a,_1x* "1 + -+ a; x + ay, where
nis a nonnegative integer, and ay,a4,a,, ..., a, are constant coefficients with a,, # 0. A polynomial
expression in x thatis in standard form is often called a polynomial in x.)

= Variable Symbol (A variable symbol is a symbol thatis a placeholder for a number. Itis possible that
a question may restrict the type of number that a placeholder might permit, maybe integers only or
a positive real number, for instance.)

= Zero Product Property (The Zero Product Property statesthat given real numbers, a and b, if
a-b=0theneithera=0o0rb = 0,or bothaandb=0.)

Familiar Terms and Symbols>

=  Equation

=  Formula

= |dentity

= |nequality

= Linear Function

= Properties of Equality

= Properties of Inequality
= Solve

= System of Equations

= Term

Suggested Tools and Representations

= Coordinate Plane
=  Equations and Inequalities

>These are terms and symbols students have seen previously.
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Preparing to Teach a Module

Preparation of lessons will be more effective and efficient if there has been an adequate analysis of the
module first. Eachmodule in A Story of Functions can be compared to a chapterin a book. How s the
module moving the plot, the mathematics, forward? What new learning is taking place? How are the topics
and objectives building on one another? The following is a suggested process for preparing to teacha
module.

Step 1: Geta preview of the plot.
A: Readthe Table of Contents. At a high level, what s the plot of the module? How does the story
develop across the topics?
B: Preview the module’s Exit Tickets to see the trajectory of the module’s mathematicsand the nature
of the work students are expected to be able to do.
Note: When studying a PDF file, enter “Exit Ticket” into the search feature to navigate from one Exit
Ticket to the next.

File Edit View Window Help

£ open | & TR | [7]rz | [n2%]-]] () = Tools | Fill &Sign | Comme
!\g Find *

| Exit Ticket

i |
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Lesson 1: Graphs of Piecewise Linear Functions

Exit Ticket

The graph in the Exploratory Challenge is made by combining pieces of nine linear functions (it is a piecewise linear
function). Each linear function is defined over an interval of time, represented on the horizontal axis. List those nine
time intervals.

Step 2: Diginto the details.

A: Diginto acareful reading of the Module Overview. While reading the narrative, liberally reference
the lessons and Topic Overviews to clarify the meaning of the text—the lessons demonstrate the
strategies, show how to use the models, clarify vocabulary, and build understanding of concepts.

B: Havingthoroughly investigated the Module Overview, read through the Student Outcomes of each
lesson (in order) to further discern the plot of the module. How do the topics flow and tell a
coherent story? How do the outcomes move students to new understandings?

Step 3: Summarize the story.

Complete the Mid- and End-of-Module Assessments. Use the strategiesand models presented in the
module to explain the thinking involved. Again, liberally reference the lessons to anticipate how students
who are learning with the curriculum might respond.

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 11
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Preparing to Teach a Lesson

A three-step process is suggested to prepare a lesson. Itis understood that at times teachers may need to
make adjustments (customizations) to lessons to fit the time constraints and unique needs of their students.
The recommended planning process is outlined below. Note: The ladder of Step 2 is a metaphor for the
teaching sequence. The sequence can be seen not only at the macro level in the role that this lesson plays in
the overall story, but also at the lesson level, where each rung in the ladder represents the next step in
understanding or the next skill needed to reach the objective. To reachthe objective, or the top of the
ladder, all students must be able to access the first rung and each successive rung.

Step 1: Discern the plot.

A:

Step 2: Find the ladder.

Briefly review the module’s Table of Contents, recalling the overall story of the module and analyzing
the role of this lesson in the module.

Readthe Topic Overview related tothe lesson, and then review the Student Outcome(s) and Exit
Ticket of each lesson in the topic.

Review the assessment following the topic, keeping in mind that assessments can be found midway
through the module and at the end of the module.

A:  Work through the lesson, answering and completing
each question, example, exercise, and challenge.
B: Analyze and write notes on the new complexities or
new concepts introduced with each question or
problem posed; these notes on the sequence of new
complexities and concepts are the rungs of the ladder.
C: Anticipate where students might struggle, and write a
note about the potential cause of the struggle.
D: Answer the Closing questions, always anticipating how ;
students will respond. ! ,
/ '--:pfrh.iwh Lot guccags
|
Step 3: Hone the lesson. b '

Lessons may need to be customized if the class period is not long enough to do all of what is presented
and/or if students lack prerequisite skills and understanding to move through the entire lesson in the
time allotted. A suggestion for customizing the lesson is to first decide upon and designate each
guestion, example, exercise, or challenge as either “Must Do” or “Could Do.”

A:

Select “Must Do” dialogue, questions, and problems that meet the Student Outcome(s) while still
providing a coherent experience for students; reference the ladder. The expectationshould be that
the majority of the class will be able to complete the “Must Do” portions of the lesson within the
allocatedtime. While choosing the “Must Do” portions of the lesson, keep in mind the need for a
balance of dialogue and conceptual questioning, application problems, and abstract problems, and a
balance between students using pictorial/graphical representations and abstract representations.
Highlight dialogue to be included in the delivery of instruction so that students have a chance to
articulate and consolidate understanding as they move through the lesson.

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 12

MATH

Their Graphs

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Module Overview

ALGEBRA |

B: “Must Do” portions might also include remedial work as necessary for the whole class, a small group,
or individual students. Depending on the anticipated difficulties, the remedial work might take on
different forms as suggested in the chart below.

Anticipated Difficulty “Must Do” Remedial Problem Suggestion

The first problem of the lesson is too | Write a short sequence of problems on the board that

challenging. provides a ladder to Problem 1. Direct students to
complete those first problems to empower them to begin
the lesson.

There is too big of a jumpin Provide a problem or set of problems that bridge student

complexity between two problems. understanding from one problem to the next.

Students lack fluency or foundational | Before beginning the lesson, do a quick, engaging fluency
skills necessary for the lesson. exercise.® Before beginning any fluency activity for the
first time, assess that students have conceptual
understanding of the problems in the set and that they
are poised for success with the easiest problem in the set.

More work is needed at the concrete | Provide manipulatives or the opportunity to draw
or pictorial level. solution strategies.

More work is needed at the abstract | Add aset of abstract problems to be completed toward
level. the end of the lesson.

C: “Could Do” problems are for students who work with greater fluency and understanding and can,
therefore, complete more work within a given time frame.

D: Attimes, a particularly complex problem might be designated as a “Challenge!” problem to provide
to advanced students. Consider creating the opportunity for students to share their “Challenge!”
solutions with the class at a weekly session or on video.

E: Ifthe lesson is customized, be sure to carefully select Closing questions that reflect such decisions,
and adjust the Exit Ticket if necessary.

6Look for fluency suggestions at www.eureka-math.org.

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 13

o Their Graphs
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Module Overview m

ALGEBRA |

Assessment Summary

Assessment Type Administered Format Standards Addressed

N-Q.A.1, N-Q.A.2,

Mid-Module After Topic B | Constructed response with rubric N-Q.A.3,A-APR.A.1,
Assessment Task A-SSE.A.2

N-Q.A.1, A-SSE.A.1,
A-SSE.A.2, A-APR.A.1,

End-of-Module A-CED.A.1,A-CED.A.2,

Assessment Task After Topic D Constructed response with rubric A-CED.A.3, A-CED.A.4,
A-REI.A.1, A-REI.C.5,
A-REI.C.6, A-REI.D.10,
A-REI.D.12
Module 1: Relationships Between Quantities and Reasoning with Equations and 14
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Topic A

Mathematics Curriculum

ALGEBRA | e MODULE 1

Introductionto Functions Studied This Year—
Graphing Stories

N-Q.A.1, N-Q.A.2, N-Q.A.3, A-CED.A.2

Focus Standards:

Instructional Days:

Lesson1:
Lesson 2:
Lesson 3:
Lesson4:

Lesson5:

N-Q.A.1 Useunits asa way to understand problems and to guide the solution of multi-
step problems; choose and interpret units consistentlyin formulas; and choose

andinterpretthescaleand theoriginin graphs and data displays.*

N-Q.A.2 Define appropriate quantities for the purpose of descriptive modeling.*

N-Q.A.3 Choosea level of accuracy appropriate to limitations on measurement when
reporting quantities.*

A-CED.A.2  Createequationsintwo or morevariablesto representrelationships between
quantities; graph equations on coordinate axes with labels and scales.*

5

Graphs of Piecewise Linear Functions (E)*

Graphs of Quadratic Functions (E)

Graphs of Exponential Functions (E)

Analyzing Graphs—Water Usage During a Typical Day atSchool (E)

Two Graphing Stories (E)

1Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson

EUREKA
MATH
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Students explore the main functions that they will work with in Algebra I: linear, quadratic, and exponential.
The goalis to introduce students to these functions by having them make graphs of a situation (usually based

upon time) in which these functions naturally arise. As they graph, they reason quantitatively and use units
to solve problems relatedto the graphs they create.

For example, in Lesson 3 they watcha 20-second video that shows bacteria subdividing every few seconds.
The narrator of the video statesthese bacteria are actually subdividing every 20 minutes. After counting the
initial number of bacteria and analyzing the video, students are asked to create the graphto describe the
number of bacteria with respect to actualtime (not the sped-up timein the video) and to use the graphto
approximate the number of bacteria shown at the end of the video.

Another example of quantitative reasoning occurs in Lesson 4. Students are shown a graph (without labels)
of the water usage rate of a high school. The rate remains consistent most of the day but jumps every hour
for five minutes, supposedly during the bell breaks betweenclasses. As students interpret the graph, they are

asked to choose and interpret the scale and decide on the level of accuracy of the measurements needed to
capture the behavior in the graph.

The topic ends with a lesson that introduces the next two topics on expressions and equations. Students are
asked to graph two stories that intersect in one point on the same coordinate plane. After students and
teachersform linear equations to represent both graphs and use those equations tofind the intersection
point (8.EE.C.8), the question is posed to students: How canwe use algebra, ingeneral, to solve problems
like this one but for nonlinear equations? Topics B and C set the stage for students’ understanding of the
general procedure for solving equations.

EUREKA Topic A: Introduction to Functions Studied this Year—Graphing Stories 16
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[@] Lesson 1: Graphs of Piecewise Linear Functions

Student Outcomes

= Students define appropriate quantities from a situation (a graphing story), choose and interpretthescaleand

the origin for the graph, and graph the piecewise linear functiondescribed inthevideo. They understandthe
relationship between physical measurements and their representationon a graph.

Classwork

Exploratory Challenge (20 minutes)

Show the first 1:08 minutes of the video below, telling the class that the goalis simply to describe inwords the motion of
the man. (Note: Be suretostop thevideo at1:08 because after thattheanswersto the graphing questions aregiven.)

Elevation vs. Time #2 [http://www.mrmeyer.com/graphingstories1/graphingstories2.mov. Thisisthesecond
video under “Download Options” atthesite http://blog.mrmeyer.com/?p=213 called “Elevation vs. Time #2.”]

After viewingthevideo, have students share outloud theirideas on describing the motion. Some mightspeakin terms
of speed, distance traveled over time, or change of elevation. All approachesarevalid. Helpstudents beginto shape
theirideas with precise language.

Directtheclassto focus on thechange of elevation of the man over timeandbeginto putinto words specific details
linking el evationwith time.

=  Howhighdoyouthinkhewas atthetop of thestairs? How didyou estimate that elevation?

=  Werethereintervals of timewhen his elevationwasn’t changing? Was hestill moving?

=  Didhiselevationeverincrease? When?

Help students discern statements relevant to the chosenvariable of elevation.

If students do not naturally do so, suggest representing this information on a graph. As per thediscussionthatfollows,
displaya set of axes on the board with vertical axis |abel edin units relevantto the elevation.

Ask thesetypes of questions:

= How shouldwe label the vertical axis? What unit of measurement 12

should we choose (feet or meters)?
10

= How shouldwe label the horizontal axis? What unit of measurement
should we choose?

=  Should we measurethe man’s elevationto hisfeetor to his head on
the graph? 6

=  The manstarts atthetop of thestairs. Wherewouldthatbelocated
onthe graph?

= Show me with your hand whatthe general shape of thegraphshould 2
look like.

EUREKA Lesson 1: Graphs of Piecewise Linear Functions 17
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Givetimefor studentsto drawthe graphofthestory (aloneorin pairs). Lead a discussion throughtheissues of

formalizing the diagram: Thelabels and units of the axes, a title for the graph, the meaning of a point plotted on the
graph, a method for finding points to plot on thegraph,and soon.

Note: The graph shown attheend of thevideois incorrect! The man starts at 30 ft. above the ground, which is clearly
false. Possiblyask students, “Can you findthe error madein thevideo?”

Example 1 (15 minutes)

Presentthefollowing graph and question.

Example 1

Here is an elevation-versus-time graph of a person’s motion. Can we describe what the person might have been doing?

Elevation versus time

15

Elevation 10

(feet)

~
-
&
@
=

Time
(minutes)

Have students discuss this question inpairs orin small groups. It will take someimagination to createa contextthat
matches theshape of thegraph, andtherewill likely be debate.

Additional questions to ask:

=  Whatishappeninginthestory when thegraphisincreasing, decreasing constant over time?
o Answers will vary depending on the story: a person is walking up a hill, etc.

=  Whatdoes itmeanfor onepartofthegraphto besteeper than another?
o Thepersonisclimbing ordescending fasterthan in the other part.

=  Howdoes theslopeofeachlinesegmentrelateto the context of the person’s elevation?
o Theslope gives the average change in elevation per minute.
= |sitreasonablethata person moving up and downa verticalladder could have producedthis elevation versus
timegraph?
ft
o Jtis unlikely because the speedis too slow: 2.5——. If thesame graph had units in seconds then it
min

would be reasonable.

EUREKA Lesson 1: Graphs of Piecewise Linear Functions 18
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= |sitpossible for someone walking on a hill to produce this elevation-versus-time graph and return to her
starting pointatthe 10 min.mark? Ifitis, describe whatthe hill mightlook like.

o Yes, the hill could have a long pathwith a gentle slope that would zigzag back up to the top and thena
shorter, slightly steeper path back down to the beginning position.

=  Whatwas theaverage rate of change of the person’s elevation between time 0 min.andtime 4 min.?

10 ft ft
s — —,o0r2.5—.
4 min min

Thesetypes of questions help students understand that the graph represents only elevation, not speed or horizontal
distance fromthestarting point. Thisisanimportant observation.

Closing (5 minutes)
Ask thefollowing:

=  Howwouldyoudescribethegraphof Example1 to a friend?

=  Whattypeof equation(s)would be required to create this graph?

Introduce the following definition to students and discuss briefly. (We will return to this definition later intheyear.)

PIECEWISE-DEFINED LINEAR FUNCTION: Given non-overlapping intervals on the real number line, a (real) piecewise linear
function is a function from the union of the intervals on the real number line that is defined by (possibly different) linear
functions on each interval.

Pointoutthatall graphs we studied today are graphs of piecewise linearfunctions. Remind students (see Standard
8.F.A.3) thatthegraphsoflinearfunctions are straight lines, and show how each segmentin one of the graphs studied
todayis partofa straightlineasin:

. or

X Axis

EUREKA Lesson 1: Graphs of Piecewise Linear Functions 19
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Also show students theintervals onwhich eachlinearfunctionis defined. One may wish to point out there might be
ambiguity as to whether or notthe endpoints of a giveninterval belongto thatinterval. For example, inthefirst
diagram, we couldarguethatthreelinearfunctions are defined on theintervals [0,2), [2,5),and [5,), or perhaps on
theintervals[0,2], (2,5),and [5,) instead. (Warning: Students have notbeen formally introduced to interval

notation.) Thereis no ambiguity in the second example. This pointabouttheinterval endpointsissubtleandisnotan
issuetofocusonina concerted way in this particularlesson.

Exit Ticket (5 minutes)

EUREKA Lesson 1: Graphs of Piecewise Linear Functions 20
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Name Date

Lesson 1: Graphs of PiecewiseLinear Functions

Exit Ticket

The graphinthe Exploratory Challenge is made by combining pieces of nine linear functions (itis a piecewise linear
function). Each linear function is defined over aninterval of time, represented on the horizontal axis. Listthose nine
timeintervals.

EUREKA Lesson 1: Graphs of Piecewise Linear Functions 21
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Exit Ticket Sample Solutions

Students may describe theintervalsin words. Do not worry about the endpoints of theintervals in this lesson.

The graph in the Exploratory Challenge is made by combining pieces of nine linear functions (it is a piecewise linear
function). Each linear function is defined over aninterval of time, represented on the horizontal axis. List those nine time
intervals.

Between 0 and 3 sec.;
between 3 and 5.5 sec.;
between 5.5 and 7 sec;
between 7 and 8.5 sec.;
between 8.5 and 9 sec;
between 9 and 11 sec.;
between 11 and 12.7 sec.;
between 12.7 and 13 sec;

and 13 sec. onward.

Problem Set Sample Solutions

1. Watch the video, “Elevation vs. Time #3” (below).

http://www.mrmeyer.com/graphingstories1/graphings tories3.mov. (This is the third video under “Download
Options” at the site http://blog.mrmeyer.com/?p=213 called “Elevation vs. Time #3.”)

Itshows a man climbing down a ladder that is 10 ft. high. At time 0 sec., his shoes are at 10 ft. above the floor, and
at time 6 sec,, his shoes are at 3 ft. From time 6 sec. to the 8.5 sec. mark, he drinks some water on the step 3 ft.
off the ground. After drinking the water, he takes 1.5 sec. to descend to the ground, and then he walks into the
kitchen. The video ends atthe 15 sec. mark.

a. Draw your own graph for this graphing story. Use straight line segments in your graph to model the elevation
of the man over different time intervals. Label your x-axis and y-axis appropriately, and give a title for your
graph.

[See video for one example of a graph of this story.]

b. Your picture is an example of a graph of a piecewise linear function. Each linear function is defined over an
interval of time, represented on the horizontal axis. List those time intervals.

The intervals are [0,6], (6,8.5], (8.5,10],and (10, 15, with the understanding that the inclusion of the
endpoints may vary. Students may use any notation they want to describe the intervals.

c. Inyour graphin part(a), what does a horizontal line segment represent in the graphing story?

Itis a period of time when he is neither going up nor down.

d. If you measured from the top of the man’s head instead (he is 6. 2 ft. tall), how would your graph change?

The whole graph would be shifted up 6.2 ft.

EUREKA Lesson 1: Graphs of Piecewise Linear Functions 22
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e. Suppose the ladder descends into the basement of the apartment. The top of the ladder is at ground level
(0 ft) and the base of the ladder is 10 ft. below ground level. How would your graph change in observing the
man following the same motion descending the ladder?

The whole graph would be shifted downward 10 ft.

f. What is his average rate of descent between time 0 sec. and time 6 sec? What was his average rate of
descent between time 8.5 sec. and time 10 sec.? Over which interval does he descend faster? Describe how
your graph in part (a) can also be used to find the interval during which he is descending fastest.

7 ft
His average rate of descent between 0 and 6 sec. was g .
sec

" ft
His average rate of descent between 8.5 and 10 sec. was 2 Sec'

He was descending faster from 8.5 to 10 sec.

The interval during which he is descending the fastest corresponds to the line segment with the steepest
negative slope.

2. Create anelevation-versus-time graphing story for the following graph:
7

6

Elevation (feet)

Time (seconds)

Answers will vary. A story such as the following fits the graph:

A swimmer climbs a ladder to a waterslide, sits for two seconds at the top of the slide, and then slides down the slide
into water. She stays steady at the same position underwater for two seconds before rising to the surface.

Teachers should also accept other contexts, such as interpreting “0 elevation” as the height of a deck 3 ft. above
ground.

3. Draw anelevation-versus-time graphing story of your own, and then create a story for it.

Answers will vary. Do not be too critical of their graphs and stories.

EUREKA Lesson 1: Graphs of Piecewise Linear Functions
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[91 Lesson 2: Graphs of Quadratic Functions

Student Outcomes

= Students representgraphically a nonlinear relationship between two quantities and interpret features of the
graph. They understand therelationship between physical quantities via the graph.

Lesson Notes

Distinctions between h(x) and h(t):

h(t) = at? + bt + cis theheight h asfunctionof timet;itis not the actual physical trajectory. |t hasa parabolic shape
or trajectory in the conceptual t-h plane. The th-parabolic trajectoryis notdirectly visible to the human eye.

h(x) = ax? + bx + c is theactual parabolictrajectory in the physical xh-plane. The parabolic trajectoryis directly
visibleto the human eye. This parabolictrajectory is easily confused with the h(t) if we are not careful.

Inthe special case of projectiles with straight up-and-down vertical motions; e.g., zero horizontal speed,
h(t) is still parabolicwhen the motion is pure up and down.
h(x) is a deltafunction(only poorly defined atx = 0), nota parabola.

Inthe special case of projectiles with a finite horizontal speed component V, (throwinga ballatan angle), t and x are
directly proportional because physics dictates x =V, - t. Thetwo graphs h(t) and h(x) may, therefore, look similar to
the eyes, butthey involveverydifferent concepts.

Physics of projectiles:
Inh(t) = at? + bt + ¢, the constants a, b, and ¢ have definite meaningsin physics.
1 ft
= ais ; of thelocal gravitational constant. Since g on Earthis 9.812, or 32 — theconstanta is, numerically,
sec sec

always —4.9 or —16 near Earth’s surface, depending on the choice of units for the height. One does nothave
the freedomto randomly choose friendlynumbers in projectile word problems.

=  bistheinitialupwardspeed.

= cistheinitialheightaboveground.

In h(x) = ax®+ bx + c,the constants a, b, and ¢ alsohave definite meaningsin physics.

1
= ais 5 of thelocal gravitational constant divided by the square of the initial horizontal speed.

= pistheinitialslopeinthexh-plane, or tan(8).

= cistheinitialheightaboveground.

EUREKA Lesson 2: Graphs of Quadratic Functions ”
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Classwork
Example 1 (8 minutes)

Show thevideo of a ball rolling down a rampgivenat http://mbc.sandi.net/library/311612, tellingthe class that our goal
is simplyto describeinwords the motion of the ball. (Ifthelink does notwork, search for “Algebral, Module 1 Lesson 2
ball rolling down rampvideo.”)

After viewingthevideo, have students sharealoud their ideas on describing the motion. Some mightspeakinterms of
speed, distance rolled over time, or change of elevation. All approaches arevalid. Helpstudents beginto shapetheir
ideas with language that specifies the names of the quantities being observed and how they are changing over time.

Directtheclassto focus on thechange of elevation of the ball over time and to beginto putinto words specificdetails
linking elevationwith time.

= |tfirststarted atthetop of theramp.
= |trolled downtheramp forabout 2 sec.

= After ithitthebottom of the ramp,itrolled acrossthefloor.

If students do not naturally do so, suggest representing this information on a graph. Displaya setof axesontheboard.

12

10

Begin a discussion thatleads students through issues of formalizingthe diagram: Thelabels and units of the axes, a title
for thegraph, the meaning of a point plotted on the graph, the heightattime 0 sec, thetimewhen itreached the
bottom of the ramp, etc.

Either individually or ingroups of two, have students estimate the general shape of the graph of the el evation-versus-
time of the ball rolling down theramp. Atthis point, do notworryaboutengaging students in measuring s pecific heights
and specific times; right now they arejust|ooking forthe general shape. Besureto have students notice the horizontal
“tail” of thegraph, and ask themto interpretits meaning. (Theelevation of the ball does notchangeasitrollsacrossthe
floor.) Somestudents may draw a curved graph. Others will likely draw a straightline for the graph overtheinterval 0
to 1.7 sec. Even though thisis notcorrect, allowitatthisstage.

EUREKA Lesson 2: Graphs of Quadratic Functions 25
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Flevation vs. Time

10

Elevation
(inches) 6

0.5 1.0 1.5 2.0

Time
(seconds)

After students have created graphs, have them compare their graphs with each other and share with the class. Ask the

following questions:

=  Shouldthechangeinelevationbe decreasingata constantrate? Thatis, do you thinkthis graph should be a

straightlinegraph, atleastbetween 0 sec.and about 1.7 sec?
Somespecificquestions (below) can help leadto the correct conclusion:
=  Wheredoes theelevationchange moreslowly? Explain.

= |fitis changing moreslowlyatthetop and more quickly atthe bottom, shouldthe graphlook thesameat
thosetimes?

In ExploratoryChallenge, students see an el evation-versus-time graphthat s clearly not a straight line.

Exploratory Challenge (25 minutes)

Havestudents plota graphical representationof changein elevation over timeforthefollowing graphingstory. It
isavideo of a man jumping from 36 ft. above groundinto 1 ft. of water.

https://vimeo.com/105382325 or http://youtu.be/ZCFBC8aXz-g (Ifneitherlink works, search for “OFFICIAL
Professor Splash World Record Video!”)

EUREKA Lesson 2: Graphs of Quadratic Functions
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Exploratory Challenge

Plot a graphical representation of change in elevation over time for
the following graphing story. It is a video of a man jumping from
36 ft. above ground into 1 ft. of water.

https://vimeo.com/105382325 or http://youtu.be/ZCFBC8aXz-g

(If neither link works, search for “OFFICIAL Professor Splash World Record
Video!”)

elevation (feet)

Allow students to analyze the full video, initially giving them as much control as possible (if not full control) inchoosing
when to pausethevideo, playithalfspeed,and soon. Perhaps conductthis partofa classina computer lab or display
the video on aninteractive white board. Then direct students to investigate one of the two portions of the clip below,

depending on thelevel of technology you have available:

Portion 1: Fromtime 32 sec.totime 33 sec. Usethis to get data for drawing the graph (if they haveaccessto a

powerful movie editor that canshow each frame).

Portion 2: Fromtime 48 sec.totime 53 sec. Usethis for a slow-motionversionthatcan be analyzed easilyvia

YouTube.

Note: Inthis lesson, keep students’ focus on understanding the relationship
between physicalmeasurements andthe graph. Students willrevisit
scenarios like thisonein Modules 4 and5. Weknow, from physics, thatthe
height function for this example canbe modeled by s(t) = 36 — 16t% and
thatinthis case, the function models the situationvery accurately. For
example, thefunction predicts thathewill hitthe water atexactly 1.5 sec,,
which hedoes. However, quadraticequations and functions are topics for
later modules.

Students should start measuringfromthe top of the man’s jump, whichis
1
about 36 ft. high. (Hestartsat35.5 ft. andjumps;ft. up beforefalling.)

Solutions are provided belowfor each portion.

Givestudents the opportunity to share their work with the class asa whole
or with a partner. Have students articulate and justify any interesting
choicesthey have made. Forexample, instead of plotting points for every
second of footage, some students maywish to plotthe time per distance
markers (36, 30, 25, 20, 15, etc.). Both methods lead to a graphofa
quadraticfunction.
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Students should produce graphs thatlooksimilar to the following, accordingto which clipthey used:

Portion 1 Results: If yourstudents used Portion1, they should get something that
looks similarto thetable (right) and graph (on the previous page).

The estimates of the heightsinthetableare baseduponthe markersin the video.
Sincethevideoistaken fromtheground, readingheight directlyfromthevideocan
be hampered by the parallax effect. Ideally, for accurate reading, the camerashould
be atthesameheightasthejumper atall times so the heightreading fromtheruler
inthebackgroundcould be accurate. Remind students to make some necessary
corrections or adjustments instead of just reading horizontally across the frozen video
frame. Regardless, you shouldnot expect your students to have perfect graphs, but
their graphs shouldnotbestraightlines.

Portion 2 Results: If yourstudents used Portion 2 of the video, they should
get somethingthatlooks similar to thetable (below)andgraph (right).
Havea discussionwith themthattheresults below do not model the actual
situation. By specifically talking about film time versus real time, we laythe
foundationto talkabouttransformations of functions. Guide students by
askingthese questions:

=  Whatwouldyou need to do to this graph to correctlymodel the
jump with a graph?

@ You need to know how long ittook for him to complete
the jump.

= |ttakes thejumper exactly 1.5 sec. fromthetop of his jump until
he splashesinthewater.

elevation (feet)

= Then we shouldshrink the graph horizontally until the t-intercept
isat1.5 sec.

= Learninghowto shrink graphs in this way will bean important
topicin Modules 3 and5.

As an extension, encourage students to try adjusting the graphin this way
(shrinking it horizontally such that the t-interceptisat 1.5 sec.), using their
intuitionto guide them, and compare their results with their peers.

ALGEBRA |

Time (sec.) | Elevation (ft.)
0 36
0.33 35
0.7 30
1 24
1.125 20
1.25 15
1.33 11
1.5 0

EUREKA
MATH

Time (sec.) | Elevation (ft.)

0 36
1 35.5
2 32
3 24
4 7

4.3 0

Lesson 2: Graphs of Quadratic Functions
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Example 2 (5 minutes)

Example 2

The table below gives the area of a square with sides of whole number lengths. Have students plot the points in the table
on a graph and draw the curve that goes through the points.

Side

(cm) 0 1 2 3 4
Area
(cm?) 0 1 4 9 16

On the same graph, reflect the curve across the y-axis. This graphis an example of a graph of a quadratic function.

Bringup or ask:

=  Onthegraph,whatdo the points between the plotted points from the tablerepresent?

@ Areasof squares with non-whole number side lengths.

Closing (3 minutes)

Ask students to use their Grade 8 geometry background to reflect the graph from Example 2 across the y-axis on the
samegraphtheyjustdrew (8.G.A.3). They should get a picturelike this:

Y Axis

X Axis

Mention to them thatthis isanexample of a graph of a quadratic function. Students have seen functions of the form
A = s?intheir eighth-grade studies of area as an example of a functionthatis notlinear (8.F.A.3). Tell themthatthey

will be studying these functions throughoutthe year and thatthey will learndifferent ways to recognizeandrepresent
quadraticfunctions andequations.
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[ Extension: Show students thatthe graphin the Exploratory Challengeis alsopart of a graphof a quadratic function by
plotting thereflectionacross the y-axis (e.g., points with negative x-values).

elevabion ife el

time {seconds)

Bringup or ask:

= Does this extended graph | have just drawn from the Exploratory Challenge model the elevation of the man
jumpingintotheshallow pool?

a

No, the partofthe graph before time 0 was notgood. He went up to the platform very slowly
compared to how fast he came down.

Iftime allows, have students draw a graph of the man’s elevationversus time thatincorporates his climbing the ladder.
Bring up or ask:

Canyouimagineanelevationversus timesituationwhere the graph would looklike the extended graph?
o Yes, myelevation when | jump up into the air.

If you need to, show them or have a student demonstrate the answerto this question. Finally, ask:

Does thereflection of the graphalong the y-axisin Example 2 make sense?
o No, squares cannot have negativeside lengths.

Exit Ticket (4 minutes)
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Lesson 2: Graphs of Quadratic Functions

Exit Ticket

If you jumped intheairthreetimes, what mightthe elevation versus time graph of that story looklike?

Label theaxes appropriately.

EUREKA Lesson 2: Graphs of Quadratic Functions
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Label the axes appropriately.
Student answers will vary.
| jump about 1 ft. high every other second.

1571

elevation (feet)

If you jumped in the air three times, what might the elevation versus time graph of that story look like?

2 3 4 5 6

time (seconds)

Problem Set Sample Solutions

1. Hereis an elevation-versus-time graph of a ball rolling down a ramp. The first section of the graphis slightly curved.
Elevation vs, Time
1xe
10
5
Elevation
(imches) &
4
z
° 0.5 1.0 1.5 2.0
Time
(Recomils)
a. From the time of about 1.7 sec. onward, the graphis a flat horizontal line. If Ken puts his foot on the ball at
time 2 sec. to stop the ball from rolling, how will this graph of elevation versus time change?
Even if the ball is at rest on the floor, its elevation remains 0 in. and does not change. The elevation-versus-
time graph does not change.

Lesson 2:

EUREKA
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b. Estimate the number of inches of change in elevation of the ball from 0 sec.to 0.5 sec. Also estimate the
change in elevation of the ball between 1.0 sec.and 1.5 sec.

Between 0 and 0.5 sec., the change in elevation was about —2 in. Between 1.0 and 1.5 sec., the change in
elevation was about —5.5 in.

c. At what point is the speed of the ball the fastest, near the top of the ramp atthe beginning of its journey or
near the bottom of the ramp? How does your answer to part (b) support what you say?

1
The speed of the ball is the fastest near the bottom of the ramp. During the ; sec.from 1.0 sec. to 1.5 sec,,
1
the ball's change in elevation is greater than the E sec. at the beginning of its journey. It must have

1
traversed a greater length of the ramp during this E sec.and so was traveling faster. Its speed is greater

near the bottom of the ramp.

2.  Watch the following graphing story:

Elevation vs. Time #4 [http://www.mrmeyer.com/graphingstories1/graphingstories4.mov. This is the second video
under “Download Options” at the site http://blog.mrmeyer.com/?p=213 called “Elevation vs. Time #4.”]

The video is of a man hopping up and down several times atthree different heights (first, five medium-sized jumps
immediately followed by three large jumps, a slight pause, and then 11 very quick small jumps).

a. What object in the video can be used to estimate the height of the man’s jump? What is your estimate of the
object’s height?

The stair step. Answers will vary between 4 in. to 8 in.

b. Draw your own graph for this graphing story. Use parts of graphs of quadratic functions to model each of the
man’s hops. Label your x-axis and y-axis appropriately and give a title for your graph.

Answers will vary but should reflect the estimate made in part (a). See the end of the video for a picture of
the graph.

3. Use the table below to answer the following questions.

x|123456

2

0
0 3/2 4 15/2 12 24
a. Plot the points (x,y) in this table on a graph (except when x is 5).

25

22

20

Y Axis
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a.

The y-values in the table follow a regular pattern that can be discovered by computing the differences of
consecutive y-values. Find the pattern and use it to find the y-value when x is 5.

The y-values have differences that increase by one, suggesting that we next have a y-value of

11 35 .
12+2 =3 when x is 5.

Plot the point you found in part (b). Draw a curve through the points in your graph. Does the graph go
through the point you plotted?

Yes.

How is this graph similar to the graphs you drew in Examples 1 and 2 and the Exploratory Challenge?
Different?

Answers will vary. This graph is similar to the graphs from Examples 1 and 2 of the Exploratory Challenge in
that the curve has the same basic U-shape. (Students may mention that they are all graphs of quadratic
functions, although at this point that is not necessary.) This graph is different from the graphs from Example
1 and the Exploratory Challenge because this curve is increasing and the graphs in Example 1 and the
Exploratory Challenge are decreasing. This graph is similar to the graph from Example 2 because they are
both increasing. However, this graph increases at a slower rate than the one from Example 2. For example,
this graph has value 12 when x is 4 (the Example 2 graph had value 16), and this graph has value 24 when x
is 6 (the Example 2 graph had value 36).

4. Aramp is made in the shape of a right triangle using the dimensions described in the picture below. The ramp
length is 10 ft. from the top of the ramp to the bottom, and the horizontal width of the rampis 9.25 ft.

(ofes

/

<925 feet —————— >

A ball is released at the top of the ramp and takes 1.6 sec. to roll from the top of the ramp to the bottom. Find

f
sec

t
each answer below to the nearest0.1 —.

Find the average speed of the ball over the 1.6 sec.

10 ft ft

, or 6.
1.6 sec sec

Find the average rate of horizontal change of the ball over the 1.6 sec.

9.25 ft ft

or 5.
1.6 sec sec

Find the average rate of vertical change of the ball over the 1. 6 sec.

By the Pythagorean theorem, the vertical length is approximately \'10% —9.25% ~ 3.8 ft. Hence, the
ft

38
average rate of vertical change is —— — or 2.4 .
1.6 sec sec

What relationship do you think holds for the values of the three average speeds you found in parts (a), (b),
and (c)? (Hint: Use the Pythagorean theorem.)

The sum of the squares of the horizontal and vertical rates of change is equal to the square of the speed of the
ball.

EUREKA
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m Lesson 3: Graphs of Exponential Functions

Student Outcomes

= Students chooseand interpretthescaleon a graphto appropriatelyrepresentanexponential function.

Students plot points representing the number of bacteria overtime, giventhatbacteria grow by a constant
factor over evenly spaced timeintervals.

Classwork

Example (10 minutes)

— Havestudents sketcha graphthatdepicts Darryl’s changein elevation overtime.

Example
Consider the story:

Darryllives on the third floor of his apartment building. His bike is locked up outside on the ground floor. At 3:00
p.m., he leaves to go run errands, but as he is walking down the stairs, he realizes he forgot his wallet. He goes
back up the stairs to get it and then leaves again. As he tries to unlock his bike, he realizes that he forgot his
keys. One last time, he goes back up the stairs to get his keys. He then unlocks his bike, and he is on his way at
3:10 p.m.

Sketch a graph that depicts Darryl’s change in elevation over time.
There will be variations in the students’ graphs, but the graph students produce should appear as follows:

Elevation vs. Time

2 B

Elevation
(ft)

? 4 6 8 10
Time
(minutes)
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Exploratory Challenge (25 minutes)
In this example, students plota graphfor the following(exponential) graphingstory:

https://www.youtube.com/watch?v=gEwzDydciWc

If the link does not work, searchfor “Bacteria Growth video.” Thevideo shows bacteria doubling every second. Laterin
the video, the narrator says, “Just one bacterium, dividing every 20 min.....” This videoissped up so that1 sec.
corresponds to 20 min Thegoal isforstudents to initiallygraph the number of bacteria versus timein seconds (agraph
thatcorresponds to the time-lapse video) and later graph the number of bacteria versus time in minutes (a graph that
corresponds to how the bacteriagrewin real time).

Exploratory Challenge
Watch the following graphing story:

https: //www.youtube.com/watch?v=gEwzDydciWc

The video shows bacteria doubling every second.

Get students started by creating atable of thefirstfew seconds. Stop thevideo as close as possible to the 0 sec. mark,
1 sec.mark, 2 sec.mark, 3 sec.mark,andso on. Havestudents countthe bacteriaateachofthosetimes. Notethat
some of the bacteria have not fully divided, so expect a discussion on how to count them (guide students to make the
choice: approximately the length of a smallbacterium). Do notsuggestany modeljustyetas therearesomegreat
number sense problems to explorefirst. Below s a fairlyaccurate account of the number of bacteria up to the 3 sec.
mark:

Time (sec.) 0 1 2 3
Number of bacteria 2 4 8 16

The 4 sec. markisalready trickyto count (approximately 31 or 32), as well asatthe 5 sec.mark (approximately 58-62).
Ask students whatthey might expectto seeattime 6 sec.(approximately116—130). Do nothavestudents countthe
bacteriaattime 6 sec.butinstead estimate the number (e.g., the radius of the circular region of bacteria doubles
roughlyevery second).

Students mightfirst produce a graphsimilar to this:

a. Graph the number of bacteria versus time in seconds. Begin by counting the number of bacteria present at
each second and plotting the appropriate points on the set of axes below. Consider how you might handle
estimating these counts as the population of the bacteria grows.

.
150
120

90

number of bacteria

60 1

30

1 2 3 4 5 [}
time (in seconds)
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Ask for, or eventually suggest, the following model to describe the bacteria shown inthevideo:

=  AttimeO sec, there are 2 bacteria, andthe number of bacteriainthe Petri dish doubles every second. Stress
the pointto students thatthis model does not describe the exact number of bacteriaata given timein the
video butthatitdoes reasonablyrepresent anestimate of the number of bacteriaata given time.

Ask students to create a graphthatrepresents bacterial population growth beyondthe 6 sec. mark using this model.
Two challenges will quicklyarise for students: Identifyingan appropriate scale for the vertical axis and dealing with the
extraordinarily large numbers thatarise from this mark onward. Suggestthatstudentsfirstdescribetheshape of the
graph after the 6 sec.mark. To help with larger values, a table can be expanded beyondthe 6 sec.mark using scientific
notation.

A good question to ask:

=  Willthecurveever be perfectlyvertical?
To develop thereal-time exponential growth of the bacteria, state:

= Listentowhatthenarratorsaysaboutthesituation, “Justone bacterium, dividing every 20 min....."”
Thenask:

= |fonebacteriumdivides onceevery 20 min, how much real time has passedin what we watched in the time-
lapsevideo?

To help students answer this question, returnto the beginningof the video, with two bacteria, and notice how many

bacteriathereareafter 1 sec. Therearefour. And atthe 2 sec. mark, thereareeight. Have students concludethatone
second of video time matches about 20 min. of real time.

=  Wefirstcreated a graph withtheunitscalefor the horizontal axis as seconds. Thistimescaleisaccordingto
the video’s clock. How couldwe changethescale of the horizontal axis so thatitrepresents the real time of
bacteriagrowth?

Students may suggest “crossing outthe marks 1 sec, 2 sec, 3 sec, ...” on the horizontal axisandreplacing them with the
numbers “20 min, 40 min, 60 min, ... .” Whilethisisacceptable, suggest being careful anddeliberate by drawing a
table of values akin to the following:

Originaltime New time

(inseconds) | (inminutes) Number of bacteria
0 0 2
1 20 4
2 40 3
3 60 16
4 80 32

Usethis tableasa discussion pointfor justifying the change of scale for the horizontal axis.
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Havethemsketch a graphof the count of bacteria versus (real) time in minutes for the first five-hour period. Lead
students ina discussion to decide on appropriate scales for the vertical and horizontal axes. If needed, encourage the
students to extend their tables to determine the number of bacteria atthe end of the five-hour period before they
decideonthescale. Thestudents’ graphs do not need to match exactly the sample provided below butshould
accuratelydepict the points over thefirst 300 min

Students may instinctively connect the points with a smooth curve. Itisacceptableto usethecurveasa model of the
reality of the discrete points on the graph; however, encourage students to recognize the difference between the points
supported by the context and a continuous curve thatis a model of the situation.

b. Graph the number of bacteria versus time in minutes.

.

30,000

60,000

40,000

number of bacteria

20,000
]

Y YTYYYYYTL M4 T
60 120 180 240 300 )
time (in minutes)

Now, have students redraw this graph with the unit scale of the horizontal axis as hours.

c. Graph the number of bacteria versus time in hours (for the first five hours).

~

80,000

60,000

40,000

number of bacteria

20,000

b
I PPPYYYYTY LA
1 2 3 4 &5

time (in hours)
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Closing (5 minutes)

Tell students thatthe graph of the count of bacteriais anexample of a graph of anexponential function. Have students
sharethedifferences between linear, quadratic, and exponential graphs, first with a partner and then asaclass. Ask
students to share any ideas of how to differentiate between the graph of a quadratic function and an exponential
function. Letthem brainstorm, and do notexpect any well-formed statements about how to differentiate; one of the
goalsoftheyearis to understand these issues. To summarize, tell students the following:

=  Thethreetypes of graphs (linear, quadratic, and exponential)we have looked at over the past few days are the
pictures of the maintypes of equations and functions we will be studying throughout this year. One of our
main goalsfortheyearisto beableto recognizelinear, quadratic, and exponentialrelationships in real-life
situations and develop a solidunderstanding of these functions to model those realife situations.

Exit Ticket (5 minutes)
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Name Date

Lesson 3: Graphs of Exponential Functions

Exit Ticket

Assumethata bacteria population doubles every hour. Which of the following three tables of data, with x representing
timein hoursandy the countof bacteria, couldrepresent the bacteria population withrespect to time? For thechosen
tableof data, plotthe graph of thatdata. Label the axes appropriately with units.

31"1"123455 b]u|0123455 :x|D12345E
y[4 7 10 13 16 19 22 v|3 6 12 24 48 96192 v|1 3 7 13 21 3143

L3 - . L - TT 17T 7T |

! : : !

-1 ; .- -

1 [ l 1 HE

1 i E | .

2 M X 1% 1 ENEEEEE ,

BE | ____..%_____' - '
T T TR TR T ] 1 - T 2z 3 ¢ 3 §°
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Exit Ticket Sample Solution

Assume that a bacteria population doubles every hour. Which of the following three tables of data, with x representing
time in hours and y the count of bacteria, could represent the bacteria population with respect to time? For the chosen
table of data, plot the graph of that data. Label the axes appropriately with units.
a]x|0123456 b)"|°123455 cx|o1za4ss
y|4 7 10 13 16 19 22 ‘l|3 6 12 24 48 96192 v|1 3 7 13 21 3143
b + T T 1
NN ]
| 111 -
1 [ c
5 H
1 'l 3 & 3 nl 'I 2 . A . "
The answer is (b).
Ya
200
[ ]
.E 175
]
+ 150
(]
@ 125
0
Yy
o) 100 ®
4
c 75
5
o 50
Q
25
e ® ¢ T N
0 2 3 4 5 6 7 8 x
time in hours
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Problem Set Sample Solutions

Below are three stories about the population of a city over a period of time and four population-versus-time graphs.
Two of the stories each correspond to a graph. Match the two graphs and the two stories. Write stories for the
other two graphs, and draw a graph that matches the third story.

Story 1: The population size grows at a constant rate for some time, then doesn’t change for a while, and then
grows at a constant rate once again.

Story 2: The population size grows somewhat fast at first, and then the rate of growth slows.

Story 3: The population size declines to zero.

a) b)

c

5 s

i k]

3

2 2

o o

=% o
time time

¢ d)

o

5 s

K K

3

2 2

o o

a o
time time

Story 1 corresponds to (d), and Story 2 corresponds to (b). For Story 3 answers will vary. The graph can begin at any
positive population value and decrease to 0 in any manner.

Sample story for (a): The population starts out at 0 and grows at a constant rate.

Sample story for (c): The population size grows at a constant linear rate for some time, then decreases at a constant
linear rate for a while, and then increases at a constant linear rate slower than the original rate of increase.

In the video, the narrator says:

“Just one bacterium, dividing every 20 min., could produce nearly 5,000 billion billion bacteria in one day. That is
5,000,000,000,000,000,000,000 bacteria.”

This seems WAY too big. Could this be correct, or did she make a mistake? (Feel free to experiment with numbers
using a calculator.)

Yes, this is correct. Do not be too critical of justifications. Accept any explanation that reasonably explains why she
is correct.

t
For the teacher: The function f(t) = 2(5) models the number of bacteria after t minutes starting from a single
bacterium. There are 1,440 min. in a 24 hr. period, which means that since the bacteria divide every 20 min., the
count of the bacteria will double 72 times during a 24 hr. period. Thus, the answer is f(1440) = 272, which is
approximately 4.72 x 10%, This number is nearly 5,000 billion billion bacteria.
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Bacillus cereus is a soil-dwelling bacterium that sometimes causes food poisoning. Each cell divides to form two
new cells every 30 min. If a culture starts out with exactly 100 bacterial cells, how many bacteria will be present
after 3 hr.?

The result is 26(100) = 6400 bacteria. Students can do this by repeated multiplication, without much knowledge
of exponential functions.

Create a story to match each graph below:

a)

o
—
»

The amount of money
in Bill's wallet
Mary's height off the
ground

Time (seconds)
Time [days)

Answers will vary.

Sample story for (a): Bill received his paycheck and did not touch it for a few days. Then, he bought groceries and
gas and stopped spending money. After a few more days, he spent almost all of his remaining money on a new jet
ski. A fewdays later he received his paycheck.

Sample story for (b): Mary is riding a Ferris wheel at a theme park.

Consider the following story about skydiving:

Julie gets into an airplane and waits on the tarmac for 2 min. before it takes off. The airplane climbs to 10, 000 ft.
over the next 15 min. After 2 min. at that constant elevation, Julie jumps from the plane and free falls for 45 sec.
until she reaches a height of 5,000 ft. Deploying her chute, she slowly glides back to Earth over the next 7 min.
where she lands gently on the ground.

a. Draw an elevation-versus-time graph to represent Julie’s elevation with respect to time.

The graph should depict the horizontal line y = 0 from 0 min. to 2 min., a linear increase to 10, 000 ft. from
2 min. to 17 min., a brief free fall (concave down) curve for 45 sec., and then a leveled out concave up curve
for the slow fall at the end.

b. According to your graph, describe the manner in which the plane climbed to its elevation of 10, 000 ft.

Answers will vary depending on the graph. Example: | assumed that the plane climbed at a constant rate.

c. What assumption(s) did you make about falling after she opened the parachute?

Answers may vary. Example: | assumed that her change in elevation slowed down suddenly when she opened
her parachute and then was an almost constant rate of change until she reached the ground.
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7.

Draw a graph of the number of bacteria versus time for the following story: Dave is doing an experiment with a type
of bacteria that he assumes divides in half exactly every 30 min. He begins at8:00 a.m. with 10 bacteria in a Petri
dish and waits for 3 hr. At 11:00 a.m., he decides this is too large of a sample and adds Chemical A to the dish,
which kills half of the bacteria almost immediately. The remaining bacteria continue to growin the same way. At
noon, he adds Chemical B to observe its effects. After observing the bacteria for two more hours, he observes that

Chemical B seems to have cut the growth rate in half.

Answers vary somewhat, but the graph should include the information in the table below connected by some
smooth curve. There should be a sudden decrease from 640 to 320 after time 3 (i.e., 3 hr.), say around time 3.01

or sooner, giving a nearly vertical line.

Time (hours)

Number of Bacteria

(1]

10

40

160

640

320

1280

2560

5120

Decide how to label the vertical axis so that you can graph the data set on the axes below. Graph the data setand

draw a curve through the data points.

0 =
~2] _,

-10 \\\'8
-16

-20 \\

-30

" ‘\-32
-40

\

-70

(A sample graphis shown above.)

(=)W %) O I 4N N (=S| R
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[@1 Lesson 4: Analyzing Graphs—Water Usage During a Typical
Day at School

Student Outcomes

= Students developthetools necessary to discernunits for quantities in real-world situations and choose levels

of accuracy appropriate to limitations on measurement. They refine theirskillsininterpreting the meaning of
features appearingingraphs.

Classwork

Exploratory Challenge (27 minutes)
Example

Directstudents to the following graph thatappearsintheir student materials, and ask questions about the kind of data it
represents.

= Thetitleofthegraphis“Water Consumption in a Typical School Day.” Forwhat purposesiswaterusedata
school?
©  Primarily through bathroom use.
=  Whatdoyouthinkthenumbersalongthe horizontal axis represent?
o Time ofday.
=  Whatmightthenumbersalongthevertical axis represent? Do we haveany indicationof the units being used?

o Answers willvary. We have no indicationof the units beingused. We would assume that these
numbers are related, in some way, to a volume of water.

=  Whatcould bethereasonfor thespikesinthegraph?
o Studentbathroom use between class periods.
=  Whatmightbethereason for thesmallerspikes between thelarge ones?

o Somestudentuse during class time.
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Example

Water Consumptionin a Typical School Day

100

. |

m | |
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Now, offer the following further informationabout the typical school day for the school from which this datawas
recorded.

= Regularschooldayhours: 8:00a.m.—3:04p.m.

= After school activities: 3:15 p.m.—5:15p.m.

= Around10:00a.m.thereisa 13 min.advisoryor homeroom period.
Ask students:

=  Canyouseefeatures of thisinformation appearingin thegraph?

Be surestudents noticethelarge peaks atthetimes just before 8:00a.m., near 10:00a.m., just after 3:00 p.m.,and near
5:15 p.m., which can be explained by bathroom usejust before and just after activities.

Ask students:

= |sitpossibletodeducethetimeof lunch atthisschool?

Students might conjecture thatlunch comes in two or three shifts so as to explain the multiple large peaks in the middle
of the day.

Now, return to the question of the numbers on the vertical axis:
= Around10:00a.m.thegraphindicates a peak of 80 units. Whatisthenumber 80 representing?

Students will likelyanswer “gallons of water used” or “volume of water used.” Butwhatdo we mean by used? Leadto
the idea thattheamountusedis measuredby the volume of water that drains throughthe pipes and leaves the school.

Then askthequestion:

=  Howdoes oneactually measurethe amount of water flowing out throughthe pipes precisely at 10:00 a.m.?
Whatdoes 80 units of water leaving the school rightat 10:00a.m. mean?

o Theissueto bediscussed nextis that 80 units of water must take some period of time to flow out
through the pipes.
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Ask students to think aboutthe bell forthe end of class. Atthis time, they allriseandbeginto walk out of the
classroom, flowingthrough the door of the classroom. Ifthereare 25 studentsintheclass, would| say that a volume of
25 students s flowing through the doorrightatan instant? No, we haveinsteada flow of 25 students over ashort
period of time.

Ask students to consideragain whatthe number 80 atthe 10:00a.m. mark might mean.

Now add the following information:

=  Theresearchers who collected this data watchedthe school’s water meter duringa 12 hr.period. The meter
shows the total amount of water (in gallons) thathas left the school since the time the meter was lastsetto
zero. Sincetheresearchersdid notknow when this resetting last occurred, they decided, at eachminute mark
duringtheday, to measure how much the meter readingincreased over the next minute of time. Thus, the
value 80 atthe 10:00a.m. markon the graph means that 80 gal. of water flowed through the meter and left
the school during the period from 10:00a.m.to0 10:01a.m.

Ask students:
=  Whataretheunitsfor the numbers on thevertical axis?
o Theunits forthe numbers on the vertical axis are gallons per minute.

= |gnoringthelargespikesin the graph, whatseems to be the typical range of values for water use during the
school day?

Help students notice that the value of the graph between the large s pikes seems to oscillate between the flow of 0 gal.
of water per minuteand about 15 gal. of water per minute.

Now have students complete Exercises 1 and 2 independentlyandthen work inpairs or in small groups to discuss
approachesand compare answers. Ask studentsto volunteer their answers to a general classdiscussion. Discuss any
assumptions that were madeto arrive atanswers.

Exercises 1-2

Exercises 1-2

1. The bulk of water usage is due to the flushing of toilets. Each flush uses 2.5 gal. of water. Samson estimates that
2% of the school population uses the bathroom between 10:00 a.m. and 10:01 a.m. right before homeroom. What
is a good estimate of the population of the school?

80
We know that 80 gallons of water are used during that minute. This corresponds to E = 32 flushes. Assuming

that each student flushes just once, we can say that 32 students used the bathroom dl)ring this time. This
represents 2% of the school population, which is one fiftieth of the school population. Thus, there are about 1,600
people at the school.

2. Samson then wonders this: If everyone at the school flushed a toilet at the same time, how much water would go
down the drain (if the water pressure of the system allowed)? Are we able to find an answer for Samson?

Answers will vary based on assumptions made. If there were enough toilets that everyone could flush a toilet at the
same time, and using the estimated school population of 1,600 (there would have to be 1, 600 toilets), then
1600 x 2.5 gal. = 4000 gal. of water.
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Exercise3 (15 minutes): Estimation Exercise

@ Havestudents work in pairs to draw a graph of the water usage at theirschool based on their answers to the following
questions:

Exercise 3: Estimation Exercise

3.
a. Make a guess as to how many toilets are atthe school.
80
b. Make a guess as to how many students are in the school, and what percentage of students might be using the

bathroom at break times between classes, just before the start of school, and just after the end of school.
Are there enough toilets for the count of students wishing to use them?

Of 1, 600 students, at any given break time, 20% are using the restroom. That means that during a break
time 320 students wish to use the toilet. Since there are only approximately 80 toilets, there are not enough
toilets if all of the students go at the same time (say at the beginning of the break).

c. Using the previous two considerations, estimate the number of students using the bathroom during the peak
minute of each break.

1
320 students are using the bathroom during a break, but maybe only Z of them at any one minute, so 80 at

any one minute.

d. Assuming each flush uses 2.5 gal. of water, estimate the amount of water being used during the peak minute
of each break.

80 flushes 2.5 =2 al
0 X — =200
flush 8
e. What time of day do these breaks occur? (" the school schedule var ies, consider today S schedule.)

Answers will vary by school; an example: 8:00, 9:45, 11:30, 12:00, 1:45, 3:30

f. Draw a graph that could represent the water consumption in a typical school day of your school.

Water Consumptionin a Typical School Day
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Exit Ticket (3 minutes)
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Name Date

Lesson 4: Analyzing Graphs—Water Usage During a Typical Day

at School

Exit Ticket

Supposetheresearchers collecting data for water consumption during a typicalschool day collected data throughthe
nighttoo.

1. Fortheperiod between thetimethe lastperson leaves the building forthe evening and the time of the arrival of the
first personthe next morning, how should the graph of water consumption appear?

2. Supposetheresearchersseeinstead,fromthetime1:21 a.m.onward, thegraphshows a horizontal line of constant
value, 4. Whatmight have happened during the night?
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Exit Ticket Sample Solutions

Suppose the researchers collecting data for water consumption during a typical school day collected data through the
night too.

1. For the period between the time the last person leaves the building for the evening and the time of the arrival of the
first person the next morning, how should the graph of water consumption appear?

Since no toilets are being used, the graph should be a horizontal line of constant value zero.

2. Suppose the researchers see instead, from the time 1:21 a.m. onward, the graph shows a horizontal line of constant
value, 4. What might have happened during the night?

Perhaps one toilet started to leak at 1:21 a.m., draining water at a rate of 4 gallons per minute.

Problem Set Sample Solutions

1. The following graphshows the temperature (in degrees Fahrenheit) of La Honda, CA in the months of August and
September of 2012. Answer the questions following the graph.

LA HONDA (LAH)
Date from 08/27/2012 10:34 through 9/8/2012 10:34 Duration : 12 days
Max of period : (09/03/2012 1500, B6.0) Min of perioc: (09/04/2012 07:00, 41 0)
i i i ¥ L7 T

B85.00
20.00 : 5 HS B e s o
75.00 pled e tine el

70.00 SR, RO . (S MR SRR

w
« B5.00
w
O 60.00
55.00
50.00 H e o S oM i
4500 SRR " [ | R R e
i e e, e |
27-Aug  28-Aug  29-Aug  30-Aug  31-Aug 1-Sep 2-Sep 3.5ep 45ep 5.5ep B-Sep 7-Sep 8-Sep 9.5e
Date / Time
|-- TEMPERATURE, AR - DEG F (343) |
a. The graph seems to alternate between peaks and valleys. Explain why.

The temperature increases during the day and drops during the night, and the difference between the high
and low temperatures can be very large.

b. When do you think it should be the warmest during each day? Circle the peak of each day to determine if the
graph matches your guess.

The warmest time should be before sunset, a few hours after noon, since heating occurs throughout the day
while the sunis up.

c. When do you think it should be the coldest during each day? Draw a dot at the lowest point of each day to
determine if the graph matches your guess.

Similarly, the coldest temperature should be before sunrise, since cooling occurs throughout the night.

EUREKA Lesson 4: Analyzing Graphs—Water Usage During a Typical Day at School 50

MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Lesson 4

ALGEBRA |

2.

3.

The following graph shows the amount of precipitation (rain, snow, or hail) that accumulated over a period of time
in La Honda, CA.

The following graph shows the solar radiation over a period of time in La Honda, CA. Solar radiation is the amount
of the sun’s rays that reach the earth’s surface.

Does the graph do anything unexpected such as not following a pattern? What do you notice? Can you
explain why it is happening?

The graph seems to follow the expected pattern with natural variations, except for the unusually low daytime
temperatures on August 31.

LA HONDA (LAH)
Date from 08/24/2012 00:00 through 9/372012 00:00 Duration : 10 days
Max of period : (09/03/2012 00:00, 0.18) Min of period: (08/24/2012 00:00, 0.13)

0.17 1+

0.16

ACCUMULATED INCHES
o
o

— 013 ; : ; + ; i : + ;
24-Aug 25-Aug 26-Aug 27-Aug 28-Aug 20-Aug 30-Aug 31-Aug 1.Sep 2.5ep 3-5ep
Date /Time

|— PRECIPITATION, ACCUMULATED - INCHES (842)

Tell the complete story of this graph.

On August 24, the measurement started with an initial cumulative data of 0.13 in. It stands for the
precipitation accumulated before the current measurement. Nothing else happened until August 31, when
there was 0.04 in. of precipitation. On September 1, there was 0. 01 in. more of precipitation.

The term accumulate, in the context of the graph, means to add up the amounts of precipitation over time.
The graph starts on August 24. Why didn’t the graph startat 0 in. instead of starting at 0. 13 in.?

On August 24, the measurement started with an initial cumulative data of 0.13 in. It stands for the
precipitation accumulated before the current measurement.

LA HONDA { LAH)
Date from 08/26/2012 10:42 through 9/5/2012 10:42 Duration : 10 days
Max of period : (0B/26/2012 13:00, 862.0) Min of period: (08/26/2012 21:00, 0.0)
G00.00 e T T T T T
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Date / Time

|+ SOLAR RADIATION - WIMA2 (13435) |

What happens in La Honda when the graphis flat?

This represents time periods during which the solar radiation per unit areais constant. For example, during
nighttime, there is no sunlight, and hence there are flat regions on the curve.
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b. What do you think is happening when the peaks are very low?

It could be an overcast day. Other less common events, such as a solar eclipse, would also cause this.

c. Looking atall three graphs, what do you conclude happened on August 31, 2012 in La Honda, CA?

The lower temperature, increase in accumulated precipitation, and the low solar radiation makes me think
that August 31, 2012 was overcast and rainy for most of the day.

4. The following graph shows the velocity (in centimeters per second) and turbidity of the Logan River in Queensland,
Australia during a flood. Turbidity refers tothe clarity of the water (higher turbidity means murkier water) and is
related to the total amount of suspended solids, such as clay, silt, sand, and phytoplankton, present in the water.

Logan River

500 )
400 -
300 -

200 | —Velocity (cm/s)

—Turbidity (NTU)

Velocity (cm/s) and Turbidity (NTU)

3 11 12 13 14 15 16

-100 - January 2011
a. For recreation, Jill visited the river during the month of January and saw clean and beautiful water. On which
day do you think she visited?

The fifteenth appears to be the best choice because of the low turbidity. The eighth and tenth are also good
choices.

b. What do the negative velocities (below the grey line) that appear periodically at the beginning represent?

This shows normal tidal flow, which is disturbed during the flood.

c. The behavior of the river seems to follow a normal pattern at the beginning and at the very end of the time
period shown. Approximately when does the flood start? Describe its effects on velocity and turbidity.

The flood starts on the eleventh. Itincreases the velocity so that it is always positive, disturbing the tide, and
it increases the turbidity of the water.
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[91 Lesson 5: Two Graphing Stories

Student Outcomes

= Students interpretthe meaning of the point of intersection of two graphs anduse analytictools to findits
coordinates.

Classwork

Example 1 (7 minutes)

Havestudents readthe situation and sketcha graphing story. Promptthem to visualize both the storyandwhatthe
graph willlooklike as they read the situation. Sharea few student responses.
Some students may raise questions:

=  Arethetwo peopletravelingatthesamerate? Ifyes, howwouldtheirgraphs compare?

o Ifthey were, the graphs of the lines would have opposite slopes.

Clarification mayneed to be given about whatit meansto graph Earl’s distance from Maya’s door. His distance should
be decreasingastime passes. Earl’sdistanceis represented by the dotted line. Noticethatthis graphshowsthestory
ending when the two people meeteach other in the hallway, and itassumes they travel atthesamerate. Do notspend

too much time developing content or equations here. Therest of thelessonwill provide a more formalapproach.

Example 1
Consider the story:

Maya and Earl live at opposite ends of the hallway in their apartment building. Their doors are 50 ft. apart. Each starts
at his or her own door and walks at a steady pace toward each other and stops when they meet.

What would their graphing stories look like if we put them on the same graph? When the two people meet in the
hallway, what would be happening on the graph? Sketch a graph that shows their distance from Maya’s door.

L

Distance frem
Maya's door | -
(feet)

Time (seconds)
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The following videois of a manwalking up and then back downa flight of stairs. Ontheway down, agirl starts walking
up the stairs. http://voutu.be/X956EvmCevl

Exploratory Challenge/Exercises 1-4

Watch the following graphing story.

http://youtu.be/X956EvmCevl

The video shows a man and a girl walking on the same stairway.

1.

Graph the man’s elevation on the stairway versus time
in seconds.

elevation
Add the girl’s elevation to the same graph. How did you (feet)

account for the fact that the two people did not startat
the same time?

Students’ answers should look something like the graph
to the right. Student work should also include scales.

person 1 person 2
s ﬂ\\
S/ /
/ pVA
Pad
/N
time
(seconds)

Have students form groups and produce a groupgraph on a whiteboard or poster paper inresponse to these exercises.
Students might have questions about how to incorporate information depicting the motion of the second person. After
a few minutes, have students hold up what they have drawn. Givethe class further opportunityto revise theirown

graphsifthey wish. Call outgroupsthathavelabeledandscaled theiraxesandask follow-up questions to elicit their
thinking when they created theirgraphs. Thegoalshouldbethatall groups have a roughlyaccurate sketch with axes
labeled. Students maystruggle with starting the second personata pointalong the horizontal axis. Clarifythattime0

represents thetimewhen thefirst personstarted walking up the stairs. Workwith students by stopping and startingthe
video torefineandscaletheirgraphs. Estimatethateachrise of each stairis 8 in. Thereare 16 stairs with a maximum

elevationof 10% ft.

Sketch thegraph ontheboardandlabel theintersection point P. Ask the following questions:

Lead a discussion that highlights these more subtle points before proceeding.

Does itseemreasonableto saythateachgraphis composedof linear segments?

Most students will accept that linear functions represent a good model. We might assume thateach

person is ascending or descending at a constant rate.

3.

Suppose the two graphs intersect at the point P(24,4). What is the meaning of this point in this situation?

Many students will respond that P is where the two people pass each other on the stairway.

We havetwo elevation-versus-time graphs, one for each of the two people (and thattimeis being measured in
the same way for both people).

The point P lies on the elevation-versus-time graphfor thefirst person, anditalso lies on the el evation-versus-
timegraph for the second person.

Lesson 5: Two Graphing Stories

EUREKA
MATH

©2015 Great Minds. eureka-math.org

54



A STORY OF FUNCTIONS Lesson 5 H\kH

ALGEBRA |

=  Weknowthe coordinates of the point P. These coordinates meanthatsincethefirstpersonisatan elevation
of 4 ft. at 24 sec, the second personisalso atanelevation of 4 ft. at 24 sec.

4. Isit possible for two people, walking in stairwells, to produce the same graphs you have been using and not pass
each other at time 12 sec.? Explain your reasoning.

Yes, they could be walking in separate stairwells. They would still have the same elevation of 4 ft. at time 24 sec.
but in different locations.

Givestudents timeto revise their work after discussing this with the entire class.

Example 2/Exercises 5-7 (10 minutes)

Exercise 6 hasa similarscenario to Example 1. After students workthis exerciseinsmall groups, have each group share
their results as time permits. Circulate around the classroom providing assistance to groups as needed. Usetheresults
of the exercisesin Example 2 to close this session.

Example 2/Exercises 5-7
Consider the story:

Duke starts at the base of a ramp and walks up it at a constant rate. His elevation increases by 3 ft. every second. Just as
Duke starts walking up the ramp, Shirley starts at the top of the same 25 ft. high ramp and begins walking down the
ramp at a constant rate. Her elevation decreases 2 ft. every second.

5.  Sketch two graphs on the same set of elevation-versus-time axes to represent Duke’s and Shirley’s motions.

q

elevation 1
(feet)

time
(seconds)

6. What are the coordinates of the point of intersection of the two graphs? At what time do Duke and Shirley pass
each other?

(5,15)
t=5

7. Write down the equation of the line that represents Duke’s motion as he moves up the ramp and the equation of
the line that represents Shirley’s motion as she moves down the ramp. Show that the coordinates of the point you
found in the question above satisfy both equations.

If y represents elevation in feet and t represents time in seconds, then Duke’s elevation is represented by y = 3t
and Shirley’s elevation is represented by y = 25 — 2t. The lines intersect at (5, 15), and this point does indeed lie
on both lines.

Duke: 15 = 3(5) Shirley: 15 = 25 — 2(5)

EUREKA Lesson 5: Two Graphing Stories -
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Closing (3 minutes)

How did you figure out the slope of yourlinear equations from the story? Why was Shirley’s slope negative?

o Theslopeisthe rate of change, feet persecond. Shirley's slope was negative because she was walking
down the ramp, and thus her elevation was decreasing over time.
Why did Shirley’s graphandequation have the y-intercept (0, 25)?
@ They-interceptwas (0, 25) because attime equal to 0, Shirley was at an elevation of 25 ft.
Whatwas easier inthis problem, determining the intersection pointalgebraically or graphically? Whenmight
analgebraicapproachbe better?

o Students could answer either, depending on the accuracy of their graphs. Analgebraic approach would
be better when the graphs intersect at non-integer values.

Lesson Summary

The intersection point of the graphs of two equations is an ordered pair that is a solution to both equations. In the
context of a distance (or elevation) story, this point represents the fact that both distances (or elevations) are equal
at the given time.

Graphing stories with quantities that change at a constant rate can be represented using piecewise linear
equations.

Exit Ticket (5 minutes)

EUREKA Lesson 5: Two Graphing Stories

56

MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Lesson 5 H\kH

ALGEBRA |

Name Date

Lesson 5: Two Graphing Stories

Exit Ticket

Maya andEarl live at opposite ends of the hallway intheirapartmentbuilding. Their doorsare 50 ft.apart. Eachperson
startsathisorher own doorandwalks ata steady pace toward the other. They stop walkingwhen they meet.

Suppose:

=  Mayawalksata constantrate of 3 ft. every second.

=  Earlwalksata constantrate of 4 ft. every second.

1. Graphboth people’s distance from Maya’s doorversus
timeinseconds.

2. Accordingtoyourgraphs, approximately howfarwill they
be from Maya’s door when they meet?
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Exit Ticket Sample Solutions

Maya and Earllive at opposite ends of the hallway in their apartment building. Their doors are 50 ft. apart. Each person
starts at his or her own door and walks at a steady pace toward the other. They stop walking when they meet.

Suppose:
- Maya walks ata constant rate of 3 ft. every second.
- Earlwalks at a constant rate of 4 ft. every second.

@
i=]

1.  Graph both people’s distance from Maya’s door versus time in
seconds. — 50
7
Graphs should be scaled and labeled appropriately. Maya’s graph C a0
should start at (0, 0) and have a slope of 3, and Earl’s graph should £ E N
start at (0,50) and have a slope of —4. “: -0 30
g w /
g2 <]
3= T
2. According to your graphs, approximately how far will they be from 10 e
Maya’s door when they meet? //
The graphs intersect at approximately 7 sec. at a distance of about 0 4 107
21 ft.from Maya’s door. time (in seconds)

Problem Set Sample Solutions

1. Reread the story about Maya and Earl from Example 1. Suppose that Maya walks ata constant rate of 3 ft.every
second and Earlwalks at a constant rate of 4 ft. every second starting from 50 ft.away. Create equations for each
person’s distance from Maya’s door and determine exactly when they meet in the hallway. How far are they from
Maya’s door at this time?

Maya’s Equation: 'y = 3t
Earl’s Equation: y = 50 — 4t

Solving the equation 3t = 50 — 4t gives the solution = 7 7 The two meet at exactly this time at a distance of

3 (7 %) = 21% ft. from Maya’s door.

EUREKA Lesson 5: Two Graphing Stories
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2.  Consider the story:

May, June, and July were running at the track. May started first and ran at a steady pace of 1 mi. every 11 min.
June started 5 min. later than May and ran at a steady pace of 1 mi. every 9 min. July started 2 min. after June

and ran at a steady pace, running the first lap (% mi. )in 1.5 min. She maintained this steady pace for 3 more laps

and then slowed down to 1 lap every 3 min.

Sketch May, June, and July’s distance-versus-time graphs on a coordinate plane.

44

Distance
(miles)

/ Time (minutes)

Create linear equations that represent each girl’s mileage in terms of time in minutes. You will need two
equations for July since her pace changes after 4 laps (1 mi.).

Equations for May, June, and July are shown below. Notice that July has two equations since her speed
changes after her first mile, which occurs 13 min. after May starts running.

1
May: d:Ht
June: d =1(t -5)
9
1 1
July: d=g(t—7),ts 13andd=E(t—13)+1,t>13

Who was the first person to run 3 mi.?

June at time 32 min.

Did June and July pass May on the track? If they did, when and at what mileage?

Assuming that they started at the same place, June passes May at time 27.5 min.at the 2. 5 mi. marker.
July does not pass May.

Did July pass June on the track? If she did, when and at what mileage?

2
July passes June at time 11 min. at the ; mi. marker.

EUREKA
MATH

Lesson 5: Two Graphing Stories

©2015 Great Minds. eureka-math.org

59



A STORY OF FUNCTIONS Lesson 5

M1

ALGEBRA |

3.  Suppose two cars are travelling north along aroad. Car 1 travels at a constant speed of 50 mph for two hours, then
speeds up and drives at a constant speed of 100 mph for the next hour. The car breaks down and the driver has to
stop and work on it for two hours. When he gets it running again, he continues driving recklessly at a constant
speed of 100 mph. Car 2 starts at the same time that Car 1 starts, but Car 2 starts 100 mi. farther north than Car 1
and travels at a constant speed of 25 mph throughout the trip.

Sketch the distance-versus-time graphs for Car 1 and Car 2 on a coordinate plane. Startwith time 0 and
measure time in hours.

A graph is shown below that approximates the two cars traveling north.

350
300
250

200
o (Car 1

150

e Car 2

100
50

0
0 1 2 3 4 5 6
Time passed since the cars started traveling (hours)

Distance from starting location of Car 1 (miles)

Approximately when do the cars pass each other?

The cars pass after about 2 % hr., after 4 hr., and after about 5 % hr.

Tell the entire story of the graph from the point of view of Car 2. (What does the driver of Car 2 see along the
way and when?)
The driver of Car 2 is carefully driving along at 25 mph, and he sees Car 1 pass him at 100 mph after about

2 % hr. About 1% hr. later, he sees Car 1 broken down along the road. After about another 1% hr, Car 1
whizzes past again.

Create linear equations representing each car’s distance in terms of time (in hours). Note that you will need
four equations for Car 1 and only one for Car 2. Use these equations to find the exact coordinates of when
the cars meet.

Using the variables, d for distance (in miles) and t for time (in hours):
Equation for Car 2: d = 25t + 100
Equations for Car 1:

d=50t,0<t<2

d =100(t—2)+ 100 =100(t —1),2<t<3
d=2003<t<5

d =100(t—5)+ 200 =100(t —3),5<t

Intersection points:
25)(200
First: solving 100(t —1) = 25t + 100 gives (m (25)(200)

R TR 100) ~ (2.7,166.7),

Second: solving 200 = 25t + 100 gives (4,200), and

25)(400
Third: solving 100(¢ — 3) = 25t +100 gives (-, 22500 1 100) ~ (5.3,233.3).
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5.

Suppose that in Problem 3 above, Car 1 travels at the constant speed of 25 mph the entire time. Sketch the
distance-versus-time graphs for the two cars on a graph below. Do the cars ever pass each other? What is the linear
equation for Car 1in this case?

A sample graph is shown below. Car 1 never overtakes Car 2, and they are 100 mi. apart the entire time. The
equation for Car 1is y = 25t.

300
250

o

—
200 - —
150 ’ e Car 1
100 /” e Car 2

]

wu
o

-
|

g L & 3 & 5 b

Time passed since the cars started traveling (hours)

(=]

Distance from starting location of Car 1 (miles)

Generate six distinct random whole numbers between 2 and 9 inclusive, and fill in the blanks below with the
numbers in the order in which they were generated.

A0, ) B( - ) @0,

DO, ____) E@0,____)

(Link to a random number generator http://www.mathgoodies.com/calculators/random no_custom.html)

a. On a coordinate plane, plot points A, B, and C. Draw line segments from point A to point B, and from point
B to point C.

b. On the same coordinate plane, plot points D and E and draw a line segment from point D to point E.

c. Write a graphing story that describes what is happening in this graph. Include a title, x-and y-axis labels, and
scales on your graph that correspond to your story.

Answers will vary depending on the random points generated.
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6. The following graph shows the revenue (or income) a company makes from designer coffee mugs and the total cost
(including overhead, maintenance of machines, etc.) that the company spends to make the coffee mugs.

14000

12000

10000
8000
6000 e Total Cost
4000
2000

0
0 200 400 600 800 1000

Units Produced and Sold

Dollars

e Revenue

How are revenue and total cost related to the number of units of coffee mugs produced?

Definition: Profit = Revenue — Cost. Revenue is the income from the sales and is directly proportional to the
number of coffee mugs actually sold; it does not depend on the units of coffee mugs produced. Total cost is
the sum of the fixed costs (overhead, maintaining the machines, rent, etc.) plus the production costs
associated with the number of coffee mugs produced; it does not depend on the number of coffee mugs sold.

What is the meaning of the point (0,4000) on the total cost line?

The overhead costs, the costs incurred regardless of whether 0 or 1,000 coffee mugs are made or sold, is
$4,000.

What are the coordinates of the intersection point? What is the meaning of this point in this situation?

(500,6000). The revenue, $6, 000, from selling 500 coffee mugs, is equal to the total cost, $6, 000, of
producing 500 coffee mugs. This is known as the break-even point. When Revenue = Cost, the Profit is $0.
After this point, the more coffee mugs sold, the more the positive profit; before this point, the company loses
money.

Create linear equations for revenue and total cost in terms of units produced and sold. Verify the coordinates
of the intersection point.

If uis a whole number for the number of coffee mugs produced and sold, C is the total cost to produce u

mugs, and R is the total revenue when u mugs are sold, then

C =4000 + 4u,
R =12u

When u = 500, both C = 4000 + 4 - 500 = 6000and R = 12-500 = 6000.

Profit for selling 1, 000 units is equal to revenue generated by selling 1, 000 units minus the total cost of
making 1, 000 units. What is the company’s profit if 1, 000 units are produced and sold?

Profit = Revenue — Total Cost. Hence,
P=R-C=12-1000— (4000 + 4-1000) = 12000 — 8000 = 4000

The company’s profit is $4,000.
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Topic B
The Structure of Expressions

A-SSE.A.2, A-APR.A.1

Focus Standards: A-SSE.A2 Usethe structure of an expression to identifywaysto rewriteit. Forexample,
see x* —y*as (x?)? — (y?)?, thus recognizing it as a difference of squares
thatcan be factored as (x* — y*)(x*+ y?).

A-APR.A.1 Understand that polynomials form a system analogous to the integers, namely,
they areclosed under the operations of addition, subtraction, and
multiplication;add, subtract, and multiply polynomials.

Instructional Days: 4
Lesson6: Algebraic Expressions—The Distributive Property (P)?*
Lesson7: Algebraic Expressions—The Commutative and Associative Properties (S)
Lesson8: Addingand Subtracting Polynomials (S)
Lesson9: Multiplying Polynomials (P)

In Lessons 6 and 7 of this topic, students develop a precise understanding of what it means for expressions to
be algebraically equivalent. By exploring geometric representations of the distributive, associative, and
commutative properties for positive whole numbers and variable expressions assumed to represent positive
whole numbers, students confirm their understanding of these properties and expand them to apply to all
real numbers. Students use the properties to generate equivalent expressions and formalize that two
algebraic expressions are equivalent if we can convert one expression into the other by repeatedly applying
the commutative, associative, and distributive properties and the properties of rational exponents to
components of the first expression. A goal of this topic is to address a fundamental, underlying question:
Why are the commutative, associative, and distributive properties so important in mathematics?? The answer
to the question is, of course, because these three properties help to generate all equivalent algebraic
expressions discussed in Algebrall.

1Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson

2The welcomed removal of parentheses from expressions through the use of order of operations and other tricks greatly simplifies
how we write expressions, but those same tricks also make it appear asifthe associative property is never used when rewriting
expressions.
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Lessons 6 and 7 also engage students in their first experience using a recursive definition for building
algebraic expressions. Recursive definitions are sometimes confused with being circular in nature because
the definition of the term uses the very term one is defining. However, a recursive definition or process is not
circular because it has what s referredto as a base case. For example, a definition for algebraic expression is
presented as follows:

An algebraic expression is either:
1. A numerical symbol or a variable symbol or

2. The result of placing previously generated algebraic expressions into the two blanks of one of the

four operators((__)+ (), (_)—(_), (_L)x() ()= () orintothe base blank of an
exponentiation with an exponent that is a rational number.

Part (1) of this definition serves as a base case, stating that any numerical or variable symbol is in itself an
algebraic expression. The recursive portion of the definition isin part (2) where one canuse any previously
generatedalgebraic expression to form new ones using the given operands. Recursive definitions are an
important part of the study of sequences in Module 3. Giving students this early experience lays a nice
foundation for the work to come.

Having a clear understanding of how algebraic expressions are built and what makes them equivalent
provides a foundation for the study of polynomials and polynomial expressions.

In Lessons 8 and 9, students learn to relate polynomials to integerswrittenin base x, ratherthan our
traditional base of 10. The analogiesbetween the system of integersand the system of polynomials continue
as they learn to add, subtract, and multiply polynomials and to find that the polynomials for a system thatis
closed under those operations (e.g., a polynomial added to, subtracted from, or multiplied by another
polynomial) always produces another polynomial.

We use the terms polynomial and polynomial expression in much the same wayas we use the termsnumber
and numerical expression. Where we would not call27(3 + 8) a number, we would callit a numerical
expression. Similarly, we reserve the word polynomial for polynomial expressions that are written as a sum
of monomials.
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Lesson 6: Algebraic Expressions—The Distributive Property

Student Outcomes
= Students usethestructure of an expression to identify ways to rewriteit.

= Students usethedistributive property to prove equivalency of expressions.

Lesson Notes

The previous five lessons introduced the graphs of the functions students willstudyinthis algebra course. These next
lessons change the focus from graphs to expressions and their structures. InGrades 5-8, the term expression was
described but not formally defined, and many subtleties mayhave been overlooked. For example, the associative
property may not have been made explicit; 3+ 5 - 7, forinstance, isreally (3 - 5) - 7. Thelessons that follow will formally
definealgebraicexpression andthe equivalency of algebraic expressions and simultaneouslyintroduce students to the
notion of a recursive definition, which later becomes a majoraspect of Algebra | (recursive sequences). Lesson 6 begins
with an expression-building competition. As thisisastrange, abruptchange of directionfor students from the previous
fivelessons, it may be worthwhile to mention this change.

=  |nmiddleschool youlearnedto find equations for straight line graphs such as the ones thatappear in Lesson1,
butas wesawin Lessons2 and3, notallgraphsarelinear. Itwould be niceto developthe machineryfor
devel oping equations for those too, if atall possible. Note thatLesson 4 indicates thatgraphs stillmightbe
very complicated andfinding a single equation for them might not be possible. We may, however, beableto
find equations that produce graphs that approximate the graphs, or sections thereof. Also, Lesson 5 points out
the value of finding the point of intersection of two graphs. Ourgoalisto developthealgebraictoolsto do
this.

Classwork

Exercisel (13 minutes)

The followingis knownasthe 4-numbergame. It challenges students to write each Scaffolding:
positiveinteger as acombinationof thedigits 1, 2, 3,and 4; each used at mostonce,
combined viathe operations of addition and multiplication only, as well as grouping
symbols. For example, 24 can beexpressedas (1 + 3)(2 + 4). Students mayuse
parenthesesornot, attheir own discretion (aslong astheirexpressions evaluate to the
given number, following the order of operations). Digits maynotbejuxtaposed to

onlythedigits1,2,and 3.

If students would benefit from
it, optionally begin the lesson
with the 3-numbergame using

representlarger whole numbers, sothenumerals 1and2 cannotbe used to create the
number 12 for instance.

Play the 4-number game as a competition within pairs. Give students three minutes to express the longest list of
numbers they can, eachwritten in terms of thedigits 1, 2, 3,and 4. Students may wantto usesmall dry erase boards to
play this gameor penciland paper. Optionally, considersplitting up thetasks (e.g., 1-8,9-20, 21-30, 31-36) and
assignthemto differentgroups.
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Below are some sample expressions students maybuild and a suggested structure for displaying possible expressions on
the board as students call out what they have created.

When reviewing the game, itis likely that students will have different expressions for the same number (see answers to
rows 7 and 8 given below). Share alternative expressions on the board, and discuss as a class the validity of the
expressions.

Challenge students to come up with morethan onewayto createthe number 21.

Value of Expression Expression (using 1, 2, 3, 4,

+, and x) 16 (4+3+1)x2
1 1 17 Ix(d+1)+2
2 2 18 (1+3)xd +2
3 3 19 (4+2) x 3 +1
4 1+3 20 (2+3) x 4
5 2+3 21 (3+4)x(1+2)
6 1+2+3 22
7 2x3+1 or3+4 23
8 (3+1)x2 or 4x2 24 (1+2+3) x4
g 3(2+1) 25 (2+3){4+1)
10 2x{4+1)
11 4x2 + 3 30 ((4+1)x3)x2
12 4X3
13 43 +1 32 A (3+1) x 2
14 dx3+ 2
15 {4+1)x3 36 3x(2+1)x4

After students sharetheir results, ask these questions:
=  Whatseems to bethefirst counting numberthatcannot be created using onlythe numbers 1, 2,3, and 4 and
the operations of multiplication and addition?
s 22
= Whatseems to bethelargestnumberthatcan be madeinthe 4-number game?
= (1+2)(3)4) =36
Wecan now launch into aninteresting investigation to find structurein the game.
= Supposewewere playing the 2-number game. Whatseems to bethelargestnumber youcould be create using
the numbers 1 and 2 (eachat mostonce) and the operations of multiplication and addition?
s (1+2)=3
= Supposewewere playingthe 3-number game. Whatseems to bethelargest number that could created using
the numbers 1, 2,and 3 (eachat mostonce) and the operations of multiplication and addition?
o (1+2)3) =9

Encourage students to generalize the pattern forthe 5-number game and the N-number game andthink about why this
pattern for an expressiongives the largest attainable number.

®  Add1 and 2, and then multiply the remaining numbers. Forthe 5-number game the largest number
would be (1 + 2)(3) (4)(5) = 180. Forthe N-numbergame, the largest numberwould be
1+2)B)MG)...(n).
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Discussion (5 minutes)

Wehaveseenthatboth1+2 4+ 3and1-2-3evaluateto 6. Does itseemreasonablethatforany real
numbers, a, b,and ¢, thata + b + c wouldbeequivalenttoa-b - c?

@ No, students will likely quickly think of counterexamples. (Proceed to the next bullet point regardless.)

How can we show geometrically that they are notgenerally equivalent? Assumethata, b, and c,are positive
integers. Doesitseemintuitive thatthesetwo geometricrepresentations are equivalent?

@ The geometricrepresentations do not suggest equivalency.

a

Therefore, itdoes notappearthatbeing numerically equivalentin one specific case implies equivalencyin
other, more general cases.

Perhaps weshould play a gamelike this with symbols.

Let’s consider first what the effect would be of allowing for repeat use of symbols inthe 4-number game.

With therepeatuse of symbols, we can build largerandlarger expressions by making use of expressions we already

possess. Forexample, from 10 = 1 4+ 2 + 3 4+ 4, wecan generatethenumber 110 by making repeated use of the
expression:

110=10-104+10=1+2+34+4)- (1 +2+3+4)+ (1 +2+3 +4).

Exercise2 (1 minute)

Exercises

2.  Using the numbers 1, 2, 3, 4 only once and the operations + or X as many times as you like, write an expression

that evaluates to 16. Use this expression and any combination of those symbols as many times as you like to write
an expression that evaluates to 816.

(4+3+1)x2

(4+3+1D)x2)(4+3+1)x2+@+3+1Dx2+@+3+1)x2)+@+3+1)x2
+@+3+1D)x2+@+3+1)x2

EUREKA Lesson 6: Algebraic Expressions—The Distributive Property 67
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS

Exercise3 (5 minutes)

= Supposewenowalterthe4-number gameto beas follows.

Lesson 6 LN
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3. Define the rules of a game as follows:

3,x,y,and a

operator: ______+

34+a or x+yor y+3or at+a

a. Begin by choosing an initial set of symbols, variable or numeric, as a starting set of expressions.

b. Generate more expressions by placing any previously created expressions into the blanks of the addition

= Let's playthegameusing 3, x,y,and a asour set of starting expressions.

Writethe symbolsto beused ontheboard. (Thesearenot provided inthe student materials.)

= Canyouseethat:
Part(1) of thegamegives us 3, x, y,and a to start.

Part(2) givesusexpressions,suchas3 +aorx+yory+3 ora+a.

Repeated useof part(2)thengives 3+ a) + 3orx + (x+ y)and(x +y) + (x + y),

andthen ((x +y)+(x+ y)) + a for example.

Makesurestudents are clearthatinthis version of the game, we are going to limit ourselves to addition (no

multiplication).

= Takel minuteto generateas many expressions as possible, following the rules of the game. (Time students for

1 minute.)

=  Compareyourlistwithyourneighbor. Did your neighborfollow therules of the game?

= |ftherulesarefollowed, strings of sums aregenerated. Isthat correct?
= Isitpossibleto createtheexpression4x + 5y + 3a fromthegame?

Ask a studentto verballydescribe how hediditandshowthestringof sums on theboard.

(@+N+Ga+)+(@+N +@+»))+ (0 +0) +@+a)

Exercise 4 (4 minutes)

4. Roma says that collecting like terms can be seen as an application of the distributive
property. Iswriting x +x = 2x an application of the distributive property?

Roma is correct. By the distributive property, we have
x+x=1-x+1x=(1+1x =2x

Algebraic Expressions—The Distributive Property
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Scaffolding:

For students who are
struggling, begin withthe
problem 2x + 3x = 5x, or
offer the problem justtheway
itis given, and allow students
to ponder andstrugglefor a
bit. Then, suggest, “If you are
notsure, let’s try thisone: Is
2x + 3x = 5x an application of
the distributive property?”
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Exercises 5-7 (7 minutes)

Have students work the following exercises one ata time, taking time to discussthe solutions between each one.

5.

6.

Leela is convinced that (a + b)2 = a® + b%. Do youthink she is right? Use a picture to illustrate your reasoning.

Leela is not right.

a b

a a2 ab
(a+h)? =a’ + B + 2ab

b| ab b2

Draw a picture to represent the expression (a+ b+ 1) x (b + 1).

Answer:
h 1
a ab a
b| 12 b
1 b 1

A good discussion to have with students is whether itisimportant thatthelength of 1 in thewidthbethesameasthe
length of 1 inthe height. Continuethe discussionasto whether how the pictureislabeled isimportantto representing
the quantities.

7.

Draw a picture to represent the expression (a + b) X (c+ d) X (e + f + g).
Answer:
e d
pd pd
a
A
L~
b e
/f g
e
c d
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Closing (7 minutes)

The previous exercises demonstrate the distributive property of arithmetic, which we believe to holdfor all real
numbers, not just the positive whole numbers. The choice of the word beliefis intended to reinforce the notion with
students that we acceptthe property astrue without the need for proof.
=  Wecansee, geometrically, thatthefollowing aretrue for whole numbers (display on the board):
(a+ b)?>=a’+2ab + b?
(a+b+1)x(b+1)=ab+b*+a+2b+1
(a+b)x(c+d)x(e+f+g)=ace+acf+ acg+ade+ adf +adg + bce + bcf + bcg + bde+ bdf + bdg

= Do we alsobelievethesestatementsto betrueforallrealnumbers: a, b, c, d, ¢, f, g?

= Whichofthesestatements are extensions of the distributive property of arithmetic (stated in the student
materials)?

o Allofthem.

A Key Belief of Arithmetic:

THE DISTRIBUTIVE PROPERTY: If @, b, and c are real numbers, then a(b + ¢) = ab + ac.

Lesson Summary

The distributive property represents a key belief about the arithmetic of real numbers. This property can be applied

to algebraic expressions using variables that represent real numbers.

Exit Ticket (3 minutes)
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Name Date

Lesson 6: Algebraic Expressions—The Distributive Property

Exit Ticket

Consider theexpression: (x +y +3) X (y + 1).

1. Drawa pictureto representtheexpression.

2. Writean equivalent expressionby applying the distributive property.
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Exit Ticket Sample Solutions

Consider the expression: (x +y+ 3) x (y +1).

1. Draw a picture to represent the expression.

X Yy 3
v[oXy y> | 3y
1 X y 3

2.  Write an equivalent expression by applying the distributive property.

x+y+3) x(y+D=xy+ x+y*+4y+3

Problem Set Sample Solutions

1. Insertparentheses to make each statement true.
a. 2+3x4*+1=81 2+3)x4*+1=81
b. 2+43x4>+1=85 2+3)x (4> +1) =85
c. 2+3x4*4+1=51 2 4 (3 x 4%) + 1 = 51 (or no parentheses at all is acceptable as well)
d  2+3x4*+1=53 2+3x%x(4*+1) =53

2.  Using starting symbols of w, q, 2, and —2, which of the following expressions will NOT appear when following the
rules of the game played in Exercise 3?

a. 7w+3q+(-2)
b. q-—2

c w-—q

d. 2w+ 6

e. 2w+ 2

The expressions in parts (c) and (e) cannot be obtained by following the rules of the game played in Exercise 3.

The expression in part (d) appears as w + w + 2 + 2 + 2, which is equivalent to 2w + 6.

3.  Luke wants to play the 4-number game with the numbers 1, 2, 3, and 4 and the operations of addition,
multiplication, AND subtraction.

Leoni responds, “Or we just could play the 4-number game with just the operations of addition and multiplication,
but now with the numbers —1, -2, —3, —4, 1, 2, 3, and 4 instead.”

What observation is Leoni trying to point out to Luke?

Subtraction can be viewed as the addition of a negative (e.g., x —4 = x + (—4)). By introducing negative integers,
we need not consider subtraction as a new operation.
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4.  Consider the expression: (x +3) -(y +1) - (x + 2).

a. Draw a picture to represent the expression.

/ /

b. Write an equivalent expression by applying the distributive property.

G+ +3)(x+2)= x*y +5xy+ 6y +x*> +5x+6

a. Given that a > b, which of the shaded regions is larger and why?

a 2 a 2

The shaded region from the image on the left is larger than the shaded region from the image on the right.
Both images are made up of the region of area a X b plus another region of either 2a (for the image on the
left) or 2b (for the image on the right). Since a > b, 2a > 2b.

b. Consider the expressions 851 X 29and 849 x 31. Which would result in a larger product? Use a diagram to
demonstrate your result.

849 2 849 2

29 29

851 - 29 can be written as (849 +2)29 = 849:29 + 229 and
849 - 31 can be written as 849(29 +2) = 849-29 + 2 - 849.

Since 2 - 29 < 2 - 849, the product 849 - 31 is the larger product.
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6. Consider the following diagram.

Edna looked at the diagram and then highlighted the four small rectangles shown and concluded:

(x +2a)? = x> +4a(x + a).

I x+2a ]

a. Michael, when he saw the picture, highlighted four rectangles and concluded:
(x +2a)? = x* +2ax + 2a(x + 2a).
Which four rectangles and one square did he highlight?

I X+2a |

a X a
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Jill, when she saw the picture, highlighted eight rectangles and squares (not including the square in the
middle) to conclude:

(x +2a)? = x* + 4ax + 4a®.
Which eight rectangles and squares did she highlight?

! X+2a ]

When Fatima saw the picture, she concluded: (x + 2a)? = x? + 4a(x + 2a) — 4a?. She claims she
highlighted just four rectangles to conclude this. Identify the four rectangles she highlighted, and explain
how using them, she arrived at the expression x? +4a(x +2a) — 4a?.

She highlighted each of the four rectangles that form a rim around the inner square. In doing so, she double
counted each of the four a x a corners and, therefore, needed to subtract 4a®.

| X+2a |

Is each student's technique correct? Explain why or why not.

Yes, all of the techniques are right. You can see how each one is correct using the diagrams. Students broke

the overall area into parts and added up the parts. In Fatima’s case, she ended up counting certain areas
twice and had to compensate by subtracting those areas back out of her sum.
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E Lesson 7: Algebraic Expressions—The Commutative and

Associative Properties

Student Outcomes

= Students usethe commutative and associative properties to recognize structure within expressions andto
prove equivalency of expressions.

Classwork

Exercises 1-4 (15 minutes)

Have students discuss the following four exercises in pairs. Discuss theanswers asa class.

Exercise 1

Suzy draws the following picture to represent the sum 3 + 4:

Ben looks at this picture from the opposite side of the table and says, “You drew 4 + 3.”
Explain why Ben might interpret the picture this way.

Ben read the picture from his left to his right on his side of the table.

Exercise 2
Suzy adds more to her picture and says, “The picture now represents (3 + 4) + 2.”

How might Beninterpret this picture? Explain your reasoning.

Reading from right to left, the solution would be (2 + 4) + 3. Make sure students have parentheses around 2 + 4.
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Exercise 3

Suzy then draws another picture of squares to represent the product 3 X 4. Ben moves to the end of the table and says,
“From my new seat, your picture looks like the product 4 x 3.”

What picture might Suzy have drawn? Why would Ben see it differently from his viewpoint?

Squares should be arranged in a grid. If a student responds that Suzy made 3 rows of 4, then Ben’s viewpoint would be 4
rows of 3. Students should understand that Ben is seated to Suzy’s left or right now, not across from her. Some students
may need scaffolding here—have them physically move to see the different viewpoint.

Ben

’

Suzy —>

Exercise 4

Draw a picture to represent the quantity (3 X 4) X 5 that also could represent the quantity (4 X 5) X 3 when seen from
a different viewpoint.

Student solutions could vary here. Students may consider representing the problem as a 3 by 4 by 5 rectangular box.
When viewed from different faces, the different expressions appear. With the 3 by 4 rectangle viewed as its base, the
volume of the box might be computed as (3 X 4) X 5. Butwith the 4 by 5 rectangle viewed as its base, its volume would
be computed as (4 x 5) X 3. Some students will likely repeat the 3 X 4 pattern 5 times in a row. This diagram viewed
from the end of the table would be 4 dots repeated 5 times arranged in 3 columns.

Ask students a series of questions of the fol lowing type:

= Couldtheideasdevelopedin Exercises 1 and2 be modified so as to explainwhy 2% + 1—?:) should equal
3
19

»  Orthat((—6562.65) + (—9980.77)) + 22 shouldequal (22 + (—9980.77)) + (—6562.65)

1
+2-7?
2

1 1
= Howaboutthat\/f+; should equal — + \/E?
s
= |sitpossibleforarectangleor a rectangular boxto have a negative sidelength?

1
= Couldtheideasdevelopedin Exercises 3 and4 be used to show that (—3) X (\%) should equal (ﬁ) x (=3)

orthat(mr X 17.2) X (—%) shouldequal <(—%) X 17.2) X 1?
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Next, have students review the four properties of arithmetic provided in the student materials and askthe following:

Four Properties of Arithmetic:

THE COMMUTATIVE PROPERTY OF ADDITION: If @ and b are real numbers, thena + b= b + a.

THE ASSOCIATIVE PROPERTY OF ADDITION: If @, b, and ¢ are real numbers, then (a+ b) + c =a + (b +¢).
THE COMMUTATIVE PROPERTY OF MULTIPLICATION: If @ and b are real numbers, then a X b= b X a.

THE ASSOCIATIVE PROPERTY OF MULTIPLICATION: If @, b, and ¢ are real numbers, then (ab) ¢ = a(bc).

=  Canyourelateeachofthese propertiesto one of the previous exercises?
@ Exercise 1 connects with the commutative property of addition.

@ Exercise 2 connects with the associative property of addition. (Students might mentionthatthe
commutative property of additionis also relevant to this exercise. This will be discussed fully in
Exercise 5.)

o Exercise 3 connects with the commutative property of multiplication.

o Exercise 4 connects the associative property of multiplication. (Students might mention thatthe
commutative property of multiplicationis also relevant to this exercise. This will be discussed fullyin
Exercise 6.)

Pointoutthatthefour opening exercises suggest thatthe commutative and associative properties of additionand

multiplicationarevalidfor whole numbers and probably applyto all real numbers as well. However, thereisa weakness

inthe geometric models since negative side lengths and areas are not meaningful. We chooseto believethese
properties holdfor all real numbers, including negative numbers.

Exercise5 (10 minutes)

Exercise 5

Viewing the diagram below from two different perspectives illustrates that (3 +4) + 2 equals 2 + (4 + 3).

Is it true for all real numbers x, y, and z that (x + y) + zshould equal (z + y) + x?

(Note: The direct application of the associative property of addition only gives (x + y) + z = x + (y + 2).)

To answerthis exercise withtheclass, create a flow diagramon the boardas follows. This flow diagram will show how

onecan apply boththe commutative andassociative properties to prove the equivalence of these two expressions.
Havestudents copythis workinto theirhandouts.

Start by showing theapplication of each property on the expression (x + y) + z.
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z+(X+Y)

Here A represents anapplication of the associative property and Can application of the commutative property. Besure
students understandthe application of the commutative property shown here.

Pointoutthatwe can extend this diagram by applying the commutative and associative properties to the new
expressionsinthediagram.

(x+y)+z
©)

z+ [y +x)
z+(x+y) L--‘x;'""

A

[z+x)+y

Note thatthereare multiple branches and options for extending this diagram. Directthe students to discover options
thatwill charta pathfrom (x +y) + z to (z + y) + x. Two possible paths are asfollows:

@ x+(y+z) fj

(bey)ee) =7 S e
. ™
' \ o
o\ !
H“ e — — e e e — — - ‘L
z+(X+y) k"’@”’ A
®
[z+x)+y
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Chooseoneofthe paths in the flow diagramandshow on theboard how to writeitas a mathematical proof of the
statementthat (x + y) + z and (z + y) + x areequivalentexpressions. Forexample, for the lower of the two paths
shown, write the following:

x+y)+z =z+(x+y) commutativeproperty
=z+ (y+x) commutativeproperty
=(z+y)+x associative property

Exercise 6 (5 minutes)

Exercise 6

Draw a flow diagram and use it to prove that (xy)z = (zy)x for all real numbers x, y, and z.

Hereis thestartof thediagram.
A 5 xyz)

(xy)z

z{xy)

Students will likelyrealize the answer hereis completelyanalogous to the solutionto the previous exercise.

(xy)z = z(xy) commutative property
= z(yx) commutative property
= (zy)x associative property

Havestudents complete Exercises 7 and 8.
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Exercise 7 (5 minutes)

Exercise 7

Use these abbreviations for the properties of real numbers, and complete the flow diagram.
C, for the commutative property of addition
C, for the commutative property of multiplication
A, for the associative property of addition

A, for the associative property of multiplication
5(a+ y(2x + x+4)

5(a+ 2x )+(x+4)

(x+4)+5(a+ (2x) y)

@,

(4+x)+5(a+(2x)y) {Q) 4+(x+5(a+(2x)y))g)(x+5(a+(2x)y))+4

>
o~

a+2 xy +(x+4)

Answer:

e B

S(a+(2x)y)+(x+4)

(x+4)+5(a+ (2x)y) a+2xy +(x+4)

(@+x)+5(a+(2x)y) & 4+ (x+5(a+(22) )

4—)(x+ 5(a+(21)y))+4

Exercise 8 (2 minutes)

Exercise 8

Let a, b, ¢, and d be real numbers. Fill in the missing term of the following diagram to show that ((a +b) + c) +dis
sureto equal a+ (b +(c +d)).

{{a+b]+c}~:—d {L) (a+(b+ec))+d {i)é‘a+((b+c)+d): t;}a{b +-{c+a’}]
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= This exampleillustrates thatitis possibleto prove, throughrepeated use of the associative property, thatany
two arrangements of parentheses around a given sum are equivalent expressions. For thisreasonitis deemed
unnecessaryto place parentheses amonga sum of terms. (Present the following on theboard.)

(@+b)+c)+d

a+ b+ (+ad) > a+b+c+d (a+b)+(c+d)
=  Fromnowon,we willacceptthisascommonpractice. Inpresentinga proof, writing the following:
(x+ y+2)+Ww+ 6)) = ((x +y)+EZ+w)+ 6) by the associative property
OR
at+b+c+d=a+bB+c)+d by the associative property

forinstance, isaccepted.

The sameholds for a product of symbols. Repeated application of the associative property of multiplication
establishes the equivalency of ((xy)z)w and x((yz)w), for example, and these can both be written simply as
XyzZw.

Closing (5 minutes)

= Throughoutthislesson, we have used symbols for numbers andsymbols for placeholders for numbers to create
expressions. Letus now formalize these notions with definitions.

NUMERICALSYMBOL: A numerical symbol is a symbol that represents a specific number.

For example, 0, 1, 2, 3, %, —3,—124.122, i, e are numerical symbols used to represent specific points on the real

number line.

VARIABLE SYMBOL: A variable symbol is a symbol that is a placeholder for a number.

Itis possible that a question may restrict the type of number that a placeholder might permit (e.g., integers only or
positive real numbers).

= The followingis a general definition:

ALGEBRAIC EXPRESSION: An algebraic expression is either

A numerical symbol or a variable symbol, or

2. The result of placing previously generated algebraic expressions into the two blanks of one of the four operators
((D+C), (=) (XD (L) =()orinto the base blank of an exponentiation with exponent that is
arational number.

= Forexample, x and 3 arealgebraic expressions, andfromthat we can create the expression x 4+ 3 by placing
each into the blanks of the additionoperator. Fromthere, we can create the expression x(x + 3) by placing x
and x + 3 into the blanks of the multiplicationoperator, and soon. According to this general definition, we can

. x(x+3) —2
alsocreate expressions of theform 22 .
X
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= Qur notionoftwo expressions beingequivalent has also been vague. We cannow pinpointwhatwe mean:

Two algebraic expressions are equivalent if we can convert one expression into the other by repeatedly applying the
commutative, associative, and distributive properties and the properties of rational exponents to components of the first

expression.

=  Somefinaljargon:

NUMERICAL EXPRESSION: A numerical expression is an algebraic expression that contains only numerical symbols (no variable
symbols), which evaluate to a single number.

The expression 3 <+ 0 is not a numerical expression.

EQUIVALENT NUMERICAL EXPRESSIONS: Two numerical expressions are equivalent if they evaluate to the same number.

*  Forexample,although weformally proved (3 + 4) + 2 equals(2 + 4) + 3 through the commutativeand
associative properties, itis morereasonable to notethatthey both evaluateto 9.

Note that 1 + 2 4+ 3 and 1 X 2 X 3, for example, are equivalent numerical expressions (they are both 6), buta+ b + ¢
and a X b X c are not equivalent expressions.

Lesson Summary

The commutative and associative properties represent key beliefs about the arithmetic of real numbers. These
properties can be applied to algebraic expressions using variables that represent real numbers.

Two algebraic expressions are equivalent if we can convert one expression into the other by repeatedly applying
the commutative, associative, and distributive properties and the properties of rational exponents to components

of the first expression.

Exit Ticket (3 minutes)
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Name Date

Lesson 7: Algebraic Expressions—The Commutative and

Associative Properties

Exit Ticket

Writea mathematical proof of the algebraicequivalence of (pg)r and (gr)p.
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(pg@)r = p(qr) associative property

=(gr)p commutative property

Werite a mathematical proof of the algebraic equivalence of (pq)r and (qr)p.

Problem Set Sample Solutions

ab+cd

commutative property of multiplication).

©

\ ba +cd

Answer:

ab+cd

w+5)Ww+2)

=w?+7w+10

1. The following portion of a flow diagram shows that the expression ab + cd is equivalent to the expression dc + ba.

Q ba +cd

Fill in each circle with the appropriate symbol: Either C, (for the commutative property of addition) or C (for the

2. Fill in the blanks of this proof showing that (W + 5)(w + 2) is equivalent to w? + 7w + 10. Write either
commutative property, associative property, or distributive property in each blank.

=wW+5w+ WwW+5)x2
=ww+5 +W+5)x2
=ww+5)+2w+5)
=w?l+wx5+2w+5)
=w? +5w+2(w +5)
=w? + 5w +2w+ 10

=w? + (5w +2w) +10

€

TTTT———— 3 dc +ba

ba +dc

OB

distributive property

commutative property

commutative property

distributive property

commutative property

distributive property
associative proper

Lesson 7:
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3.  Fill in each circle of the following flow diagram with one of the letters: Cfor commutative property (for either
addition or multiplication), A for associative property (for either addition or multiplication), or D for distributive
property.

((xbc +x) + a) + abc

IO /1+cbnx+a)\

xbc+x +a+ahc b
(x+a)(1+ch) (1+bc)(x+a)

C,X, %) (x+a) + be(x+a)

x +xbc +a+abc

\ O lc+a)(L1+be) \C)
/ O (x+a)+becx +bca

x(1+bc) + a(1+bc) (a+x)(1+hc)

(a+x)(bc+1)
Answer:

((xbc + x) +a) + abc

1+ch)(x+a)

© 97

xbc +x+a+abc :
(x+a)(t+ch (1+bc)(x+a)

@ / (x+a) + be(x+a)
x +xbc +a +abc

x+a)(1+bc)
-
@ @ (x+a) + bex + bea

X(1+bc) + a(1+bc) (a+x)(1+hc)

ON

(a+x)(bc+1)

4. What is a quick way to see that the value of the sum 53 + 18 + 47 4+ 82 is 200?
53+ 18+47 +82 = (53 +47) +(18 +82) = 100 + 100

a. Ifab =37and xy = what is the value of the product x X b X y X a?

37'
xXbxyxa= (xy)(ab) =1

b. Give some indication as to how you used the commutative and associative properties of multiplication to
evaluate x X b X y X a in part(a).

xX bXyXa=xXYyXxa X b by two applications of the commutative property of multiplication and
x X yxaxb = (xy)(ab)by the associative property of multiplication.

c. Did you use the associative and commutative properties of addition to answer Problem 4?

Yes, they were used in an analogous manner.
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6. The following isa proof of the algebraic equivalency of (2x)% and 8x3. Fill in each of the blanks with either the
statement commutative property or associative property.
(2x)3 =2x-2x-2x
=2 x2)(xx2)x associative property
=22x)2x)x commutative property
=2-2(xx2)x-x associative property
=2-22x)x-x commutative property
=(2:2-2)(x"x"x) associative property
= 8x?
7.  Write a mathematical proof of the algebraic equivalency of (ab)? and a®b 2.
(ab)? = (ab)(ab)
=a(ba)b associative property
= a(ab)b commutative property
= (aa) (bb) associative property
— a?b?
8.

a. Suppose we are to play the 4-number game with the symbols a, b, ¢, and d to represent numbers, each used
at most once, combined by the operation of addition ONLY. If we acknowledge that parentheses are
unneeded, show there are essentially only 15 expressions one can write.

By also making use of the commutative property of addition, we have the expressions:
a b c,d a+b a+c, a+d b+c¢ b+d, c+d,
a+b+c, a+b+d, a+c+d, b+c+d, a+b+c+d
b. How many answers are there for the multiplication ONLY version of this game?
By analogous reasoning, there are only 15 expressions here too.
9.  Write a mathematical proof to show that (x + a) (x + b)is equivalent to x* + ax + bx + ab.
x+a)(x+b) =kx+ax+x+ab (D)
=x(x+a) +bx+a) (C
=x2+ xa+ bx + ba (D)
=x*+ax+ bx+ ab ()
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10. Recall the following rules of exponents:

X
x®- xb — xa+b F — xa_b (xa)b — xa.b
a _ ,aya x a_xll
(XY) =Xy (—) ==
y y

Here x, y, a, and b are real numbers with x and y nonzero.

Replace each of the following expressions with an equivalent expression in which the variable of the expression

7 7
appears only once with a positive number for its exponent. (For example, b_z b~*is equivalent to b_(")

(16x2) = (16x°)
1

x3

(2x)*(2x)3
128x7

9z73(3z7H73
z

3

((25wh = (5w®) = (5Bw™)

w8

@25wh) = (w3 = (5w™))

25
wb

Optional Challenge:

11. Grizelda has invented a new operation that she calls the average operator. For any two real numbers a and b, she
declares a D bto be the average of a and b:

a+b
2

a®b=

Does the average operator satisfy a commutative property? That is, does a® b = b® a for all real numbers
aand b?

x 1
Yes, use the fact that > = > * x for any real number x and the commutative property.

a+b 1 1 b+a
a®b=—=5'(a+b)=5'(b+a)=7=b@a

Does the average operator distribute over addition? That is, does a® (b + c¢) = (a®b) + (a®c) for all real
numbers a, b, and c?

No. For instance, 2€d(4+4) =2 ® 8= 5, whereas 2 ®4)+ (2®4) =3 +3 =6.

EUREKA
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Students understandthatthe sum or difference of two polynomials produces another polynomial andrelate
polynomialsto the system of integers; students add and subtract polynomials.

Classwork

Exercise 1 (7 minutes)

Have students complete Exercise 1 part(a) and useitfor a brief discussionon the notionof base. Then have students
continue with theremainder of the exercise.

Exercise 1

a.

How many quarters, nickels, and pennies are needed to make $1.13?
Answers will vary.

4 quarters, 2 nickels, 3 pennies

Fill in the blanks:

8,943 =8 x1000+_9 x 100+ _4 x10+_3 x1
=8 x10°+_9 x10%2+_4 x10+_3 x1

Fill in the blanks:
8,943 =_1 x203+ 2 x20*+_7 x20+_3 x1

Fill in the blanks:
113 =_4 x52+_2 x5+_3 x1

Next ask:

Why doweusebase10? Why do wehumans havea predilectionfor the number

107

Why do some cultures have base 20?

Howdoyousay 87 inFrench? How does the Gettysburg Address begin?

o Quatre-vingt-sept: 4-20sand 7; Fourscore and seven years ago...

Computers use which base system?

o Base 2

EUREKA
MATH
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Scaffolding:

Mayan, Aztec, and
Celtic culturesallused
base20. Theword
score (which means 20)
originated fromthe
Celticlanguage.
Students could be
asked to research more
onthis andon the
cultures who useor

used base5and base
60.
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Exercise2 (5 minutes)

In Exercise 2, wearelaying the foundationthat polynomials written in standard form are simply base x numbers. The

Lesson 8

M1

practice of filling in specificvalues for x and finding the resulting values lays a foundation for connectingthis algebra of

polynomial expressions with the later lessons on polynomial functions (and other functions) andtheirinputs and

outputs.

Work through Exercise 2 with the class.

Exercise 2

a.

b.

Now let’s be as general as possible by not identifying which base we are in. Just call the base x.

Consider the expression 1-x3+2-x%+ 7 x + 31, or equivalently x3 +2x% + 7x +3.

What is the value of this expression if x = 10?

1,273

What is the value of this expression if x = 20?

8,943

Pointoutthatthe expression weseehereis just the generalized form of theiranswer from part (b) of Exercise 1.

However, as we change x, we get a different numbereachtime.

Exercise3 (10 minutes)

Allow students time to complete Exercise 3 individually. Then elicit responses fromtheclass.

EUREKA
MATH

Exercise 3
a. When writing numbers in base 10, we only allow coefficients of 0 through 9. Why is that?
Once you get ten of a given unit, you also have one of the unit to the left of that.
b. What is the value of 22x + 3 when x = 5? How much money is 22 nickels and 3 pennies?
113
$1.13
c. What number is represented by 4x* + 17x + 2 if x = 10?
572
d. What number is represented by 4x* + 17x + 2 if x = —2 orif x = % ?
-16
136
9
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e. What number is represented by —3x% + VZx+ % when x =/2?

7

2

Pointout, as highlighted by Exercises 1 and 3, thatcarryingis not necessaryin this type of expression (polynomial
expressions). For example, 4x2+ 17x + 2 isavalidexpression. However, inbase ten arithmetic, coefficients of value
ten or greater are not conventional notation. Settingx = 10 in4x? + 17x + 2 yields 4 hundreds, 17 tens, and 2 ones,
whichisto beexpressed as5 hundreds, 7 tens,and 2 ones.

Discussion (11 minutes)

=  The nextiteminyour student materialsis a definition for a polynomial expression. Read the definition
carefully, and then create 3 polynomial expressions using the given definition.

POLYNOMIAL EXPRESSION: A polynomial expressionis either

1.  Anumerical expression or a variable symbol, or

2. The result of placing two previously generated polynomial expressions into the blanks of the addition operator
(__+__) or the multiplication operator (__x_ ).

=  Compareyourpolynomial expressions witha neighbor’s. Do your neighbor’s expressions fall into the category
of polynomial expressions?

Resolveanydebates asto whether a given expressionisindeed a polynomial expression by referring back to the
definitionanddiscussingasa class.

= Note thatthedefinition of a polynomial expressionincludes subtraction (add the additive inverseinstead),
dividing by a nonzeronumber (multiply by the multiplicative inverseinstead), and even exponentiation by a
nonnegative integer (usethe multiplication operator repeatedly on the same numerical or variable symbol).

Listseveral of the student-generated polynomials on the board. Include somethat containmorethan onevariable.
Initiate the following discussion, presenting expressions on the board when relevant.

* Justastheexpression (3 + 4) - 5isa numerical expression butnota number, (x + 5) + (2x2— x)(3x + 1) isa
polynomial expression but nottechnicallya polynomial. Wereserve the word polynomialfor polynomial
expressions thatare written simplyasa sum of monomial terms. This begs the question: Whatisa monomial?

= A monomialisa polynomial expressiongenerated using only the multiplicationoperator(__X__). Thus,itdoes
notcontain+ or —operators.

= Justas wewould nottypically writea number infactored form and still refer to itasa number (we mightcallita
number in factoredform), similarly, we do not writea monomial in factored formandstill refertoitasa
monomial. We multiply any numerical factors together and condense multiple instances of a variable factor
using (whole number)exponents.

= Trycreatinga monomial.

=  Comparethe monomialyou created with yourneighbor’s. Isyourneighbor’s expressionreally a monomial? Is
itwritten in the standardform we use for monomials?
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=  Therearealsosuchthingsasbinomials and trinomials. Can anyone make a conjecture about whata binomial is
and whata trinomial isandhow they arethe same or differentfrom a polynomial?

Students may conjecture thata binomial has two of something and that a trinomialthree of something. Further, they
might conjecturethata polynomial has many of something. Allow for discussionandthen state the following:

= Abinomialisthesum (or difference) of two monomials. Atrinomial isthe sum (ordifference) of three
monomials. Apolynomial, as stated earlier, isthe sum of one or more monomials.

= The degree of a monomialisthe sum of the exponents of the variable symbolsthatappear in the monomial.

= The degree of a polynomialisthe degree of the monomial term with the highest degree.

= While polynomials can containmultiple variable symbols, most of our work with polynomials will be with
polynomials in one variable.

= Whatdo polynomial expressions in onevariablelook like? Create a polynomial expressioninonevariable, and
comparewithyourneighbor.

Postsome of the student-generated polynomials inonevariable on the board.

= Let's relate polynomials to the work we did atthe beginning of thelesson.

= |sthisexpression anintegerinbase10? 10(100 + 22— 2)+ 3(10) + 8 —2(2)
= |stheexpressionequivalenttotheinteger 1,234?

= Howdid wefind out?

=  Werewrotethe firstexpressioninour standard form, right?

=  Polynomialsin onevariable havea standardformas well. Useyourintuitionof whatstandard formofa
polynomial might be to write this polynomial expression as a polynomial in standard form:
2x(x? —3x + 1) — (x3 + 2), and compare your result with your neighbor.

o Studentsshouldarrive atthe answerx® — 6x?+ 2x — 2.
Confirmthatin standard form, we start withthe highest degreed monomial and continueindescending order.
=  Theleading term of a polynomial is the term of highest degree that wouldbe written firstif the polynomial is
putinto standardform. Theleading coefficient is the coefficient of the leading term.
=  Whatwouldyouimagine we mean when we refer to the constant term of the polynomial?

@ Aconstanttermis any term with no variables. To find the constantterm of a polynomial, be sure you
have combined anyand all constant terms into one single numerical term, written last if the polynomial
is putinto standard form. Note thata polynomial does nothave to have a constantterm (orcould be
said to have a constant term of 0).

As an extension foradvanced students, assign the taskof writing a formaldefinitionfor standard form of a polynomial.
The formal definitionis provided below for your reference:

A polynomial expression with onevariable symbol x isinstandardformifitis expressed as
ax"+a,_;x"'+a,x+ a, wherenisanonnegativeinteger,anda,,a,,a,, ..., a,are
constant coefficients with a,, # 0. Apolynomial expression in x thatisinstandardformisoften
called a polynomialin x.
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Exercise4 (5 minutes)

Exercise 4
Find each sum or difference by combining the parts that are alike.

a. 417 +231=_4 hundreds +_1 tens+__7 ones+__2 hundreds+__3 tens+__1 ones

=_6 hundreds +__4 tens+__8 ones

b. (4x*+x +7)+ 2x*+3x+1)

6x* +4x+8

¢ Bx*—x2+8) - (+5x2+4x-7)

2x% — 6x% — 4x+15

d  3(x3+8x)-2(x3+12)

x% +24x 24

e.. (B-t—t5)+ (9t + t?)
8t+5

f. @Bp+1D+6p-8-—(@+ 2)
8p —49

Closing (3 minutes)

= Howarepolynomials analogous to integers?
@ Whileintegers arein base 10, polynomials are in base x.

= |ftwo polynomials are added together, istheresultsureto be another polynomial? The difference of two
polynomials?

o Students will likely reply, “yes,” based on the few examples andtheir intuition.

=  Areyousure? Canyouthinkofanexamplewhereaddingor subtracting two polynomials does notresultina
polynomial?

o Students thinkingabout x? — x? = 0 could suggest not. Atthis point, review the definitionof a
polynomial. Constant symbols are polynomials.
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Lesson Summary

A monomial is a polynomial expression generated using only the multiplication operator (__X__). Thus, it does not
contain + or — operators. Monomials are written with numerical factors multiplied together and variable or other
symbols each occurring one time (using exponents to condense multiple instances of the same variable).

A polynomial is the sum (or difference) of monomials.
The degree of a monomial is the sum of the exponents of the variable symbols that appear in the monomial.

The degree of a polynomial is the degree of the monomial term with the highest degree.

Exit Ticket (4 minutes)
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Exit Ticket

1. Mustthesumofthree polynomials againbea polynomial?

2. Findw?—-w+1)+ W3 —2w?+99).
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Exit Ticket Sample Solutions

Must the sum of three polynomials again be a polynomial?

Yes.

Find (W? — w + 1) + W —2w? + 99).

w? —w?—w+ 100

Problem Set Sample Solutions

1.

3.

Celina says that each of the following expressions is actually a binomial in disguise:
i. Sabc — 2a* + 6abc
ii.  5x%-2x%—10x*+ 3x° +3x - (—2)x*
ii.  (t+2)% -4t
iv.. 5(a—1)—10(a—1) +100(a —1)
V. Qnr— nr®)r— 2nr —nr?) - 2r

For example, she sees that the expression in (i) is algebraically equivalent to 11abc — 2a?, which is indeed a
binomial. (She is happy to write this as 11abc + (—2)a?, if you prefer.)

Is she right about the remaining four expressions?

She is right about the remaining four expressions. They all can be expressed as binomials.

Janie writes a polynomial expression using only one variable, x, with degree 3. Max writes a polynomial expression
using only one variable, x, with degree 7.

a. What can you determine about the degree of the sum of Janie’s and Max’s polynomials?

The degree would be 7.

b. What can you determine about the degree of the difference of Janie’s and Max’s polynomials?

The degree would be 7.

Suppose Janie writes a polynomial expression using only one variable, x, with degree of 5, and Max writes a
polynomial expression using only one variable, x, with degree of 5.

a. What can you determine about the degree of the sum of Janie’s and Max’s polynomials?

The maximum degree could be 5, but it could also be anything less than that. For example, if Janie’s
polynomial were x° +3x — 1, and Max’s were —x° + 2x?* + 1, the degree of the sum is only 2.

b. What can you determine about the degree of the difference of Janie’s and Max’s polynomials?

The maximum degree could be 5, but it could also be anything less than that.
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4.  Find each sum or difference by combining the parts that are alike.
aa @p+d)+5(p—-D-((P+7)
6p —8

b. (7x*+9x)—2(x*+13)
5x* 4+ 9x — 26

¢ BG-t—th+Ot+th

8t +6

d (-t +6(*—-8)— (t* +12)
4t* — 55

e. (Bx3+5x)-301x%+2)
5x +5x—6

f. (12x+1) +2(x—4)— (x—15)
13x+ 8

g.  (13x2+5x)—2(x%+1)

11x% + 5x -2

h. (9—-t—1t%) —%(8t+ 2t%)

—4t* —13t+9

i (4m+6)—12m—-3)+ (m +2)
—-7m+ 44

i (15x* 4+ 10x) —12(x* + 4x)
3x* —38x
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Lesson 9: Multiplying Polynomials

Student Outcomes

= Students understandthatthe product of two polynomials produces another polynomial; students multiply
polynomials.

Classwork

Exercise1l (15 minutes)

Exercise 1

a. Gisella computed 342 x 23 as follows:

300 40 2

6000 | 800 40 |20

900 120 6 3

6000 / / /

1700 160

Can you explain what she is doing? What is her final answer?
She is using an area model, finding the area of each rectangle and adding them together. Her final answer is
7,866.

Use a geometric diagram to compute the following products:

b. (Bx*+4x+2)x(2x+3)
6x3+17x*+16x+6

¢  (2x2+10x+D(x*+x+1)

2x* + 1223+ 13x2 +11x + 1

d (x—-1DE®+6x2-5)

x*+5x3—6x*—5x+5

Ask thestudents:

=  Whatdoyou noticeabouttheterms alongthe diagonalsin the rectangles you drew?

EUREKA Lesson 9: Multiplying Polynomials 98
MATH

©2015 Great Minds. eureka-math.org



Lesson 9 RN

ALGEBRA |

A STORY OF FUNCTIONS

Encourage students to recognize thatin parts (b) and (c), the terms along the diagonals were all like terms; however, in
part(d) oneofthefactorshasno x-term. Allow students to developa strategy for dealing with this, concluding with the
suggestion of inserting the term + 0x, for a model thatlooks like the following:

X -1
x4 | X3 x®
x4 -
_ 6x3 | -6x2 [ 6x2
ox® - 0x2 | ox |Ox
-6x2 _5x 5 -5

“\
N\

Students may naturallyask about the division of polynomials. This topicwill be covered in Algebrall, Module 1. The
extension challenge atthe end of thelesson, however, could be of interest to students inquiring about this.

=  Couldwehavefoundthis product withoutthe aid of a geometric model? What would thatlook like?

Go through the exercise applying the distributive property and collecting like terms. As a scaffold, remind students that
variables are placeholders fornumbers. If x = 5, for example, whatever the quantity on therightis (270), you have
5 — 1 of “that quantity,” or 5 of “that quantity” minus 1 of “that quantity.” Similarlywe have x of that quantity, minus 1

of thatquantity.
(x — 1) (x3+6x%—05)
x(x3+6x?-5)—1(x3+6x%-5)
x*+ 6x3—5x — x> —6x2+5
x*+5x3—6x2—5x+5

Exercise2 (5 minutes)

Havestudents work Exercise 2 independently and then compare answers with a neighbor. If needed, facilitate
agreementon thecorrectanswer by allowing students to discuss theirthought processes andjustify theirsolutions.

Exercise 2
Multiply the polynomials using the distributive property: (3x2+ x —1) (x* — 2x + 1).
3x2(x*—2x+ D+ x(x*—2x+1) —1(x*—2x+ 1)

3x0 —6x3 + 322+ x°—2xF +x—xt+2x -1

3x8 +x° —xt—6x3+x24+3x—-1
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Exercise 3 (10 minutes)
Give students 10 minutes to complete Exercise 3 and compare their answers with aneighbor.
Exercise 3
The expression 10x2 + 6x3 is the result of applying the distributive property to the expression 2x2(5 + 3x). Itis also
the result of applying the distributive property to 2(5x2 + 3x®) or to x(10x + 6x?), for example, or even to
1-(10x* + 6x3).
For (a) to (j) below, write an expression such that if you applied the distributive property to your expression, it would give
the result presented. Give interesting answers!
a. 6a +14a*
b.  2x*+2x%+ 2x1°
c. 62> — 15z
d. 42w® — 14w + 77w’
e. Zz’(a+b)+z3(a+hb)
3
f. =5t +=
2
g. 15p31* — 6p*r® +9p*r? + 3\/7p3r6
h.  0.4x° —40x8
i. (4x +3)(x? + x%) — 2x + 2)(x% +x°)
i (2z+5)(z-2)-(132-26)(z —3)
Some possible answers:
a. 2a(3+7a) or 2(3a+ 7a®) or a(6 + 14a)
b. 2x*(1+ x+x%) or x(2x® + 2x* + 2x°) or 2(x* +x° +x10)
c. 3z(z-75) or 3(2z%* —5z2) or z(6z— 15)
d. 7w(ew?® — 2 + 11w*) or w(42w? — 14 + 77w?)
e. z*((a+b)+z(a+b)) or z(z(a+ b) + Z2(a+ b))
1 2
f. —(3s’+1)
2
g 3p*r2(5pr? —2r +3p® +V2prt) or pa?(15pr? — 613 + 9p? + 3V2prt)
h 0.4x%(x — 100) or 15x°(x —100)
i 2+ a)(@x+3) - 2x+2)
i (z-2)(@2z+5) -13(z - 3))
Chooseone (or more) to go through as a class, listing as many different rewrites as possible. Then remark:
=  The processof making use of the distributive property “backward” is factoring.
Lesson 9: Multiplying Polynomials 100
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Exercise4 (5 minutes)

Exercise 4

Sammy wrote a polynomial using only one variable, x, of degree 3. Myisha wrote a polynomial in the same variable of
degree 5. What can you say about the degree of the product of Sammy’s and Myisha’s polynomials?

The degree of the product of the two polynomials would be 8.

Extension

Extension
Find a polynomial that, when multiplied by 2x% + 3x + 1, gives the answer 2x3 + x* — 2x — 1.

x—1

Closing (6 minutes)

= |stheproductoftwo polynomials sureto beanother polynomial?

o Yes, by the definition of polynomialexpression given in Lesson 8, the product of any two polynomial
expressions is again a polynomial expression, which can then be written in standard polynomial form
through application of the distributive property.

= |sapolynomial squared sureto beanother polynomial?

o Yes. Theproductofany two polynomial expressions is againa polynomial expression, andsquaring a
polynomial is the same as finding the product of the polynomialtimes itself.

=  Whatabouta polynomial raised to a largerinteger exponent?

o [t would still be a polynomial because raising a polynomial to a positive integer exponent is the same as
finding a series of polynomial products, each of which is guaranteedto be a polynomial.

Exit Ticket (4 minutes)
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Lesson 9: Multiplying Polynomials

Exit Ticket

1. Musttheproductofthree polynomialsagainbea polynomial?

2. Findw?+1D)W3—w+1).
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Exit Ticket Sample Solutions
1. Must the product of three polynomials again be a polynomial?
Yes.
2. Find W2+ 1w —w+1).
wi+w?—-w+1
Problem Set Sample Solutions
1. Use the distributive property to write each of the following expressions as the sum of monomials.
a. 3a(4+a) b. x(x+2)+1
3a® + 12a x?+2x+1
1 2 d. 4x(x®—10)
¢« 3 (12z + 18z") .
6z% + 4z 4x* —40x
e. (x—4)(x+5) f. (2z-1)(3z*+1)
x%+x—20 6z° —3z° +2z —1
g. (1ow-1A0w+1) h.  (=5w—3)w?
100w? —1 —5w3 — 3w?
. 100 (1 200 j 2q +1)(2¢*+ 1
i 1651 (352 +0.1255 i 2q+1)(2¢*+1)
85300 4 9101 4¢® +2¢*+2q + 1
k. (r-x+1D(x-1) . 3xz(9xy+2)—2yz(x+y—2)
x3 —2x%2+2x—-1 27x%*yz + 3xz* — 2xyz — 2y*z + 2yz*
m (t-DE+DE+1) nn w+DW*—wi+wr-w+1)
-1 w®+1
o z(2z+1)(3z-2) p. x+y)y+2)(z+x)
6z° — 22 —2z 2xyz + x%y + x*z + xy* + xz° + y*z + yz*
a "T” r. (20f9—-10f%)+5
1 1 4f10 —2f%
-— + -—
3737
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form.

a.

-5yGF+y-2)-22-y% N
-3y* -5y +10y — 4

2x+9+ (5x)+2)+(-2) V.
49x
36

(a+b-c)a+b+c)
17
1 1

—a’ +—b? —lcz + iab
17 17 17 17

(2fP-2f+ (- f+2)
—2f5+2f*—6f3+3f2—5f +2

2.  Use the distributive property (and your wits!) to write each of the following expressions as a sum of monomials. If
the resulting polynomial is in one variable, write the polynomial in standard form.

(a +b)? b. (a+1)2 c. @B+b)}?

a? + 2ab + b? a’+2a+1 b*>+6b+9

(3 +1)? e. (x+y+2? £ (x+1+2)7?

16 x% +y* + 22 +2xy + 2xz+ 2yz x2+22+2xz+2x+2z+1
3 +2)? h. (p+q)?3 i (p-1)3

22+ 6z+9 p® +3p*q+ 3pqg* + ¢° p®—-3p*+3p—-1

5 +q)?

q® +15q*+ 75q + 125

(s> +4)(s—1) b.

s —s?2+4s—4

s(s2+4)(s—1) d.

st —s3+4s? —4s

- +ut+ ¥+t +u+1) f.

ut -1

@+ +Du-D@+ut+ ¥ +u +u+1)

u® +ud - +ub-ud -1

3.  Use the distributive property (and your wits!) to write each of the following expressions as a polynomial in standard

3(s?+4)(s—1)
353 - 352+ 125 — 12

(s+1D)(s2+4)(s - 1)

s*+3s2-4

\/E(u—l)(u5 +ut +d +ut+tu+1)

V5u® — V5

EUREKA
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4. Beatrice writes down every expression that appears in this Problem Set, one after the other, linking them with
+ signs between them. She is left with one very large expression on her page. Is that expression a polynomial
expression? That is, is it algebraically equivalent to a polynomial?
Yes.
What if she wrote — signs between the expressions instead?
Yes.
What if she wrote X signs between the expressions instead?
Yes.
105
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Name Date

1. Jacob lives on astreet that runs east and west. The grocery store is to the east and the post office is to

the west of his house. Bothare on the same street as his house. Answer the questions below about the
following story:

At 1:00 p.m., Jacob hops in his car and drives at a constant speed of 25 mph for 6 minutes to the post
office. After 10 minutes at the post office, he realizeshe is late and drives at a constant speed of 30 mph
to the grocerystore, arriving at 1:28 p.m. He then spends 20 minutes buying groceries.

a. Drawagraph thatshows the distance Jacob’s caris from his house with respect to time. Remember

to label your axes with the units you chose and any important points (home, post office, grocery
store).
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b. Onthe wayto the grocery store, Jacob looks down at his watchand notes the time as he passes his
house. What time is it when he passes his house? Explain how you found your answer.

c. Ifhe drives directly back to his house after the grocery story, what was the total distance he traveled
to complete his errands? Show how you found your answer.
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2. Jason is collecting data on the rate of water usage in the tallest skyscraper in the world during a typical
day. The skyscraper contains both apartmentsand businesses. The electronic water meter for the
building displays the totalamount of water used in liters. At noon, Jason looks at the water meter and
notes that the digit in the ones place on the water meter display changestoo rapidly to read the digit and
that the digit in the tens place changes every second or so.

a. Estimatethe total number of liters used in the building during one 24-hour day. Take into account
the time of day when he made his observation. (Hint: Will water be used at the same rate at
2:00 a.m. asat noon?) Explain how you arrived at your estimate.

b. Towhatlevel of accuracycan Jason reasonably report a measurement if he takesit at precisely
12:00 p.m.? Explain your answer.

c. The meter will be checked at regulartime spans (for example, every minute, every 10 minutes, and
every hour). What is the minimum (or smallest) number of checks needed in a 24-hour period to
create areasonably accurate graph of the water usage rate with respect to time? (For example,

24 checks would mean checking the meter every hour; 48 checks would mean checking the meter

every half hour.) Defend your choice by describing how the water usage rate might change during
the day and how your choice could capture that change.
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3. A publishing company orders black and blue ink in bulk for its two-color printing press. To keep things
simple with its ink supplier, each time it places anorder for blue ink, it buys B gallons, and eachtime it

places an order for black ink, it buys K gallons. Over a one-month period, the company places m orders
of blue ink and n orders of black ink.

a. What quantities could the following expressions represent in terms of the problem context?

m+n

mB + nK

mB +nK

m+n

b. The company placed twice as many orders for black ink than for blue ink in January. Give
interpretations for the following expressions in terms of the orders placed in January,

m n
and ,
m+n m+n

and explain which expression must be greater using those interpretations.
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4. Sam says that he knows a clever set of steps torewrite the expression

(x+3)(3x+8)—3x(x+3)

as a sum of two terms where the steps do not involve multiplying the linear factorsfirst and then
collecting like terms. Rewrite the expression as a sum of two terms (where one termis a number and the
other is a product of a coefficient and variable) using Sam’s steps if you can.

5. Using only the addition and multiplication operations with the numbers 1, 2, 3, and 4 each exactly once,
it is possible to build a numeric expression (with parentheses to show the order used to build the
expression) that evaluatesto 21. For example, 1 + ((2 + 3) - 4) is one such expression.

a. Build two more numeric expressions that evaluateto 21 using the criteria above. Both must be
different from the example given.
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b. Inboth of your expressions, replace 1 with a, 2 with b, 3 with ¢, and 4 withd to get twoalgebraic
expressions. For example, a + ((b +c) - d) shows the replacementsfor the example given.

Are your algebraic expressions equivalent? Circle: Yes No

= |fthey areequivalent, prove that they are using the properties of operations.
= |f not, provide two examples:

(1) Find four different numbers (other than0, 1, 2, 3, 4) that when substituted for a, b, c,
and d into each expression, the expressions evaluate to different numbers, and

(2) Find four different, nonzero numbers that when substituted into each expression, the
expressions evaluate to the same number.
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6. The diagram below, when completed, shows all possible ways to build equivalent expressions of 3x?
using multiplication. The equivalent expressions are connected by labeled segments stating which
property of operations, A for associative property and C for commutative property, justifies why the two
expressions are equivalent. Answer the following questions about 3x? and the diagram.

Y

O/ e

Y
3-(x-x) (x-3)-x

(B-%-x :O
@

“©
®

©

(x-x)-3

a. Fill in the empty circles with A or Cand the empty rectangle with the missing expression to complete
the diagram.

b. Using the diagramabove to help guide you, give two different proofs that (x - x) -3 = (3-x) - x.
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7. Ahmed learned: “To multiply a whole number by ten, just place a zeroat the end of the number.” For
example, 2813 X 10, he says, is 28,130. He doesn't understand why this rule is true.

a. What is the product of the polynomial 2x3 + 8x2 + x + 3 times the polynomial x?

b. Use part(a) asahint. Explain why the rule Ahmed learned is true.

> a. Find the following products:
i (x—Dkx+1)
i. (x—1D*+x+1)
i. (x—DO3+x2+x+1)
iv. (x—Dx*+x3+x2+x+1)
EUREK A Module 1: Relationships Between Quantities and Reasoning with Equations and 113
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v. (x—-DG+x"1++x3+x2+x+1)

b. Substitute x = 10 into each of the products from parts (i) through (iv) and your answers to show
how each of the products appears as a statement in arithmetic.

c. Ifwe substituted x = 10into the product (x — 2)(x” + x® + x> + x* + x3 + x2 + x + 1) and
computed the product, what number would result?

d. Multiply (x — 2)and (x7 +x° + x5 + x* + x® + x2 + x + 1), and express your answer in standard
form.

Substitute x = 10 into your answer, and see if you obtain the same result that you obtained in
part (c).
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e. Francois says (x — 9)(x” + x® + x° + x* + x3 + x2 + x + 1) must equal x7 +x° + x> + x* +
x3 4+ x? + x + 1 because when x = 10, multiplying by x — 9 is the same as multiplying by 1.

i.  Multiply (x —9)(x7 +x°+ x>+ x* +x3 +x%2 +x + 1).

ii. Putx =10 intoyour answer.

Isit the sameas x7 + x® + x° + x* + x3 4+ x2 + x + 1 withx = 10?

iii. Was Francois right?
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A Progression Toward Mastery

Assessment STEP1 STEP2 STEP3 STEP4
Task Item Missing or Missing or A correct answer A correct answer
incorrect answer incorrect answer with some supported by
and little evidence | butevidence of evidence of substantial
of reasoning or somereasoningor | reasoningor evidence ofsolid
application of application of application of reasoning or
mathematics to mathematics to mathematics to application of
solvethe problem. | solvetheproblem. | solvetheproblem | mathematicsto
oran incorrect solve the problem.
answer with
substantial
evidence ofsolid
reasoning or
application of
mathematics to
solvethe problem.
1 a Studentis unableto Studentcreates a Studentcreates axes | Studentcreates and
respond to question. | graphthatreflects thatdepictdistance labels the y-axis to
N-Q.A.1 | OR somethingrelatedto | fromthehouseon representdistance
N-Q.A.2 Student provides a the problem, butthe | the y-axisand some fromthehousein
minimal attemptto axes do notdepictthe | measurementoftime | miles and an x-axis to
createanincorrect correct units of onthe x-axis,andthe | representtime(in
graph. distancefromthe graphrepresentsa minutes past
house on the y-axis reflection of what 1:00 p.m.)and
andameasurement | occurred butwith creates a graphbased
of timeon the x-axis, | errorsincalculations, | onsolid reasoning
orthe graphindicates | missingor erroneous | and correct
significanterrorsin axislabels, or choice | calculations.
calculations or of units that makes
reasoning. the graph difficult to
obtain information
from.
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b Studentanswers Studentanswers Studentanswers1:21 | Studentanswers1:21

incorrectlywith no

incorrectlybut

p.m. butdoes not

p.m. and either refers

to supportthe
answer.

OR

Studentleaves item
blank.

reasoningin
explaining the
answer.

workinpart(a)or
providesound
reasoninginsupport
of the answer.

OR

Studentanswers
incorrectlybecause
either theworkin
part(a)isreferenced,
butthe workis
incorrectorbecause a
minor calculation
errorismadebut
sound reasoningis
used.

N-Q.A.1 | evidenceofreasoning | demonstrates some | eitherrefertoa to a correctgraph
to supportthe reasoningin correctgraphor frompart(a)or
answer. explaining the providesound providesreasoning
OR answer. reasoningtosupport | andcalculationsto
Studentleaves item the answer. explaintheanswer.
blank. OR

Studentanswers
incorrectlybecause
either thegraphin
part(a)isincorrect,
andthegraphis
referenced or
becausea minor
calculation error is
made, butsound
reasoningisused.
c Studentanswers Studentanswers Studentanswers 12 Studentanswers 12
incorrectlywith no incorrectlybut miles butdoes not miles and either
N-Q.A.1 | evidenceofreasoning | demonstrates some | either refer tothe references correct

work frompart(a)or
provides reasoning
and calculations to
supporttheanswer.
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2 a Studentleaves the Student either begins | Studentanswers Studentanswers
questionblank. with an assumption beginning withthe beginning withthe
N-Q.A.3 | OR thatis notbasedon | ideathatwateris idea thatwater is
Student provides an the evidence of water | beingused ata rate beingused ata rate
answer thatreflects beingusedata rate of approximately 10 of approximately 10
noor very little of approximately 10 liters/secondatnoon | liters/secondatnoon
reasoning. liters/secondatnoon. | butmakes anerrorin | and makes correct
OR the calculations to calculations to extend
Studentuses poor extend and combine | and combinethat
reasoningin thatrateto consider | ratetoconsider usage
extendingthat usageacross 24 across 24 hours.
readingto consider hours. AND
total useacross 24 OR Studentdefends the
hours. Studentdoes not choice by explaining
defend the choiceby | water usageacross
explaining water the 24 hours and how
usageacross the 24 itcomparesto the
hours and howit readingtaken at
comparesto the noon.
readingtaken at
noon.
b Studentleaves the Student provides an Studentanswer Studentanswer
questionblank. answer thatisoutside | ranges fromto the ranges fromto the
N-Q.A.3 OR oftherangefromto | nearesttento tothe nearestten to to the
Student provides an the nearestten to to nearesthundred but | nearesthundred and
answer thatreflects thenearesthundred. | is notwell supported | is supported by
noor very little OR by sound reasoning. correctreasoning that
reasoning. Student provides an OR is expressed
answer thatis within | Studentanswer accurately.
the rangebutis not containsanerrorin
supported by an the way the
explanation. explanationis
written, evenifitis
clear whatthe
student means to say.
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c Studentleaves the Studentanswerisnot | Studentanswerisin Studentanswerisin
questionblank. intherangeof 6 to the rangeof 6 to 48 the range of 6 to 48
N-Q.A.3 |OR 48 checks but checks butisonly checks, and student
Student provides an provides some givenintheform of provides solid
answer thatreflects reasoning to justify x checks per minute | reasoningto support
noor very little the choice. or x checks per hour; | theanswer.
reasoning. OR the answer is well
Studentanswerisin | supported bya
thatrange, perhaps written explanation.
written intheformof | OR
every x minutes or Studentanswer is
every x hoursbutis given interms of
notsupported byan | number of checks but
explanation with solid | is not well supported
reasoning. by a written
explanation.
3 a Studenteither does Studentanswersone | Studentanswerstwo | Studentanswersall
notanswer. or two of thethree ofthe threecorrectly | threecorrectly.
A-SSE.A.1a | OR correctly butleaves | and makes a
A-SSE.A.1b | Studentanswers the other oneblank reasonable attempt
incorrectlyfor all or makes a gross atdescribing what
three expressions. errorin describing the other one
whatitrepresents. represents.
b Studenteither does Studentunderstands | Studentunderstands | Studentunderstands
notanswer. thatthe expressions | thatthe expressions | thatthe expressions
A-SSE.A.1a | OR representa portion of | representa portion of | representa portion of
A-SSE.A.1b | Studentanswers the orders foreach the orders foreach the orders foreach
incorrectlyfor all color but color and correctly color, correctly
three parts of the mis-assigns thecolors | determines which determines which
question. and/or incorrectly oneis largerbuthas | oneislarger,and
determines which errorsinthewaythe | providesa
oneis larger. answeriswordedor | well-written
does notprovide explanation for why.
supportforwhyL
m+n
islarger.
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A-SSE.A.1b | Studentleaves the Student gets to the Student attempts to Student correctly uses
A-SSE.A.2 | questionblank. correctrewritten usestructureto the process described
OR expression of rewritethe to arriveat8x + 24
Studentis unableto 8x + 24 butdoes so | expressionas without multiplying
rewritethe by multiplying outthe | described, showing outlinearfactorsand
expression factorsfirst. the process, but demonstrates the
successfully,evenby | OR student makes errors | steps for doingso.
multiplying outthe Studentdoes not intheprocess.
factorsfirst. show the work
needed to
demonstrate how
8x +24is
determined.
a-b Studentis unableto Studentis only able Studentsuccessfully | Studentanswersall
respond to manyof to comeup withone | answerspart(a)and | four partscorrectly
A-SSE.A.2 | the questions. option for part(a) identifies thatthe and completely.
OR and, therefore, has expressions created
Student leaves only partialworkfor | inpart(b)arenot
severalitems blank. part(b). equivalent, butthere
OR areminorerrorsin
Studentanswers Yes | the answering of the
for the question remaining questions.
aboutequivalent
expressions.
a Studentleaves at Studentanswersone | Studentcompletes Student completes all
leastthreeitems or two items circlingtask correctly | fouritemcorrectly,
A-SSE.A.2 | blank. incorrectlyor leaves | and providesa including exact
OR oneor moreitems correctordering of placement of
Studentanswers at blank. symbolsinthebox, parenthesesand
leastthreeitems butthe answer does | symbolsfor thebox:
incorrectly. notuseparentheses | x-(3-x).
or multiplication dots.
b Studentdoes not Student attempts Student attempts Student completes
complete either proof | both proofs but both proofs but both proofs correctly,
A-SSE.A.2 | successfully. makes minorerrorsin | makes anerrorinone | and thetwo proofs
both. of them. aredifferentfrom
OR oneanother.
Studentonly
completes one proof,
with or without
errors.
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7 a Studentleaves the Student makes more | Studentmakes a Student multiplies
questionblank or thanoneerrorinhis | minorerrorinthe correctlyand
A-APR.A.1 | demonstrates no multiplicationbut multiplication. expressesthe
understanding of demonstrates some resultingpolynomial
multiplication of understanding of as a sumof
polynomials. multiplication of monomials.
polynomials.
b Studentleaves the Studentuses Student makes only Student makes no
questionblank or languagethatdoes minor errorsinthe errors in the use of
A-APR.A.1 | does not notindicatean useof mathematically | mathematically
demonstratea level understanding of correctlanguageto correctlanguageto
ofthinkingthatis basex and/orthe relatethe new relatethe new
higher than whatis placevaluesystem. number totheoldin | numbertotheoldin
giveninthe Studentmay use terms of placevalue | terms of placevalue
problem’s description | languagesuchas and/or theuseof and/or theuseof
of Ahmed’s thinking. | shifting or moving. basex. basex.
8 a—c Studentshows Student makes Student makes oneor | Studentcompletes all
limited orno multipleerrors but two minor errorsbut | products correctly,
A-APR.A.1 | understanding of shows some demonstrates expressingeachasa
polynomial understanding of knowledge of sum of monomials
multiplicationandof | polynomial polynomial with like terms
evaluatinga multiplication. multiplicationand collected and
polynomial forthe Student may not combiningliketerms | evaluated correctly
givenvalue of x. combineliketerms to | to createthe new when x is 10.
presenttheproduct | polynomial. Student
as thesumof alsoshows
monomials. understanding of
evaluatinga
polynomial forthe
givenvalueof x.
d Studentshows Student makes Student makes oneor | Studentcorrectly
limited orno multiple errors but two minorerrorsbut | multipliesthe
A-APR.A.1 | understandingof shows some demonstrates polynomialsand
polynomial understanding of knowledge of expressesthe product
multiplicationandof | polynomial polynomial as a polynomialin
evaluatinga multiplication. multiplicationand standardform.
polynomial forthe Student may combine | combiningliketerms | Studentcorrectly
givenvalue of x. liketerms to present | to createthenew evaluates with a value
the productasthe polynomial. Student | of 10 and answers
sumof monomials. alsoshows Yes.
Studentget an understanding of
incorrectresultwhen | evaluatinga
evaluating with polynomial forthe
x =10. given value of x.
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A-APR.A.1

Studentis unableto
demonstratean
understanding that
part (iii)is No and/or
demonstrates limited
or no understanding
of polynomial
multiplication.

Student may make
someerrorsashe
multiplies the
polynomialsand
expressesthe product
as asumof
monomials. Student
may makesome
errors inthe
calculation of the
valueofthe
polynomial when x is
10. Student
incorrectlyanswers
part (iii) or applies
incorrectreasoning.

Student may make
minor errorsin
multiplying the
polynomialsand
expressing the
productasa sum of
monomials. Student
may make minor
errors in calculating
the valueofthe
polynomial when xis
10. Studentexplains
thatthe hypothesized
equation beingtrue
when x =10 does
notmakeittruefor
all real x and/or
explainsthatthetwo
expressions arenot
algebraically
equivalent.

Student correctly
multiplies the
polynomialsand
expressesthe product
as a sumof
monomials with like
terms collected.
Studentcorrectly
calculatesthevalue
of the polynomial
when x is 10.
Studentexplainsthat
the hypothesized
equation beingtrue
when x = 10 does
notmakeittruefor
all real x and/or
explainsthatthetwo
expressionsarenot
algebraically
equivalent.
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Name Date

1. Jacob lives on astreet that runs east and west. The grocery store is to the east and the post office is to
the west of his house. Bothare on the same street as his house. Answer the questions below about the
following story:

At 1:00 p.m., Jacob hops in his car and drives at a constant speed of 25 mph for 6 minutes to the post
office. After 10 minutes at the post office, he realizeshe is late, and drives at a constant speed of 30 mph
to the grocerystore, arriving at 1:28 p.m. He then spends 20 minutes buying groceries.

a. Drawagraph that shows the distance Jacob’s caris from his house with respect to time. Remember
to label your axes with the units you chose and any important points (home, post office, grocery

store).
oPree -
A @ : A
) | -
miles ) 1 hour . .
25 X 6 minutes X ——————— = 2.5 miles from house to post office
hour 60 minutes
miles . 1 hour . .
30 X 12 minutes X —————— = 6 miiles from post office to store
hour 60 minutes

6 miles — 2.5 miles = 3.5 miles from home to store
6 miles in 12 minutes s 1 mile in 2 minutes

s0 2. 5 miles takes 5 minutes and 3.5 miles takes 7 minutes

!
3
4,

Y ovv)
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b. Onthe wayto the grocerystore, Jacob looks down at his watch and notes the time as he passes his
house. What time is it when he passes his house? Explain how you found your answer.

It is 1:21 p.m. The graph shows the time as 21 minutes past 1:00 p.m. He spent 6
minutes getting to the post office, 10 minutes at the post office, and 5 minutes getting
from the post office to the point of passing by his house. You know it took 5 minutes for
the last part because he traveled 30 miles per hour and went 2.5 miles.

60 minutes _

2.5 miles XBO—V\/\HQS— 5 munutes

c. If hedrives directly back to his house after the grocery story, what was the total distance he traveled
to complete his errands? Show how you found your answer.

12 miles.
2.5 miles+ 6 miles+ 3.5 miles =12 miles

You know it is 2.5 miles from the house to the post office because
miles 1 hour

25hour x 6 minutes x m =2.5 VV\l(es.
oo . . miles .
You know it is & miles from the post office to the store because 30— x 12 minutes x
_Thour o piles
60 minutes '
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2. Jason is collecting data on the rate of water usage in the tallest skyscraper in the world during a typical
day. The skyscraper contains both apartmentsand businesses. The electronic water meter for the
building displays the totalamount of water used in liters. At noon, Jason looks at the water meter and
notes that the digit in the ones place on the water meter display changes too rapidly to read the digit and
that the digit in the tens place changesevery second or so.

a. Estimatethe total number of liters used in the building during one 24-hour day. Take into account
the time of day when he made his observation. (Hint: Will water be used at the same rate at
2:00 a.m. asat noon?) Explain how you arrived at your estimate.

[iters 6Osecom{s minutes
X — X —_—
second minute hour

x 18 hours= 648000 liters

Since water is probably only used from about 5:00 a.m. to 11:00 p.m., | did not
multiply by 24 hours, but by 18 hours instead.

b. Towhatlevel of accuracycan Jason reasonably report a measurement if he takesit at precisely
12:00 p.m.? Explain your answer.

It can be reported within £10 liters, since he can read the 10’s place, but it is changing
by a 10 during the second he reads it.

c. The meter will be checked at regulartime spans (for example, every minute, every 10 minutes, and
every hour). What is the minimum (or smallest) number of checks needed in a 24-hour period to
create areasonably accurate graph of the water usage rate with respect to time? (For example, 24
checks would mean checking the meter every hour; 48 checks would mean checking the meter every
half hour.) Defend your choice by describing how the water usage rate might change during the day
and how your choice could capture that change.

24 checks. Every hour would be good to show the peaks in usage during morning and
evening hours from those in the apartments. And it might also show that businesses
stop using it after business hours. It would depend on what portion of the buildingis
business vs. apartments.
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3. A publishing company orders black and blue ink in bulk for its two-color printing press. To keep things
simple with its ink supplier, each time it places anorder for blue ink, it buys B gallons, and eachtime it
places an order for black ink, it buys K gallons. Over a one-month period, the company places m orders
of blue ink and n orders of black ink.

a. What quantities could the following expressions represent in terms of the problem context?

m+n Total number of ink orders over a one-month period.

mB + nK Total number of ink orders over a one-month period.

mB +nK

" Total number of ink orders over a one-month period.
m+n

b. The company placed twice as many orders for black ink than for blue ink in January. Give
interpretations for the following expressions in terms of the orders placed in January,

m n
and :
m+n m+n

and explain which expression must be greater using those interpretations.

MV:\ is the fraction of orders that are for blue ink.
n
W\V: is the fraction of orders that are for black ink.
n
" would be bigger, 2 times as big as ™ because they ordered twice as many
m+n m+n

orders for black ink than for blue ink.
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Sam says that he knows a clever set of steps torewrite the expression

(x+3)(3x+8)—3x(x+3)

as a sum of two terms where the steps do not involve multiplying the linear factorsfirst and then
collecting like terms. Rewrite the expression as a sum of two terms (where one termis a number and the
other is a product of a coefficient and variable) using Sam’s steps if you can.

((Bx + 8)—3x)(x + 3)
8(x + 3)
8X + 24

Using only the addition and multiplication operations with the numbers 1, 2, 3, and 4 each exactly once,
it is possible to build a numeric expression (with parentheses to show the order used to build the
expression) that evaluatesto 21. For example, 1 + ((2 +3)- 4) is one such expression.

a. Build two more numeric expressions that evaluate to 21 using the criteria above. Both must be
different from the example given.

1+2) - B3+4)=21

(+4+1)-3=21
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b. Inboth of your expressions, replace 1 with a, 2 with b, 3 with ¢, and 4 with d to get two algebraic
expressions. For example, a + ((b +c) - d) shows the replacementsfor the example given.

(a+b)-(c+d)=ac+ad+bc+bd
((b+d)+a)-c=ac+bc+dc

Are your algebraic expressions equivalent? Circle: Yes

= |fthey areequivalent, prove that they are using the properties of operations.
= |f not, provide two examples:

(1) Find four different numbers (other than0, 1, 2, 3, 4) that when substituted for a, b, c,
and d into each expression, the expressions evaluate to different numbers, and

a=5 b=10 c¢=20 d=30
(5+10) - 20 +30)=750

(10+30)+5)-20=a00

(2) Find four different, nonzero numbers that when substituted into each expression, the
expressions evaluate to the same number.

5,6,11,7 (ac+ad + bc + bd) needs to equal (ac + be + dc);
(5+6) - (11+7)=11-18=198 so, (ad + bd) needsto equal (dc);
q
(6+7)+5)-11=18-11=198 so, (a+b) needsto equal c.
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6. The diagram below, when completed, shows all possible ways to build equivalent expressions of
3x? using multiplication. The equivalent expressions are connected by labeled segments stating which
property of operations, A for associative property and C for commutative property, justifies why the two
expressions are equivalent. Answer the following questions about 3x? and the diagram.

@A/ @

Y
3-(x-x) (x-3)-x

(3-x)-x :@‘ X (3 K)
®
~.© >
@

©

(x-x)-3

a. Fill in the empty circles with A or Cand the empty rectangle with the missing expression to complete
the diagram.

b. Using the diagram above to help guide you, give two different proofs that (x - x) -3 = (3-x) - x.

1. (x-x) - 3=x-(x3) by associative property
X-(x-3)=x-(3"x) by commutative property
X (3-x)=(3-x)-x by commutative property
2. (x-X)-3=3-(xx) by commutative property
3-(xx)=(3%"x by associative property
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7. Ahmed learned: “To multiply a whole number by ten, just place a zeroat the end of the number.” For
example, 2813 X 10, he says, is 28,130. He doesn't understand why this rule is true.

a. What is the product of the polynomial 2x3 + 8x2 + x + 3 times the polynomial x?

2x* + 8x% + x* + 3x

b. Use part(a) asahint. Explain why the rule Ahmed learned is true.

When you multiply by the same number as the base, it creates a new number where

eachdigit in the original number is now one place value higher so that there is nothing

left (no numbers) to representthe ones digit, which leads to a trailing “O” in the ones

digit.
8.
a. Find the following products:
. (—Dkx+1)
X +Xx—x—1
x> - 1
i. (x—1D*+x+1)
X+ X+ x—xF—Xx—1
x>—1
i. (=D +x2+x+1)
X'+ xZ X=X —xF—x—1
x*—1
iv. (x—Dx*+ x3+x2+x+1)
X2+ P+ X=X PP —x—1
x°—1
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V. =DM x4+ a3 +x2 +x+1)

XV\+1 -1

b. Substitute x = 10 into each of the products from parts (i) through (iv) and your answers to show
how each of the products appears as a statement in arithmetic.

l. 10-1)-(10 +1) =(100-1)
9-(11)=99

il. (10-1)-(100+10+1)=(1000-1)
q9-(111)=999

ii.  (10-1) (1000 + 100+ 10+ 1) = (10000 — 1)
q-(1111) = 9,999

iv.  (10-1)- (10000 + 1000 + 100 + 10 + 1) = (L0000 — 1)
q-(11111)=99,999

c. Ifwe substituted x = 10into the product (x — 2)(x” + x® + x> + x* + x3 + x2 + x + 1) and
computed the product, what number would result?

8:(11111111)=88888888

d. Multiply (x — 2)and (x” + x° + x° + x* + x3 + x? + x + 1) and express your answer in standard
form.

XS+ X7+ X+ X7+ XK+ X—2XT 2K —2x% —2XF—2XP—2X* —2X— 2
K8 —XT =Xl —x° =Xt =P —X*—x -2

Substitute x = 10 into your answer and see if you obtain the same result as you obtained in part (c).

102-10"-10°-10°-10"-10°-10°-10-2=883888888
Yes, | get the same answer.

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 131

o Their Graphs
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Mid-Module Assessment Task Rk

ALGEBRA |

e. Francois says (x — 9)(x” + x® + x° + x* + x3 + x2 + x + 1) must equal x7 +x° + x> + x* +
x3 4+ x? + x + 1 because when x = 10, multiplying by x — 9 is the same as multiplying by 1.

i.  Multiply (x —=9)(x7 +x°+ x>+ x* +x3 +x%2 +x + 1).

X8 —8x7—8x6—8x°—8x*—8x>—8x*—8x— 9

ii. Putx =10 intoyour answer.

100000000 — 80 OOOOOO — 8 OOOOOO — 80OOOO — 80OOO— 8000 —800— 80— 9

100000000—-88 888889=11111111

Isit the sameas x” + x® + x° + x* + x3 + x2 + x + 1 withx = 10?

Yes.

iii. Was Francois right?

No, just because it is true when x is 10, doesn’t make it true for all real x. The two
expressions are not algebraically equivalent.
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Topic C
Solving Equations and Inequalities

A-CED.A.3, A-CED.A.4, A-REI.A.1, A-REI.B.3, A-REI.C.5, A-REI.C.6, A-REI.D.10, A-REI.D.12

Focus Standards: A-CED.A3  Representconstraints by equations or inequalities, and by systems of
equationsand/orinequalities, and interpret solutions as viable or non-viable
options ina modeling context. Forexample, representinequalities describing

nutritional and cost constraints on combinations of different foods.*

A-CED.A4 Rearrangeformulas to highlighta quantity of interest, usingthe same
reasoningasinsolvingequations. Forexample, rearrange Ohm’slawV = IR

to highlight resistance R.*

A-REI.A.1 Explain each stepinsolvinga simple equation as following from the equality of
numbers asserted atthe previous step, starting fromthe assumption thatthe
originalequationhasa solution. Constructa viableargumentto justify a
solution method.

A-REI.B.3 Solvelinear equations and inequalitiesinonevariable, including equations
with coefficients represented by letters.

A-REI.C.5 Provethat, given a system of two equations in two variables, replacing one
equation by thesum of thatequationanda multiple of the other produces a
systemwith thesamesolutions.

A-REI.C.6 Solve systems of linear equations exactly and approximately (e.g., with graphs),
focusing on pairs of linear equations in two variables.

A-REI.D.10  Understand thatthegraph of an equationin two variablesisthesetofall its
solutions plotted in the coordinate plane, often forminga curve (whichcould
be aline).

A-REI.D.12 Graphthesolutionsto a linearinequality intwo variables as a half-plane
(excludingtheboundary inthe case of a strictinequality), andgraph the
solution setto a system of linearinequalities intwo variables as the
intersection of the corresponding half-planes.
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Instructional Days: 15

Lesson10: Trueand False Equations (P)?!
Lesson11l: SolutionSets for Equations andInequalities (P)
Lesson12: SolvingEquations (P)
Lesson13: Some Potential Dangers When Solving Equations (P)
Lesson14: SolvingInequalities (P)
Lesson15: SolutionSets of Two or More Equations (orInequalities) Joined by “And” or “Or” (E)
Lesson16: Solvingand GraphingInequalities Joined by “And” or “Or” (P)
Lesson17: EquationsInvolving FactoredExpressions (S)
Lesson 18: EquationsInvolvinga Variable Expressionin the Denominator (P)
Lesson19: RearrangingFormulas (P)

Lessons20: SolutionSets to Equations with Two Variables (P)

Lessons21: SolutionSets to Inequalities with Two Variables (P)

Lessons22-23: SolutionSets to Simultaneous Equations (P, E)

Lesson24: Applications of Systems of Equations and Inequalities (E)

Teaching the process of how to solve anequation is fraught with well-meaning models and procedures
suggested by textbook curricula (balance scales, algebra tiles, equivalent equations, etc.)that are often
incompatible with what it actually means “to solve.” An equation withvariables canbe viewed as a question
asking for which values of the variables (the solution set) will result in true number sentences when those
values are substituted into the equation. Equations are manifestly about numbersand understanding true
and false number sentences. In Algebra |, the application of this idea expands to include solutions to
compound statementssuch as equations or inequalities joined by “and” or “or,” including simultaneous
systems of equations or inequalities.

The Common Core Learning Standards rightfully downplay the notion of equivalent equations and instead
place a heavy emphasis on students studying the solution sets to equations. In Lessons 12-14 of this topic,
students formalize descriptions of what they learned before (true/false equations, solution sets, identities,
properties of equality, etc.)and learn how to explain the steps of solving equations to construct viable
argumentsto justify their solution methods. They then learn methods for solving inequalities, again by
focusing on ways to preserve the (now infinite) solution sets. With these methods now on firm footing,
students investigate in Lessons 15-18 solution sets of equations joined by “and” or “or” and investigate ways
to change an equation such as squaring both sides, which changesthe solution set in a controlled (and often
useful) way. InLesson 19, students learn to use these same skills as they rearrange formulas to define one
quantity in terms of another. Finally, in Lessons 20-24, students apply all of these new skills and
understandings as they work through solving equations and inequalities with two variables including systems
of such equations and inequalities.

1Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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= Students understandthatanequationis a statement of equality between two expressions. When values are

substituted forthevariables in an equation, the equation is eithertrue or false. Students findvalues to assign
to thevariablesin equations that make the equations true statements.

Classwork

Exercise1l (5 minutes)

Givestudents afew minutes to reflect on Exercise 1. Then, ask students to sharetheirinitial reactions and thoughtsin
answering the questions.

Exercise 1

Consider the statement: “The president of the United States is a United States citizen.”

Is the statement a grammatically correctsentence?

Yes

What is the subject of the sentence? What is the verb in the sentence?

President Is

Is the sentence true?

Yes

Consider the statement: “The president of France is a United States citizen.”

Is the statement a grammatically correctsentence?

Yes

What is the subject of the sentence? What is the verb in the sentence?

President Is

Is the sentence true?

No

EUREKA
MATH

Lesson 10: True and False Equations

©2015 Great Minds. eureka-math.org

135



A STORY OF FUNCTIONS

Lesson 10 Rk}

ALGEBRA |

Consider the statement: “2+3=1+4."

This is a sentence. What is the verb of the sentence? What is the subject of the sentence?

Equals 2+3

Is the sentence true?

Yes

Consider the statement: “2+3 =9+ 4.”

Is this statement a sentence? And if so, is the sentence true or false?

Yes False

Hold a general class discussionabout parts (c)and (d) of the exercise. Besureto raise the following points:

= Oneoften hears the chimethat “mathematicsisalanguage.” Andindeeditis. For us reading this text, that
languageis English. (And if this text were written in French, thatlanguage wouldbe French, orif this text were
written in Korean, thatlanguage would be Korean.)

= A mathematical statement,suchas2+ 3 = 1+ 4, is a grammaticallycorrect sentence. The subject of the
sentenceis the numerical expression“2 4+ 3”,and its verbis “equals” or “is equal to.” The numerical
expression “1 4+ 4” renames thesubject (2 4+ 3). Wesaythatthestatementis true because these two
numerical expressions evaluate to the same numerical value (namely, five).

=  The mathematical statement2 4+ 3 = 9 4 4 isalso agrammaticallycorrect sentence, butwesay itis false
becausethe numerical expressionto the left (the subject of the sentence) and the numerical expressionto the
rightdo notevaluate to the same numericalvalue.

(Perhapsremindstudents of parts (a) and (b) of the exercise: Grammatically correct sentences canbefalse.)

. Recall the definition:

A number sentence is a statement of equality between two numerical expressions.

A number sentence is said to be true if both numerical expressions are equivalent (that is, both evaluate to the same
number). It is said to be false otherwise. True and false are called truth values.

Exercise2 (7 minutes)

Havestudents complete this exercise independently, andthen review theanswers as a class.

Exercise 2

Determine whether the following number sentences are true or false.

EUREKA
MATH
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1 5
—+—=1.2-0.075
2 8

True

c.  (71-603)-5876 = 603 - (5876 - 71)

True. The commutative and associative properties of multiplication demand these numerical expressions
match.

d 13 x175=13x90 +85 x13
True. Notice the right side equals 13 X (90 + 85).

e. (74+9)*=7%+9?

False

f. T =3.141

False (The value of Tt is not exactly 3.141.)

g. J@+9=va+/9

False

I 32 x 4% =122

True

m.  3%2x43=12°

False

n. 3?2x3%=3%

True

EUREKA Lesson 10: True and False Equations
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Allow students to answer the questions in theirstudent materials, and then discusswith the class.

Exercise 3

a.
b.

Could a number sentence be both true and false?

Could a number sentence be neither true nor false?

A number sentence has a left-hand numerical expression that evaluates to a single number and has a right-
hand numerical expression that also evaluates to asingle numerical value. Either these two single values
match or they do not. A numerical sentence is thus either true or false (and not both).

An algebraic equation is a statement of equality between two expressions.

Algebraic equations can be number sentences (when both expressions are numerical), but often they contain
symbols whose values have not been determined.

Exercise4 (6 minutes)

Exercise 4

a.

Which of the following are algebraic equations?

iv.

V.

3.1x—11.2=2.5x+2.3
107 + 3 = 9972

mw+mw=2m
1 1 2
2 2 4
797 + 70m? - S6m + 87 = A28

All of them are all algebraic equations.

Which of them are also number sentences?

Numbers (ii), (iii), (iv), and (v). (Note that the symbol T has a value that is already stated or known.)

For each number sentence, state whether the number sentence is true or false.

(ii) False, (iii) True, (iv) False, (v) False. Note that (ii) and (v) are both very close to evaluating to true. Some
calculators may not be able to discern the difference. Wolfram Alpha’s web-based application can be used to

reveal the differences.

Exercise5 (9 minutes)

Discuss thethree cases for algebraic equations given inthe student materials, andbased on the preparedness of

students, complete the exercise as a whole class, in small groups, inpairs, or individually.

EUREKA
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Exercise 5
When algebraic equations contain a symbol whose value has not yet been determined, we use analysis to determine
whether:

a. The equation is true for all the possible values of the variable(s), or

b. The equation is true for a certain set of the possible value(s) of the variable(s), or

c. The equation is never true for any of the possible values of the variable(s).

For each of the three cases, write an algebraic equation that would be correctly described by that case. Use only the
variable, x, where x represents a real number.

a. 2(x+ 3) = 2x + 6; by the distributive property, the two expressions on each side of the equal sign are
algebraically equivalent; therefore, the equation is true for all possible real numbers, x.

b. x + 5 = 11; this equation is only a true number sentence if x = 6. Any other real number would make the
equation a false number sentence.

c x* = —1; there is no real number x that could make this equation atrue number sentence.

Shareand discuss some possible answers for each.

Example 1 (4 minutes)

Example 1
Consider the following scenario.
Julie is 300 feet away from her friend’s front porch and observes, “Someone is sitting on the porch.”

Given that she did not specify otherwise, we would assume that the “someone” Julie thinks she seesis a human. We
cannot guarantee that Julie’s observational statement is true. It could be that Julie’s friend has something on the porch
that merely looks like a human from far away. Julie assumes she is correct and moves closer to see if she can figure out
who it is. As she nears the porch, she declares, “Ah, it is our friend, John Berry.”

= Oftenin mathematics, we observe a situationand make a statement we believeto betrue. Justas Julieused
the word “someone”, in mathematics we use variables in our statements to represent quantities not yet
known. Then,justasJuliedid, we “getcloser” to study the situationmore carefully and find outif our
“someone” existsand, ifso, “who” itis.

=  Noticethatwearecomfortable assuming thatthe “someone” Julie referred to is a human, even though she
did notsayso. Inmathematics we have a similarassumption. Ifitis notstated otherwise, weassumethat
variablesymbols representa real number. Butin somecases, we mightsaythevariablerepresentsaninteger
or aneven integer or a positive integer, for example.

= Stating whattypeof number the variable symbol represents is called stating its domain.

Exercise 6 (6 minutes)

= Inthesentencew? = 4,w canrepresentanyreal number we careto choose (its domain). Ifwe chooseto letw
be 5, then the number sentenceisfalse. If weletw = 2,then the sentenceis true. Isthereanothervalue for
w thatwould alsomakethesentencetrue?

now=-2

EUREKA Lesson 10: True and False Equations 139
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Exercise 6
Name a value of the variable that would make each equation a true number sentence.
Here are several examples of how we can name the value of the variable.
Let w = —2. Then w? = 4 is true.
w? = 4is true when w = —2
w? = 4istrue f w = —2
w? = 4is true forw = —2and w = 2.
There might be more than one option for what numerical values to write. (And feel free to write more than one
possibility.)
Warning: Some of these are tricky. Keep your wits about you!
a. Let . Then, 7 +x = 12 is true.
x=5
37.
b. Let . Then,3r+ 0.5 = 5 is true.
r=6
c. m®=—125is true for
m= -5
d. A number x and its square, xz, have the same value when
x =1orwhenx=0
e. The average of 7 and nis —8 if
n =-23
f. Let . Then, 2a = a+ ais true.
a = any real number
g. q +67 = q +68is true for
There is no value one can assign to q to turn this equation into a true statement.
Exit Ticket (5 minutes)
Lesson 10: True and False Equations
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Name Date

Lesson 10: True and False Equations

Exit Ticket

1. Consider the following equation, where a represents a real number: Va+ 1 = va+ 1.
Is this statementa number sentence? Ifso,isthesentencetrueor false?

2. Supposewearetoldthath hasthevalue4. Can wedetermine whether theequationbelowis trueor false? Ifso,
say whichitis;if not,statethatitcannotbe determined. Justify youranswer.

VBT =h+1

3. Forwhatvalueof cisthefollowing equation true?

Ve+rT=+c+1

EUREKA Lesson 10: True and False Equations 141
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are not the same value.

3.  For what value of cis the following equation true?

Vet1=vVe+1
Ve+1=+c+1,ifweletc = 0.

Is this statement a number sentence? Ifso, is the sentence true or false?

1. Consider the following equation, where arepresents a realnumber: va+ 1= +a+1.

No, it is not a number sentence because no value has been assigned to a. Thus, it is neither true nor false.

2.  Suppose we are told that b has the value 4. Can we determine whether the equation below is true or false? If so,
say which it is; if not, state that it cannot be determined. Justify your answer.

Vb+1=vb+1

False. The left-hand expression has value V4+ 1 = V5 and the right-hand expression has value 2 +1 = 3. These

Problem Set Sample Solutions

Determine whether the following number sentences are true or false.

1 18+7=3" 2. 3.123=09. 369%
true true

4. 5%2+122 =132 5. (2x2)* =256
true true

true nor false.

7. xy=-2 8. x+3y=-1
true true
10. 9y = —2x 1. =2
X
true
false

13. (x2+5)(3 +x"(100x% — 10)(100x% + 10) = 0 for

12.

(123 + 54)-4 =123+ (54-4)

false

4
—=1.333
3

false

. . 2 . . " .
In the following equations, letx = -3 andy = 3 Determine whether the following equations are true, false, or neither

x+z=4

Neither true nor false

For each of the following, assign a value to the variable to make the equation a true statement.
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14. J(x+1)(x+2) =+V20for
x=3o0or x=-6
15. (d + 5)* = 36for
d=1or d=-11
16. (2z +2)(z° — 3) + 6 = Ofor
z = 0seems the easiest answer.
1+x 3
17. = —for
1+x2 5
X = 2 works.
1+x 2
18. 2 = —for
1+x 5
x = 3 works, and so does x = — %
19. The diagonal of a square of side length L is 2 inches long when
L =Zinches
2
20. (T—+3) =T%+3for
T=0
1 x
21, — =—if
x 1
x=1andalso if x = -1
22. (z + (2 - (2 +(2-(2 +r))))) =1 for
r=-1
23. x+2=9 24, x+2%2=-9 25, —12t=12
forx =17 forx = —-13 fort=-1
27 ; l 28 L l
26. 12t =24 © 322 21
fort=2 forb =6 forb = -1
29. Vx+V5=Vx+5 30. (x—3)%2 =x% +(-3)? 31. x%=-49
forx =0 forx=10 No real number will make the
equation true.
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2 1 3

32. —+-=-
3 5 «x

5

forx—ﬁ

Fill in the blank with a variable term so that the given value of the variable will make the equation true.

33. x +4=12;x=8

34. 2x +4=12;x =4

Fill in the blank with a constant term so that the given value of the variable will make the equation true.

35. 4y—_0 =100; y=25 36. 4y—_24 =0;y=6

37. r+_0 = r; ris any real number. 38. rXx_1 =r; ris anyreal number.

Generate the following:

Answers will vary. Sample responses are provided below.

39. An equation that is always true 40. An equation that is truewhen x =0
2x +4 =2(x +2) x+2=2
41. An equation that is never true 42. An equation that is truewhen t = lort = —1
x+3=x+2 t2=1
43. An equation that is true when y = —0.5 44. An equation that is truewhen z =
2y+1=0 zZ_
T
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= Students understandthatanequation with variables is often viewed as a questionasking for the set of values
onecan assign to thevariables of the equation to make the equationa true statement. They seetheequation

as a “filter” thatsifts throughall numbers in the domain of the variables, sorting those numbers into two
disjointsets: thesolutionsetand theset of numbers forwhichthe equationisfalse.

= Students understandthe commutative, associate, anddistributive properties as identities (i.e., equations

whosesolutionsets aretheset ofall valuesin the domain of the variables).

Classwork

Example 1 (2 minutes)

=  Consider theequation shownin Example 1 of your student materials, x? = 3x + 4, where x represents a real

number.

=  Sincewehavenotstated thevalueof x, thisis nota number sentence.

Example 1
Consider the equation, x2=3x+ 4, where x represents a real number.
a. Are the expressions xZ and 3x + 4 algebraically equivalent?

No.

=  Then, we cannotguaranteetherewill beany real value of x that will makethe equationtrue.

b. The following table shows how we might “sift” through various values to assign to the variable symbol x in
the hunt for values that would make the equation true.
x-VALUE THE EQUATION TRUTH VALUE
letx =0 0> =3(0)+4 FALSE
letx =5 52=3(5)+4 FALSE
letx =6 6% =3(6)+4 FALSE
letx = —7 =7?=3(-7+4 FALSE
letx =4 42 =34)+4 TRUE
letx =9 92 =3(9)+4 FALSE
Letx = 10 107 =3(10) + 4 FALSE
letx = —8 (-8)*=3(-8)+4 FALSE

EUREKA Lesson 11: Solution Sets for Equations and Inequalities
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x? = 3x + 4 true. (This makesforquitea largetable!) Sofar, wehavefoundthatsetting x equalto 4 yields a

true statement.

= lookattheimageinyourstudent materials. Canyou seewhatishappening hereand how itrelatesto what

we have been discussing?

o Thenumbersaregoing down the roadandbeing accepted into the solution set or rejected based on

whetheror notthe equation is true.

o=y
4

1

|

*  Therehappens to bejustone morevalue we can assignto x that makes x? = 3x + 4 a true statement. Would
you liketo continue the search to find it?

o o x=-1

Example 2 (1 minute)

Example 2
Consider the equation 7 +p = 12.
p-VALUE THE NUMBER SENTENCE TRUTH VALUE
Let p=0 74+0=12 FALSE
let p=4
let p=1 +V2
1
Let p = pos
let p=5

EUREKA Lesson 11: Solution Sets for Equations and Inequalities
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=  Hereis atablethatcouldbeused to huntfor thevalue(s) of p that make the equation true:

p-VALUE THE EQUATION TRUTH VALUE
let p=0 7+0=12 FALSE
let p=4 7+4=12 FALSE

let p=1++V2 74+1+V2) =12 FALSE
Let p=,lr 7+%=12 FALSE
let p=5 7+5=12 TRUE

=  Butisatablenecessary forthisquestion? Isitobvious whatvalue(s) we couldassignto p to make the
equation true?

Discussion (2 minutes)

The solution set of an equation written with only one variable is the set of all values one can assign to that variable to
make the equation a true statement. Any one of those values is said to be a solution to the equation.

To solve an equation means to find the solution set for that equation.

= Recallthatitisusuallyassumedthatoneissiftingthroughallthereal numbersto findthe solutionstoan
equation, buta question or a situation might restrict the domain of values we should sift through. We might
be requiredto sift only through integer values, the positive real numbers, or the nonzero real numbers, for
example. The context of the question should make this clear.

Example 3 (1 minute)

Givestudents one minute or less to complete the exercise, and then discuss the answer.

Example 3

Solve for a: a? = 25.

We know that setting a = 5 or setting a = —5 makes a> = 25 a true statement. And a little thought shows that these
are the only two values we can assign to make this so. The solution set is just the set containing the numbers 5 and —5.
(And since the question made no mention of restricting the domain of values we should consider, we shall assume both
these values are admissible solutions for this question.)
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Discussion (6 minutes)

One can describe a solution setin any of the following ways:

IN WORDS: a? = 25 has solutions 5 and —5. (a? = 25 is true when a = 5ora = —5.)
IN SET NOTATION: The solution setof a? = 25 is {—5,5}.

IN A GRAPHICAL REPRESENTATION ON A NUMBER LINE: The solution set of a® = 25 is

A,

5-4-3-2-10 12 345

In this graphical representation, a solid dot is used to indicate a point on the number line that is to be included in the
solution set. (WARNING: The dot one physically draws is larger than the point it represents. One hopes that it is clear
from the context of the diagram which point each dot refers to.)

How set notation works:

. The curly brackets {} indicate we are denoting a set. Aset is essentially a collection of things (e.g., letters,
numbers, cars, people). Inthis case, the things are numbers.

. From this example, the numbers —5and 5 are called elements of the set. No other elements belong in this
particular set because no other numbers make the equation a? = 25 true.

. When elements are listed, they are listed in increasing order.

. Sometimes, a set is empty; it has no elements, in which case the set looks like { }. We often denote this with
the symbol, @. We refer to this as the empty set or the null set.

Exercise 1 (2 minutes)

Allow students to work independently, making sense of the problem and perseveringinsolvingit. Havethestudents
discuss the problemand its solution. As much as possible, let the students findthe way to the solution and articulate
how they know on their own, interjecting questions as needed to spawn more conversation.

Exercise 1
Solve for a: a*> = —25. Present the solution setin words, in set notation, and graphically.

IN WORDS: The solution set to this equation is the empty set. There are no realvalues to assign to a to make the
equation true.

IN SET NOTATION: The solution setis { } (the empty set).

IN A GRAPHICAL REPRESENTATION: The solution set is ]

&
wn
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Exercise2 (2 minutes)

Exercise 2

Depict the solution set of 7 + p = 12 in words, in set notation, and graphically.
IN WORDS: 7 + p = 12 has the solution p = 5.

IN SET NOTATION: The solution setis {5}.

IN A GRAPHICAL REPRESENTATION:

[ e
) ——

Example 4 (4 minutes)

Example 4

x
Solve — = 1 for x, over the set of positive real numbers. Depict the solution setin words, in set notation, and graphically.
x

=  The questionstatementindicates that we areto consider assigning values to x only fromthe set of positive
real numbers. Let’s createa tableto geta feel for the problem. (It mightactually be helpful this time.)

X-VALUE THE EQUATION TRUTH VALUE
2
Llet x =2 E =1 TRUE
7
Let x =7 Z=1 TRUE
0.01
Let x =0.01 —_— = TRUE
0.01
2 562%
Let x=562§ —2=1 TRUE
562§
100
Let x = 10100 0 TRUE
10100
T
let x =m —=1 TRUE
T
Itseems thateach and every positive real number is a solutionto this equation.
INWORDS: Thesolutionsetisthesetofall positive real numbers.
INSET NOTATION: Thisis{x real| x > 0}.
INA GRAPHICALREPRESENTATION: | | | | I wh : : _
T T T T s }x
5 3 =2 -1 0 1 2 3 4 3
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Discussion (4 minutes)

Some comments on set notation:

Ifitis possibleto listthe elements in a set, then one might do so; for example:
{—3,5,V40}is thesetcontaining thethreereal numbers —3,5,and v/ 40.

{1,2,3, ..., 10} is thesetcontaining the ten integers 1 through 10. (Theellipsisis used to state that the
pattern suggested continues.)

Ifitis notpossibleor noteasyto listthe elements in a set, then usethe notation:
{ variablesymbol numbertype | adescription }

For example:

{xreal | x > O}readsas, “Thesetofall real numbers thatare greater than zero.”

{p integer | =3 < p < 100}reads as, “Thesetofallintegers thatare greater thanor equal to —3 andless than
100.”

{yreal | y # O}readsas, “Thesetofall real numbers thatare notequal to zero.”
The vertical bar“|”in this notation is often read as “that” or “such that.”

Some comments on graphical representations are asfollows:

Oneuses solid dots to denote points on a numberline, real numbers, to beincluded in the solution setand
open dots to indicate points to be excluded.

Solid lines (possibly with arrows to indicate “extend indefinitely to the right” or “extend indefinitelyto the
left”) are used to indicateintervals of points on the number line (intervals of real numbers), all of whichare
includedin theset.

For example:

———o———e-

-3 - 10 1 2

.,,__
b
wh

representsthesetofreal numbers: {zreal | z < 1andz + —2}.

Exercise 3 (2 minutes)

Exercise 3
x

Solve — = 1 for x over the set of all nonzero real numbers. Describe the solution set in words, in set notation, and
x

graphically.

IN WORDS: The solution set is the set of all nonzero real numbers.

IN SET NOTATION: {xreal | x + 0}

IN A GRAPHICAL REPRESENTATION:

LR
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Example 5 (4 minutes)

Note thatthe followingexampleisimportantto discuss with care.

Example 5

Solve for x: x(3 + x) = 3x +x2.

=  Sinceitisnotspecifiedotherwise, we shouldagainassumethatweare considering solutions fromthe set of all
real numbers.

= |ndrawinga tableto siftfor possible solutions, students might cometo suspectthatevery real valuefor x isa
solutionto this equation.

= Thedistributive property states that, forall real numbers a, b, and c, the expressionsa(b + ¢) and ab + ac
aresureto havethe samenumerical value. The commutative property for multiplication states that, for all
real numbers d ande, theexpressions de and ed have the same numerical value.

=  Consequently, wecansay, foranyvalue weassignto x:
xB+x)=x-3+x?

thatis, x(3 +x) = 3x + x? issureto bea true numerical statement. This proves thatthe solution set to this
equationisthesetofall real numbers.

¢

| | |
I I 1
4 3 -2 -1 0 1 2 3 4 5

= |tisawkwardto expressthesetofallreal numbersinsetnotation. Wesimply write the “blackboardscript” R
fortheset of allreal numbers. (By hand, oneusually justdraws a doublevertical barinthe capital letter: I2..)

Exercise4 (2 minutes)

Exercise 4

Solve for a: a + a? = a(a +1). Describe carefully the reasoning that justifies your solution. Describe the solution set
in words, in set notation, and graphically.

IN WORDS: By the distributive property, we have a + a* = a(1 + ). This is a true numerical statement no matter what

value we assign to ct. By the commutative property of addition, we have a + a* = a(a + 1), which is a true numerical
statement no matter what real value we assign to a.

The solution set is the set of all real numbers.
IN SET NOTATION: The solution setis R.

—

I
5

IN GRAPHICAL REPRESENTATION:

)“
5

t,__
-
[ =3
:__

el
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Discussion (2 minutes)

=  Recall: Whatdoesitmeanfor two expressions to be algebraicallyequivalent?

@ Oneexpression can be converted to the other by repeatedly applying the commutative, associative, and
distributive properties orthe properties of rational exponents to either expression.

=  Whentheleftsideofan equationisalgebraicallyequivalentto the right side of an equation, what will the
solutionsetbe?

o Allreal numbers.

An identity is an equation that is always true.

Exercise5 (1 minute)

Exercise 5

Identify the properties of arithmetic that justify why each of the following equations has a solution set of all real
numbers.

a.  2x*+4x=2(+2x)

b.  2x% + 4x = 4x + 2x*

¢ 2x*P+4x=2x(2+x)
(a) Distributive property; (b) commutative property of addition; (c) multiple properties: distributive property,
commutative property of addition, and maybe even associative property of multiplication if we analyze the interpretation
of 2x* with extreme care.

Exercise 6 (2 minutes)

Exercise 6

Create an expression for the rightside of each equation such that the solution setfor the equation will be all real
numbers. (There is more than one possibility for each expression. Feel free to write several answers for each one.)

a. 2x—5=

b. x*+x=

c. 4-x-y-z=

d (x+2)?=
Sample answers: (a) —5+2x or 2 (x - g) (b) x +x* or x(x+1) or x(1+ x)
(c) Any rearranging of the factors (d) 2+x)* or x*+4x+4
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Closing/Example 6/Exercise 7 (5 minutes)

We can extend the notion of a solution set of an equationto that of a solutionset of an inequality(i.e., a

statement of inequality between two expressions).

For instance, we can make sense of the following example.

Example 6

Solve forw: w + 2 > 4.

In discussing this problem, have students realize

Have students describethesolutionsettow + 2 > 4 inwords, inset notation, and ingraphicalrepresentation.

An inequality between two numerical expressions alsohas a well-defined truthvalue: trueor false.

Justas for equations, one can “sift” through real values of the variablein an inequality to find those values that
makethe inequality a true statement. Thesolution set of aninequality isthesetof all real values that make

the inequality true.

IN WORDS: w must be greater than 2.

IN SET NOTATION: {w real |w > 2}

IN GRAPHICAL REPRESENTATION: r i i |
) — T H
3 .2 1 00 1 r 3 4w

Review their answers, andthen havethem complete Exercise 7.

Exercise 7

a. Solve for B: B> > 9. Describe the solution set using a number line.

b. What is the solution set to the statement: “Sticks of lengths 2 yards, 2 yards, and L yards make an isosceles
triangle”? Describe the solution set in words and on a number line.

L must be greater than 0 yards and less than 4 yards.

HHHH

0 4
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Lesson Summary

The solution set of an equation written with only one variable symbol is the set of all values one can assign to that
variable to make the equation a true number sentence. Any one of those values is said to be a solution to the
equation.

To solve an equation means to find the solution set for that equation.
One can describe a solution setin any of the following ways:

IN WORDS: a? = 25 has solutions 5 and —5. (a® = 25 is true when a = 5ora = —5.)
IN SET NOTATION: The solution setof a? = 25is {—5, 5}.

Itis awkward to express the set of infinitely many numbers in set notation. Inthese cases, we can use the
notation {variable symbol number type | a description}. For example, {x real | x > 0} reads, “x is a real number
where x is greater than zero.” The symbol R can be used to indicate all real numbers.

IN A GRAPHICAL REPRESENTAION ON A NUMBER LINE: The solution set of a> = 25 is as follows:

E E a
-5-4-3-2-10 12 34 53
In this graphical representation, a solid dot is used to indicate a point on the number line that is to be included in

the solution set. (WARNING: The dot one physically draws is larger than the point it represents! One hopes that it
is clear from the context of the diagram which point each dot refers to.)

Exit Ticket

(3 minutes)
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Name Date

Lesson 11: Solution Sets for Equations and Inequalities

Exit Ticket
1. Hereisthegraphical representation of a set of real numbers:

& =t
-2 1 2 3

1 ]
| |
4 3 2 -1 0 4 5

a. Describethissetofreal numbersinwords.

b. Describethissetofreal numbersinsetnotation.

c. Writeanequation oraninequality thathasthesetaboveasitssolutionset.

2. Indicatewhether each of the followingequationsis sureto havea solution set of all real numbers. Explainyour
answersforeach.

a. 3(x+1)=3x+1

b. x+2=2+x

c. 4x(x+1) = 4x +4x?

d. 3x(4x)(2x) = 72x3
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1.

2.

Here is the graphical representation of a set of real numbers:

éiﬁi

]
|
4 -3

]
|
2 -1 0

a. Describe this set of real numbers in words.
The set of all real numbers less than or equal to two.
b. Describe this set of real numbers in set notation.
{rreal | r < 2} (Students might use any variable.)
c. Write an equation or an inequality that has the set above as its solution set.

w — 7 < =5 (Answers will vary. Students might use any variable.)

Indicate whether each of the following equations is sure to have a solution set of all real numbers. Explain your
answers for each.

a. 3(x+1)=3x+1

No. The two algebraic expressions are not equivalent.

b. x+2=2+x

Yes. The two expressions are algebraically equivalent by application of the commutative property.

c 4x(x + 1) = 4x + 4x*

Yes. The two expressions are algebraically equivalent by application of the distributive property and the
commutative property.

d. 3x(dx)(2x) = 7243

No. The two algebraic expressions are not equivalent.
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For each solution setgraphed below, (a) describe the solution set in words, (b) describe the solution set in set notation,
and (c) write an equation or an inequality that has the given solution set.
1.
| | | | | | | | | P { I } i * ! l ?} } + +
I I I I I I I I I ¢>
5 4 3 2 1 0 1 3 4 5 S5 4 3 24 0 1.2 3 4 5
3
5
a. The setof all real numbers equal to 5 a. The set of all real numbers equal to ;
5
b. {5} b {3}
3
cx+2=7 c 3x=5
3.
| | | | | | Al | | A | | | | | | | | | ]
T 1> e
R I | 0 1 2 3 4 5 -5 4 3 -2 -1 0 1 2 3 4 5
a. The set of all real numbers greater than 1 a. The set of all real numbers less or equal to 5
b. {x real | x > 1} b. {x real | x < 5}
cx—1>0 c 2x <10
5. @l 11 [ N N TR NN R B
T I'» T $=€’»
504 3 -2 -1 0 1 2 3 4 5 5 4 -3 -2 -1 0 1 2 3 4 b}
a. The set of all real numbers not equal to 2 a. The set of all real numbers not equal to 4
b. {x real | x # 2} b. {x real | x # 4}
x—2 cx—1<3o0orx—1>3
c——=1
x—2
L T S T N SO N S B @«
l I I I I I I I I I I ~ I | | | | | | | | G
R I | 0 1 2 3 4 5 504 -3 -2 -1 0 1 2 3 4 5
a. The null set a. The setof all real numbers
b. {}or® b. {R}
¢ x2=—4 ¢ 2x—8=2(x—4)
Lesson 11: Solution Sets for Equations and Inequalities
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Fill in the chart below.
SOLUTION SET IN SOLUTION SET IN GRAPH
WORDS SET NOTATION
The set of real } | SO T )
% z=2 numbers equal to 2 2} 3 ‘ B z
The set of real I L9 )
10. z2=4 numbers equal to 2 {—2,2} . P z
or—2
The set of real
11. 4z +2 numbers "10 t equal {zreal | z # %} 1 O
to— z
2
The set of real } e T o
12. z-3=2 numbers equal to 5 {5} 3 ‘ s %
The set of real ’ L2 )
13. 2Z241=2 numbers equal to 1 {-1,1} H * , . z
or—1
_ The set of real t @ >
14 z=2z numbers equal to 0 {0} - c z
The set of real ! Ll )
15. z>2 numbers greater {zreal | z > 2} . 5 1 2 3 4 8 Z
than 2
16. z—6=2z—2 The null set {} J ' .- it "z
_ B The set of real zreal | z < 4 < D—+t=
17. z-6<-2 numbers less than 4 { I } 3 ‘ 4 z
18. 4(z—1)>4z—4 The set of all real R < ».
numbers ‘
For Problems 19-24, answer the following: Are the two expressions algebraically equivalent? If so, state the property (or
properties) displayed. If not, state why (the solution set may suffice as a reason), and change the equation, ever so
slightly (e.g., touch it up), to create an equation whose solution set is all real numbers.
19. x(4 —x%) = (—x* +4)x
Yes. Commutative.
2x
200 — =
2x
2x
No. The solution set is{x real | x + 0}. If we changed it to T = 2x, it would have a solution set of all real
numbers.
21, (x—-Dx+2)+x-1Dx-5=x—-1D2x-3)
Yes. Distributive.
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22,

25.

26.

v R
+
w R
I

it would have a solution set of all real numbers.

r-loo
[ R

X X
No. The solution set is {0}. If we changed it to E + E =

x% 4+ 2x% 4 3x* = 6x°

No. Neither the coefficients nor the exponents are added correctly. One way it could have a solution set of all real
numbers would be x* + 2x3 + 3x* = x*(1 + 2x + 3x?).

x3 +4x%+ 4x = x(x +2)?

Yes. Distributive.

6w+1

Solve for w: + 2. Describe the solution set in set notation.

1
{wreallw * 15}

Edwina has two sticks: one 2 yards long and the other 2 meters long. She is going to use them, with a third stick of
some positive length, to make a triangle. She has decided to measure the length of the third stick in units of feet.

a. What is the solution set to the statement: “Sticks of lengths 2 yards, 2 meters, and L feet make a triangle”?
Describe the solution set in words and through a graphical representation.

One meter is equivalent, to two decimal places, to 3.28 feet. We have that L must be a positive nhumber
greater than 0.56 and less than 12.56. Within these values, the sum of any two sides will be greater than
the third side.

a Pa
] UT T2 3 4 5 6 7 & =& w0 n 2l
0.56 12.56

b. What is the solution set to the statement: “Sticks of lengths 2 yards, 2 meters, and L feet make an isosceles
triangle”? Describe the solution set in words and through a graphical representation.

The solution set is the set of real numbers equal to 6 and 6.56.

101 2 3 4 5 647 8 9 10 11

—

6.56

c. What is the solution set to the statement: “Sticks of lengths 2 yards, 2 meters, and L feet make an
equilateral triangle”? Describe the solution set in words and through a graphical representation.

The solution set is the empty set.

10123 45¢6 7891011,
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Lesson 12: Solving Equations

Student Outcomes

= Students areintroduced to theformal process of solving anequation: startingfromthe assumption thatthe

original equationhas asolution. Students explaineachstep asfollowing fromthe properties of equality.
Students identify equations that have the same solutionset.

Classwork

Opening Exercise (4 minutes)

Opening Exercise
Answer the following questions.

a.  Why should the equations (x — 1)(x + 3) = 17 + x and (x —1)(x +3) = x + 17 have the same solution
set?

The commutative property

b.  Why should the equations (x — 1)(x + 3) = 17 + x and (x + 3)(x —1) = 17 + x have the same solution
set?

The commutative property

c. Do you think the equations (x —1)(x +3) =17 +x and (x — 1)(x + 3) + 500 = 517 + x should have the
same solution set? Why?

Yes. 500 was added to both sides.

d. Do you think the equations (x —1)(x +3) =17 +x and 3(x — 1)(x + 3) = 51 + 3x should have the same
solution set? Explain why.

Yes. Both sides were multiplied by 3.

Discussion (4 minutes)

Allow students to attempt to justify their answers for parts (a) and (b) above. Then, summarize with the following:

=  Weknowthatthecommutative and associative properties holdfor all real numbers. Wealso know that
variables are placeholders forreal numbers, andthe value(s) assigned to a variable that make anequation true
isthe“solution.” If weapplythe commutative andassociative properties of real numbers to an expression, we
obtain anequivalent expression. Therefore, equations created this way (by applying the commutativeand
associative properties to one or both expressions) consist of expressions equivalent to thosein the original
equation.

= |notherwords,if x isasolutionto an equation, then it will also be a solutionto any new equation we make by
applying the commutative and associative properties to the expression in that equation.
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Exercise1 (3 minutes)

Exercise 1

a. Use the commutative property to write an equation that has the same solution set as
x2=3x+4 = (x+ 7)(x — 12)(5).

—3x+x2+4=(x+7)5)(x—12)

b. Use the associative property to write an equation that has the same solution set as
x2—3x+4 = (x + 7)(x — 12)(5).
(x2-30)+4=((x+ 7 —-12))(5)

c. Does this reasoning apply to the distributive property as well?

Yes, it does apply to the distributive property.

Discussion (3 minutes)
= Parts (c)and (d)of the Opening Exerciserelyon key properties of equality. Whatarethey?

Call onstudents to articulate andcompare theirthoughts as a class discussion. In middle school, these properties are
simply referred to as the if-then moves. Introduce theirformal names to the class: the additive and multiplicative

properties of equality. While writingiton the board, summarize with the following:
=  So,whenevera = bistrue,thena+ c =b + c willalsobetrueforallreal numbers c.
=  Whatifa= b isfalse?
@ Thena+c =b + c willalso be false.
= |sitalsookaytosubtracta numberfromboth sides of the equation?
o Yes. Thisisthe same operation as addingthe opposite of that number.

=  Whenevera = b istrue, then ac = bc will alsobetrue,and whenever a = b isfalse, ac = bc will alsobefalse
for all nonzero real numbers c.

= So,we havesaid earlier thatapplying the distributive, associative, and commutative properties does not
changethesolutionset,andnow we seethatapplying the additive and multiplicative properties of equality
alsopreserves thesolutionset (does notchangeit).

*  Supposelseetheequation|x|+ 5 = 2. (Writethe equation on theboard.)

= |sittrue then,that|x| +5—5 =2 —5? (Writetheequationontheboard.)

[ Allowstudents to verbalize their answers and challenge each other if they disagree. Ifthey all say yes, prompt students
with, “Areyou sure?” until one or more students articulate that we wouldget the false statement: |x| = —3. Then,
summarize with the following points. Givethese points great emphasis, perhaps adding grand gestures or voice

inflection to recognize theimportance of this moment, asitaddresses a major part of A-RELA.1:

= So,ourideathataddingthe samenumberto both sides gives us another true statement depends on theidea
thatthe firstequation has a value of x that makes it true to begin with.
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assumingthereissomevaluefor thevariablethat makes the equationtrue. IFthereis, thenitmakessense
thatapplying the properties of equality will give anothertrue statement. But we mustbe cognizant of thatbig

IF.

Whatiftherewas no value of x to maketheequation true? Whatisthe effect of addinga number to both

sides of the equation or multiplying both sides by a nonzero number?

o There still will be no value of x that makes the equation true. The solution set is still preserved; it will

be the empty set.

Createanother equationthatinitially seems like a reasonable equationto solve butinfacthasno possible

solution.

Exercise2 (7 minutes)

Exercise 2

a.

Consider the equation x* + 1= 7 — x.

Verify that this has the solution set {—3, 2}. Draw this solution set as a graph on the number line. We will
later learn how to show that these happen to be the ONLY solutions to this equation.

ra

¢ ———
-3

| |
| |
5 4

224+41=7-2 True. (-3)2+1=7—(-3) True.

b. Let's add 4 to both sides of the equation and consider the new equation x% +5 = 11 — x. Verify 2 and —3
are still solutions.
22 +5=11-2 True. (—3)? +5 = 11— (=3) True. They are still solutions.

c. Let’s now add x to both sides of the equation and consider the new equation x* + 5 +x = 11. Are 2 and —3
still solutions?
224+ 5+2=11 True. (—3)® +5+ —3 = 11 True. 2 and —3are still solutions.

d. Let's add —5 to both sides of the equation and consider the new equation x%+ x = 6. Are 2 and —3 still

solutions?

22 +2 =6 True. (—3)*+—3 =6 True. 2 and —3 are still solutions.

x2+x

1
Let’s multiply both sides by gto get = 1. Are 2 and —3 still solutions?

2 2
2442 -3)“+(-3
o =1 True. L8y +(=3)

= 1 True. 2 and —3 are still solutions.

EUREKA
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f. Let’s go back to part (d) and add 3x3 to both sides of the equation and consider the new equation
x* + x +3x3 = 6 +3x3. Are 2 and —3 still solutions?

22+2+32)°%=6+3(2)° (-3)2+-3+3(-3)3=6+3(-3)%
4+4+2+4+24 =6+ 24 True. 9-3-81=6—81 True.

2 and —3 are still solutions.

Discussion (4 minutes)

In addition to applying the commutative, associative, and distributive properties to equations, according to the
exercises above, whatelse can bedoneto equations that does not change the solution set?

o Adding a numberto orsubtracting a number from both sides.
@ Multiplying ordividing by a nonzero number.

Whatwediscussedin Example 1 canberewritten slightlyto reflect what we havejustseen: If xisa solution to
anequation,itwill alsobea solution to the new equationformed when the same numberis added to (or
subtracted from) eachside of the original equation or when the two sides of the original equationare
multiplied by the same number or divided by the same nonzero number. These arereferred to asthe
properties of equality. This nowgives us a strategy for finding solution sets.

Is x = 5anequation? Ifso, whatisits solutionset?
o Yes. Its solution setis 5.

This exampleissosimplethatitis hardto wrapyourbrain around, butit points outthatif ever wehavean
equation thatis this simple, we know its solution set.

Wealso know the solution sets to some other simple equations, suchas
(a) w? =64 (b) 7+ P=5 (c) 36=10
Here’s thestrategy:
If we arefaced withthetask of solving an equation, thatis, findingthe solutionset of the equation:
Usethe commutative, associative, distributive properties
AND

Usethe properties of equality (adding, subtracting, multiplying by nonzeros, dividing by nonzeros)

to keep rewriting the equation into one whose solution set you easily recognize. (We observedthatthe
solutionsetwill notchange under these operations.)

This usually means rewriting the equationso that all the terms with the variable appear on one side of the
equation.
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Exercise3 (5 minutes)

Exercise 3

ISET

a. Solve for r:

¥ e

r=6

b.  Solve fors: s>+ 5 =30

s=5,s=-5

c. Solve fory: 4y —3 =5y —8

y=5

Exercise4 (5 minutes)
— =  Does itmatter whichstep happens first? Let's see whathappens with the followingexample.

Do a quick count-off, or separate the class into quadrants. Give groups theirstarting points. Have each group designate
a presenter sothewhole class can seetheresults.

Exercise 4

Consider the equation 3x + 4 = 8x — 16. Solve for x using the given starting point.

Group 1 Group 2 Group 3 Group 4
Subtract 3x Subtract 4 Subtract 8x Add 16
from both sides from both sides from both sides to both sides
3x+4-3x=8x—-16—-3x | 3x+4—-4=8x—-16 — 4 3x+4—-8x=8x—-16 —8x | 3x+4+16 =8x —16 + 16
4 =5x—-16 3x =8x—20 —5x +4=-16 3x +20 = 8x
4+16 =5x — 16 + 16 3x—-8x=8x-20-8x | -5x+4—-4=-16 — 4 3x +20 —3x = 8x — 3x
20 = 5x —5x = —20 —5x = —20 20 = 5x
20 5x —5x —=20 —5x =20 20 5x
5 5 -5 -5 -5 -5 5 5

4=x x=4 x=4 4=x
m {4} {4} {4} 4}

= Therefore, accordingto this exercise, does it matter which step happens first? Explain why or why not.

o No, because the properties of equality produce equivalent expressions, no matter the order in which
they happen.

=  Howdoes oneknow “how much” to add/subtract/multiply/divide? Whatisthe goal of usingthe properties,
and how do they allow equations to be solved?

Encourage students to verbalize their strategies to the class andto questioneach other’s reasoningand question the
precisionof eachother’s description of their reasoning. From middle school, students recall thatthe goalistoisolate
the variable by making Os and 1s. Add/subtract numbers to make the zeros, and multiply/divide numbers to make the
1s. The properties say any numbers will work, which is true, but with the Os and 1s goal in mind, equations canbe
solved veryefficiently.

=  The ability to pick the most efficient solution method comes with practice.
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Closing (5 minutes)

Answers willvary. As time permits, share several examples of student responses.

Closing
Consider the equation 3x2 + x = (x — 2)(x + 5)x.
a. Use the commutative property to create an equation with the same solution set.

x+3x%=(x+5)(x—2)x

b. Using the result from part (a), use the associative property to create an equation with the same solution set.

(x +3x%) = ((x+5)(x—2))x

c. Using the result from part (b), use the distributive property to create an equation with the same solution set.

x+3x%=x% +3x% - 10x

d. Using the result from part (c), add a number to both sides of the equation.

m x+3x2+5=x3+3x3-10x+5

e. Using the result from part (d), subtract a number from both sides of the equation.

x+3x2+5-3=x%+3x2-10x+5-3

f. Using the result from part (e), multiply both sides of the equation by a number.

4(x +3x% +2) = 4(x*+3x*— 10x + 2)

g. Using the result from part (f), divide both sides of the equation by a number.

x+3x24+2=x%+3x2-10x+2

h. What do all seven equations have in common? Justify your answer.

They will all have the same solution set.
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Lesson Summary

If x is a solution to an equation, it will also be a solution to the new equation formed when the same number is
added to (or subtracted from) each side of the original equation or when the two sides of the original equation are
m multiplied by (or divided by) the same nonzero number. These are referred to as the properties of equality.

If one is faced with the task of solving an equation, that is, finding the solution set of the equation:

Use the commutative, associative, and distributive properties, AND use the properties of equality (adding,
subtracting, multiplying by nonzeros, dividing by nonzeros) to keep rewriting the equation into one whose
solution set you easily recognize. (We believe that the solution set will not change under these operations.)

Exit Ticket (5 minutes)
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Name Date

Lesson 12: Solving Equations

Exit Ticket

Determine whichof the following equations have the same solutionset by recognizingproperties rather than solving.

a. 2x+3=13—5x b. 6+ 4x=—10x+26 c. 6x+9=15—3—x

d. 0.6+0.4x=—x+26 e 3Qu+3) =1 -x f. 4x =—10x+ 20

g 15(2x+3) =13 — 5x h. 15(2x +3) +97 = 110 — 5x
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Exit Ticket Sample Solutions

Determine which of the following equations have the same solution set by recognizing properties rather than solving.

a. 2x+3=13-5x b. 6+4x=-10x+26 c 6x+9=%_x
_ 13 _

d. 0.6+04x=—-x+2.6 e. 3(2x+3) =5 -x f. 4x = —10x + 20

g. 15(2x+3) =13 —5x h. 15(2x+3)+97 =110 — 5x

(a), (b), (d), and (f) have the same solution set. (c), (e), (g), and (h) have the same solution set.

Problem Set Sample Solutions

1.  Which of the following equations have the same solution set? Give reasons for your answers that do not depend on
solving the equations.

. x-5=3x+7 Il.3x-6=7x+8 . 15x — 9 = 6x + 24
X 3x
IV. 6x—16 = 14x+ 12 V. 9x +21=3x-15 VI, _0'05+W_W+0'07

1, V, and VI all have the same solution set; V is the same as | after multiplying both sides by 3 and switching the left
side with the right side; VI is the same as | after dividing both sides by 100 and using the commutative property to
rearrange the terms on the left side of the equation.

Il and 1V have the same solution set. IV is the same as Il after multiplying both sides by 2 and subtracting 4 from
both sides.

111 does not have the same solution setas any of the others.

Solve the following equations, check your solutions, and then graph the solution sets.

2. -16—-6v=-2(8v —7) 3. 2(6b+8) =4+6b 4. x —4x+4=0
{3} {-2} {2}
5.4-3-2-1012345 V 54321012345 D SAS2-A0LZT AT X
5. 7—-8x=7(1+7x) 6. 39-8n=-83 +4n)+3n 7. (- +5)=a2+4x-2
{0} {-3} no solution
5-4-3-2-1012 345 X -5-4.3-2-1012345 n
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8. x*-7=x*-6x-7 9. —-7-—6a+5a=3a-5a 10. 7—-2x=1-5x+2x
{0} {7} {—6}
S54-3-2-10123a45 X 21012345678 O 7-6-5-4-3.2.10123 X
11. 4(x—-2) =8(x —3) —12 12. -3(1—-n)=-6-6n 13. —-21-8a=-5(a+6)
{7} {_l} {3}
3
Ga0iasase e X 54321012345
-7-6-5-4-3-2-10123 N
X X X
14. -11-2p=6p+5(p +3) 15. — =4 6. 2+5=3-3
x+2
o : &
-3 2
e
<—+—H—H‘H—|—+—|—]—>x 18 10 20 21 22 232435 26 27 28
76-54-3-2-10123
17. _5(_5x _6) =—-22—x 18. x+4 — x+2 19. —5(21" —-0. 3) + 05(4—1" +3) =—64
-2} 3 5 {67}
{-73 8
X
5.4.3-2-1012 345 X
£-7-6-5-4-3-2-10 12 012345678910
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= Lesson 13: Some Potential Dangers When Solving Equations

Student Outcomes

= Students learn if-then moves using the properties of equality to solve equations. Students alsoexplore moves
thatmay resultin an equationhaving more solutions than the original equation.

In previous lessons, we have looked at techniques for solving equations, a common theme throughout algebra. In this
lesson, we examine some potential dangers where our intuition about algebra may need to be examined.

Classwork

Exercise1 (4 minutes)

Givestudents afew minutes to answer the questions individually. Then, elicit responses from students.

Exercises

1. Describe the property used to convert the equation from one line to the next:
x(1—x)+2x—4 =8x— 24— x?

2 _ 2
X—x"+2x—-4=8x—-24-x Distributive property

x+2x—-4=8x—-24 Added x? to both sides of the equation
3x—4=8x—-24 Collected like terms
3x+20=8x Added 24 to both sides of the equation
20 =5x Subtracted 3x from both sides of the equation

In each of the steps above, we applied a property of real numbers and/or equations to create a new equation.

a. Why are we sure that the initial equation x(1 —x) + 2x — 4 = 8x — 24 — x? and the final equation
20 = 5x have the same solution set?

We established last class that making use of the commutative, associative, and distributive properties and
properties of equality to rewrite an equation does not change the solution set of the equation.

b. What is the common solution set to all these equations?

x=4

=  Dowe know for certain thatx = 4 isthesolution to every equation shown? Explain why.

@ Have students verify this by testing the solutionin a couple of the equations.
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Exercise2 (4 minutes)

Work throughtheexerciseasa class. Perhaps have one student writingthe problemon
the board and onestudent writing the operationused ineachstep as theclass provides

responses.

Emphasizethatthesolution obtained inthelaststep is the sameas the solutionto each of
the preceding equations. The moves madeineachstep did notchangethesolution set.

M1
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Lesson 13

3x—[8-3(x—1)]=x+19
3x—[8-3(x—1)]=x+19
3x—(8—-3x+3)=x+19
3x—(11-3x)=x+19
3x—-11+3x=x+19
6x—11=x+19

5x—11 =19
5x =30
xX=6

2.  Solve the equation for x. For each step, describe the operation used to convert the
equation.

Distributive property

Commutative property/collected like terms

Distributive property

Commutative property/collected like terms

Subtracted x from both sides
Added 11 to both sides
Divided both sides by 5

Scaffolding:

Students may pointoutthat
they solved theequationina
differentway butgotthesame
answer. Considerallowing
them to show their approach
and discuss whether or not it
was algebraically sound.

Exercise3 (8 minutes)

b.

7x—[4x—-3(x—1)]=x+12
7x— (4x—-3x+3) =x+ 12
7x—(x+3)=x+12
7x—x—-3=x+12
6x—3=x+12

5x—3=12
5x =15
x=3
{3}

2[2(3 — 5x) + 4] = 5[2(3 — 3%) + 2]
2(6 —10x + 4) = 5(6 — 6x + 2)

2(10 - 10x) = 5(8 — 6x)

20 — 20x = 40 — 30x

20+ 10x = 40
10x = 20
x=2
{2}

3. Solve each equation for x. For each step, describe the operation used to convert the equation.

Distributive property
Collected like terms
Distributive property
Collected like terms
Subtracted x from both sides
Added 3 to both sides
Divided both sides by 5

Distributive property

Commutative property/collected like terms

Distributive property
Added 30x to both sides

Subtracted 20 from both sides

Divided both sides by 10

EUREKA
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c. 1(18—5::) =1(6— 4x)
2 3
3(18 —5x) = 2(6 —4x) Multiplied both sides by 6
54 — 15x= 12 — 8x Distributive property

54=12+7x Added 15x to both sides

42 = 7x Subtracted 12 from both sides
6=x Divided both sides by 7
{6}

Note with the class thatstudents may have different approaches thatarrived atthe sameanswer.

Ask students how they handled the fraction in part(c).

Was iteasierto usethedistributive property firstor multiplyboth sides by 6 first?

Discussion (10 minutes)

Usethe following sample dialogue to inspire a similar exchange between students where the teacher plays the part of
Mike, suggesting actions that could be performed on both sides of an equation that would not predictably preserve the
solutionsetof the original equation. Startby asking students to summarize whatthey have been studying over the last
two lessons, and then make Mike's first suggestion. Besureto provide morethanoneidea for things thatcould bedone
to both sides of anequation that mightresultin solutions thatare not part of the solutionset for the originalequation,
and conclude withan affirmation that students can try anything, but they will have to check to seeif their solutions work
with the original equation.

Fergus says, “Basically, what!’ve heard over the last two lessons is that whateveryou do to the | eft side of the
equation,dothesamethingto therightside. Then, solutions will be good.”

Lulusays, “Well, we've onlysaidthatfor the properties of equality—adding quantities and multiplyingby
nonzero quantities. (And associative, commutative, anddistributive properties, too.) Who knows ifitistruein
general?”

Mikesays, “Okay... Here’s an equation:
x 1

12°3
If| followtheidea, ‘Whatever you do to the left, do to therightas well,’ then | amintrouble. Whatifl decide
to remove the denominator on theleftandalso remove the denominator on theright? I getx = 1. Is thata
solution?”
Fergus replies, “Well, thatissilly. Weall knowthatisa wrongthingto do. You should multiply bothsides of
thatequationby 12. Thatgivesx = 4,and thatdoes givethe correctsolution.”

Lulu says, “Okay, Fergus. You havejustacknowledged thattherearesomethingswecan’tdo! Evenifyou
don’tlike Mike’s example, he’s gota point.”

Mike or another studentsays, “Whatifl take your equation and choose to square eachside? This gives

x? 1
144 9
Multiplying throughby 144 gives x? = m_ 16, whichhassolutionsx = 4AND x = —4.”

9
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= Fergus responds, “Hmmm. Okay. | doseethesolutionx = 4, buttheappearanceof x = —4aswellisweird.”

= Mikesays, “Luluisright. Over the pasttwo days, we havelearnedthatusing the commutative, associative,
and distributive properties, along with the properties of equality (adding and multiplying equations
throughout), definitely DOES NOT change solution sets. BUTif we do anything different from this, we might be
introuble.”

=  Lulucontinues, “Yeah! Basically, when westart doing unusual operations on an equation, we arereallysaying
that/F we havea solution to an equation, thenitshouldbea solution to the next equation as well. BUT
remember, itcould bethatthere wasno solution to the first equation anyway!”

=  Mikesays, “So, feel freeto start doing weird things to both sides of an equationif youwant (though you might
wantto do sensible weird things!), butallyou willbe getting are possible CANDIDATES forsolutions. You are
goingtohavetocheckattheendiftheyreally aresolutions.”

Exercises 4-7 (12 minutes)

Allow students to work through Exercises 4—7 either individually orin pairs. Pointoutthattheyaretryingto determine
whatimpact certain moves have on the solution set of an equation.

4. Consider the equations x + 1 = 4 and (x + 1)? = 16.

a. Verify that x = 3 is a solution to both equations.

3+1=4
B+1)2%=16

b. Find a second solution to the second equation.

x=-5

c. Based on your results, what effect does squaring both sides of an equation appear to have on the solution
set?

Answers will vary. The new equation seems to retain the original solution and add a second solution.

5.  Consider the equations x — 2= 6 — x and (x — 2)? = (6 —x)?.

a. Did squaring both sides of the equation affect the solution sets?

No. x = 4 is the only solution to both equations.

b. Based on your results, does your answer to part (c) of the previous question need to be modified?

The new equation retains the original solution and may add a second solution.

6. Consider the equation x> + 2 = 2x% + x.

a. Verify that x = 1, x = —1, and x = 2 are each solutions to this equation.
W3*+2=2(1)%*+1 True
(-1)%+2=2(-1)% + (-1) True

(2)%+2=2(2)%+2 True
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b. Bonzo decides to apply the action “ignore the exponents” on each side of the equation. He gets
x + 2 = 2x + x. Insolving this equation, what does he obtain? What seems to be the problem with his
technique?

x =1 The problem is that he only finds one of the three solutions to the equation.

c. What would Bonzo obtain if he applied his “method” to the equation x? + 4x +2 = x*? Isit a solution to
the original equation?

1 . . .. .
x=-3 No. Itis not a solution to the original equation.

7. Consider the equation x — 3 = 5.

a. Multiply both sides of the equation by a constant, and show that the solution set did not change.

7(x—3) = 7(5)
7(8-3) = 7(5)
7(5) = 7(5)

Now, multiply both sides by x.

x(x—3) =5x

b. Show that x = 8 is still a solution to the new equation.

8(8-3) = 5(8)
8(5) = 5(8)

c. Show that x = 0O is also a solution to the new equation.

0(0 —3) = 5(0)

Now, multiply both sides by the factor x — 1.
(x—1Dx(x—-3)=5x(x—1)

d. Show that x = 8 is still a solution to the new equation.

(8-1)(8)(8-3)=5(8)(8 -1
(7)(8)(5) =5(8)(7)

e. Show that x = 1is also a solution to the new equation.

A-HMHA-3)=51)1 -1
0(1)(=2) =5(1)(0)
0=0

f. Based on your results, what effect does multiplying both sides of an equation by a constant have on the
solution set of the new equation?

Multiplying by a constant does not change the solution set.
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g. Based on your results, what effect does multiplying both sides of an equation by a variable factor have on the
solution set of the new equation?

Multiplying by a variable factor could produce additional solution(s) to the solution set.

Review answers anddiscuss the following points:

Scaffolding:

Have early finishers explore the

idea of cubingboth sidesofan

=  ForExercise6,wasitjustluckthatBonzogotoneoutofthethree correct equation. Ifx =2,thenx®=
answers? 8. Ifx3 =8, canx equalany

real number besides 2?

=  Does squaring both sides of an equation change the solution set?

o Sometimes but notalways!

o Yes. Inpart(c), theanswerobtained is nota solutionto the original

equation.
Consider having students make up another problem to verify.

= Whateffectdid multiplying both sides by a variable factor have on the solution set?
o Inourcase, it added anothersolution to the solution set.

=  Canwepredictwhatthesecondsolutionwill be?

Havestudents make up another problemto testthe prediction.

Closing (2 minutes)

=  Whatmoves have weseen thatdo notchangethesolution set of an equation?
=  Whatmoves did changethesolution set?

=  Whatlimitations arethereto the principle “whatever you do to one side of the equation, you must do to the
otherside”?

Lesson Summary

Assuming that there is a solution to an equation, applying the distributive, commutative, and associative properties
and the properties of equality to equations will not change the solution set.

Feel free to try doing other operations to both sides of an equation, but be aware that the new solution set you get
contains possible candidates for solutions. You have to plug each one into the original equation to see if it really is
a solution to your original equation.

Exit Ticket (5 minutes)
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Name Date

Lesson 13: Some Potential Dangers When Solving Equations

Exit Ticket

1. Solvetheequationfor x. For each step, describe the operationand/or properties used to convert the equation.

5(2x —4) —11=4+3x

2. Considertheequationx +4 =3x + 2.

a. Showthataddingx + 2 to both sides of the equation does not change the solution set.

b. Showthatmultiplying both sides of theequation by x + 2 adds a secondsolutionof x = —2 to thesolution
set.
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52x—-4)—-11=4 +3x

Solution set is {5}.

2.  Consider the equation x + 4 = 3x + 2.

a. Show that adding x + 2 to both sides of the equation does not change the solution set.

set.
x+2)(x+4)=(x+2)3x+2)
(—2+2)(-2+4)=(-2+2)(3(-2) +2)
0)(2) = (0)(-4)
0=0

1. Solve the equation for x. For each step, describe the operation and/or properties used to convert the equation.

x+4=3x+2 x+4+x+2=3x+2+x+2
4=2x+2 2x+6 =4x+4
2 =2x 2 =2x
1=x 1=x

b. Show that multiplying both sides of the equation by x + 2 adds a second solution of x = —2 to the solution

Problem Set Sample Responses

that the initial equation and the final equation have the same solution set?

Steps will vary as in the Exit Ticket and exercises.

a. %[10—5(x—2)]=%(x+1)

Solution set is {%} .

b. xGB+x)=x2+3x+1

. . (1
Solution set is {E}

c 2x(x? —2) + 7x =9x + 2x3

Solution set is {0}.

1. Solve each equation for x. For each step, describe the operation used to convert the equation. How do you know
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2.  Consider the equation x + 1= 2.

Students should write the new equations and the solution sets:

a. Find the solution set.

Solution set is {1}.

b. Multiply both sides by x + 1, and find the solution set of the new equation.

New solution setis {+1}.

c. Multiply both sides of the original equation by x, and find the solution set of the new equation.

New solution setis {0,1}.

3. Solve the equation x + 1 = 2x for x. Square both sides of the equation, and verify that your solution satisfies this
new equation. Show that —% satisfies the new equation but not the original equation.
The solution of x + 1 = 2xis x = 1. The equation obtained by squaring is (x + 1)* = 4x2.

Let x = 1 in the new equation. (1 + 1)? = 4(1)? is true, so x = 1 is still a solution.

2

1. . 1 1\" . 1. . .
Letx = —3in the new equation. (_E + 1) =4 (_E) is true, so x = -3 also a solution to the new equation.

4. Consider the equation x° = 27.

a. What is the solution set?

Solution set is {3}.

b. Does multiplying both sides by x change the solution set?

Yes.

c. Does multiplying both sides by x? change the solution set?

Yes.

5.  Consider the equation x* = 16.

a. What is the solution set?

Solution set is {—2,2}.

b. Does multiplying both sides by x change the solution set?

Yes.

c. Does multiplying both sides by x? change the solution set?

Yes.
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=4 Lesson 14: Solving Inequalities

Student Outcomes

= Students learn if-then moves using the addition and multiplication properties of inequality to solve inequalities
and graphthesolutionsets on the number line.

Classwork

Exercise1 (5 minutes)

Allow students time to work through the warm-up individually. Then, discusstheresults. Letseveral students share
valuesthatwork. For each partof the exercise, demonstrate thatthese values still workfor each new inequality.

Exercise 1

1. Consider the inequality x% +4x > 5.

a. Sift through some possible values to assign to x that make this inequality a true statement. Find atleast two
positive values that work and atleast two negative values that work.

Any value such that x < —5orx > 1.

b. Should your four values also be solutions to the inequality x(x + 4) > 5? Explain why or why not. Are they?

Yes. The inequality can be returned to its original form by using the distributive property, so the two are
equivalent.

c. Should your four values also be solutions to the inequality 4x + x > 5? Explain why or why not. Are they?

Yes. The terms on the left-hand side can be rearranged using the commutative property.

d. Should your four values also be solutions to the inequality 4x + x? — 6 > —1? Explain why or why not. Are
they?

Yes. 6 was subtracted from both sides of the inequality. If the same principle of equality holds for
inequalities, then the original solutions should still work. (Make sure students confirm this with their answers

from (a)).

e. Should your four values also be solutions to the inequality 12x + 3x? > 15? Explain why or why not. Are
they?
Yes. Both sides were multiplied by 3. Using the same multiplication principle of SCfoO Idin g:

equality, the solution set should not change. (Again, make sure students test this.)

Remind students about the
significance of the open circle
or solid circleon the endpoint
of the solutionset.
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Whilediscussing parts (b) and(c), guide the class discussion to |ead to the following conclusion:

= Justlikeall ourprevious work on equations, rewriting an inequality via the commutative, associative, and
distributive properties of the real numbers does not change the solutionset of thatinequality.

Makethe pointthatwearetalkingabout >, <, >,and <.

Whilediscussing (d), pointoutthatitappears we are choosing to acceptthe addition (and subtraction) property of
inequality (ifA > B,then A 4+ ¢ > B + ¢). Students have previouslyreferred to this property as an if-then move.

Ask students to articulate the property as formallyas they can; for example, “adding a value to eachside of an inequality
does notchangethesolution set of thatinequality.”

Conducta similardiscussion to those conducted in Lesson 12. Include the following:

= Couldthesolution setto aninequality be changed by applying the commutative, associative, or distributive
properties to either side of an inequality?

o No, the solution set would notchange.
=  Couldthesolution setto aninequality be changed by applying the additive property of inequality?

o No, the solution set would not change.
Whilediscussing (e), make the same argument for multiplying both sides of aninequality by a positive value:
IfA> B, thenkA > kB providedk is positive.
This action also does notchange the solutionset of an inequality.

= So,ifxis asolutiontoaninequality,itwill also be a solutionto the newinequalityformed when the same
number is added to or subtracted from each side of the original inequality or when the two sides of the
originalinequality are multiplied by the same positive number. This gives us a strategy for finding solution
sets.

Example 1 (2 minutes)

Work throughthe exampleas a classusing the addition and multiplication properties of inequality.

Example 1

What is the solution set to the inequality 5q + 10 > 20? Express the solution set in words, in set notation, and
graphically on the number line.

q can be any value that is more than 2.

{qreal| q > 2}

=  Pointouttostudentsthatthesearetheonly actions that we know do not affectthe solution set.

1
=  Dividing both sides by 5 is still applying the multiplication principle (multiplying both sides by E).
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Exercise2 (6 minutes)
Allow students time to complete the problems individuallyandthen pair up to compare responses.
Exercises 2-3
2.  Find the solution set to each inequality. Express the solution in set notation and graphically on the number line.
m
a. x+4<7 b. ;+8¢9 c 8y+4<7y—2
< _
{xreal| x < 3} (m real|m # 3} {yreal |y < —6}
0 1 2 ;_ 4 5 x 0 1 2 3 4 5 Am 10 9 -8 7 6 5Y

d.  6(x—5)=30 e. 4(x—-3)>2(x-2)
{xreal| x > 10} {x real| x > 4}
6 8 % 12:)( 0 1 2 3 4 5 X

Exercise3 (10 minutes)

Havestudents work inpairs on the exploration. Then, discuss results as a class. Makesurethatstudentscanprovidea
reason or proof with their responses. Allow several students to share their reasoning for eachone.

When discussing (a), askthe following:
=  Whatisthesmallestvalueof B thatstillworksin thesecond inequality?

For part(b), examine how the solutionsets differ.

3. Recall the discussion on all the strange ideas for what could be done to both sides of an equation. Let’s explore
some of the same issues here but with inequalities. Recall, in this lesson, we have established that adding (or
subtracting) and multiplying through by positive quantities does not change the solution set of aninequality. We’ve
made no comment about other operations.

a. Squaring: Do B < 6 and B < 36 have the same solution set? If not, give an example of a number that is in
one solution set but not the other.

No. In the first inequality, B can equal 6 or any number smaller. The second inequality can only equal
numbers from 6 down to —6. For example, B = —7 is not in the solution set.

b. Multiplying through by a negative number: Do 5— C > 2 and —5 + C > —2 have the same solution set? If
not, give an example of a number that is in one solution set but not the other.

No. The first inequality has a solution of C < 3, and the second has a solution of C > 3. The number 4, for
example, is a solution to the second but not the first inequality.

c. Bonzo's ignoring exponents: Do ¥* < 5%2and y < 5 have the same solution set?

No. When both sides are squared, we end up introducing the possibility that y can be negative but not less
than —5. For example, y = —5 is a solution for the second inequality but not the first.
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=  Recallthatwehaveestablished that making use of the properties of inequalities:
IfA > B,thenA + ¢ > B+ cforanyrealnumberc.
IfA > B, then kA > kB for any positive real number £ .

Along with all the usual commutative, associative, and distributive properties, to rewrite an inequality does not
changethesolutionsetof thatinequality.

=  Anyaction different fromthese offers no guarantee that your work is yielding valid solutions. These may be
candidates you canuseto checkfor solutions, butthey mustbe checked (aswe sawin the previous exercise).

=  The nexttwo examples illustrate some more dangers.

Example 2 (2 minutes)

Work throughtheresponses asa class, reminding students of dangers that wereseenin Lesson13.

Example 2
Jojo was asked to solve 6x + 12 < 3x+ 6, for x. She answered as follows:

6x+12<3x+6

6(x+2)<3(x+2) Apply the distributive property.
1
6<3 Multiply through by —.
x+2
a. Since the final line is a false statement, she deduced that there is no solution to this inequality (that the

solution set is empty).
What is the solution set to 6x + 12 < 3x + 6?

{xreal | x < -2}

b. Explain why Jojo came to an erroneous conclusion.

1 1
Multiplying through by —+2 is dangerous, as we do not know whether or not —+2 is positive or negative (or
X X
even well defined). Its value depends on the value one chooses to assign to the variable. We could,
potentially, multiply through by a negative value, making the final step invalid. (The property of inequalities
allows for only multiplication though by positives.) We do not know, then, if this step is actually valid. Things
can, and clearly have, gone wrong.

Example 3 (3 minutes)

=  Duringthelastexercise, wesaw that when both sides were multiplied by —1, the solutionset of theinequality
changed.
= So,we cannot multiply throughby —1 as this does not matchthe allowable operations given by the properties

of inequality. However, we can usethe property: If A > B,then A + ¢ > B + c for anyreal number c. Can
you figureouthowto usethis property ina way thatis hel pful?

Allow students time to work the problem, individually or inpairs, and then discuss the solution.
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Example 3

Solve —q = —7, for q.

-q=-7
0=>-7+q Add q to both sides.
7=q Add 7 to both sides.

Exercises 4-7 (10 minutes)

Allow students to work individually or in pairs for each of the fol lowing exercises, pausingto review or compare answers
with a neighbor or the class after each exercise.

4.

Exercises 4-7
Find the solution set to each inequality. Express the solution in set notation and graphically on the number line.

a. —2f<-16 b.

{f real| f > 8}

>
10 f

c 6—a=15 d.

{areal |a < -9}

x _1

12=1%

Y]
IA

{xreal| x> -3}

-32x+4)>0
{xreal| x < =2}

Recall the properties of inequality:
. Addition property of inequality:
If A > B, then A + ¢ > B + c¢ for any real number c.
= Multiplication property of inequality:
If A > B, then kA > kB for any positive real number k.

— 5.

Use the properties of inequality to show that each of the following is true for any real numbers p and q.

a. Ifp > q,then —p < —q. b.
r=q
Pr-q=q—q
pr—-q=0
p—-p—q=0-p
-q=-p

If p < q, then —5p > —5q.
P<q
5p <5¢q
5p—5p—5q <5q—5p—5q
—5q < —5p
—-5p > —5¢q
“P=—q

EUREKA
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¢ Ifp < g then —0.03p > —0.03q.

P=q

0.03p < 0.03q
m 0.03p— 0.03p — 0.03qg < 0.03q —0.03p — 0.03q

—0.03g < —0.03p
—0.03p = —0.03q

d. Based on the results from parts (a) through (c), how might we expand the multiplication property of
inequality?

If A > B, then kA < kB for any negative real number k.

6. Solve —4 +2t — 14 — 18t > —6 — 100¢, for t in two different ways: first without ever multiplying through by a
negative number and then by first multiplying through by — %
—-18 - 16t > —6 — 100t

1 1
—E(—4-+Zt —14-18t) < —E(—6— 100t)
—16t+ 100t > —6 +18

2—t+7+9t< 3+ 50t

84t > 12
9+ 8t< 3+ 50t
t>7 6 < 42t
1<t
7

7. Solve —% +8< %, for x in two different ways: first without ever multiplying through by a negative number and
then by first multiplying through by —4.

x L 4(-Z18)> 4(1>
“at¥<3 39 2

1 x x—32> -2
8_E<Z

x> 30

4 15<4 ad

2 4

30 <x

Closing (2 minutes)

=  Whatmoves do weknowdo notchangethesolution set of aninequality?

=  Whatmoves did weseetoday thatdidchangethesolutionset?

Exit Ticket (5 minutes)
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Name Date

Lesson 14: Solving Inequalities

Exit Ticket

1. Findthesolutionsetto eachinequality. Expressthesolutionin set notation and graphically on the number line.
a. 6x—-5<7x+4

b. x?+3(x—1)>x%+5

2. Fergus wasabsentfor today’s lesson and asked Mike to explainwhy the solution to —5x > 30 isx < —6. Mike said,
“Oh! That’s easy. When youmultiply by a negative, just fliptheinequality.” Provide a better explanationto Fergus
aboutwhy thedirection of theinequality is reversed.
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Exit Ticket Sample Solutions

1. Find the solution set to each inequality. Express the solution in set notation and graphically on the number line.

a. 6x—-5<7x+4

—-5<x+4
-9<x {x real| x > —9}

10 9 g 47 5 5
b. x24+3(x-1)=x%+5
3x-3=>5
3x >8
8 8
xz3 {xreal|x2§}
— »
0 1 2 3 4 5 X

2. Fergus was absent for today’s lesson and asked Mike to explain why the solution to —5x > 30 is x < —6. Mike
said, “Oh! That's easy. When you multiply by a negative, just flip the inequality.” Provide a better explanation to
Fergus about why the direction of the inequality is reversed.

The multiplication property of inequality only applies when multiplying by a positive value. Otherwise, the addition
property must be used.

0>5x+30
—30 > 5x
—-6>x

Flipping the direction of the inequality is simply a shortcut for using the addition property.

Problem Set Sample Solutions

1. Find the solution set to each inequality. Express the solution in set notation and graphically on the number line.
a. 2x <10

{xreal | x < 5}

5 o4 8 2 .8 0 1 2 54 5%

b. —15x > —45

{xreal | x < 3}
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2 1
c. —Xx +="+ 2
3 2

15
{x real | x # —}
4

d -5kx-1)=10

{x real |x < —1}

e. 13x <9(1—x)

frreatlx< 53]
xreal | x 22

9:22

2
Find the mistake in the following set of steps in a student’s attempt to solve 5x + 2> x +E’ for x. What is the

correct solution set?

2
5x+2=2x+=
5
2 2 . .
5 (x + E) >x+ g (factoring out 5 on the left side)
sy 2
5>1 (dividing by (x +§))

So, the solution set is the set of all real numbers.

The third line of the solution is incorrect. Since x is a variable, we do not know whether x + gihs positive,

. . . . 2
negative, or zero. The correct solution set to the given problem is {x real | x > — E}'

Solve —% +1=>-— 57", for x without multiplying by a negative number. Then, solve by multiplying through by
—16.

PP 16(-—=+ 1)< 16( Sx)
16 ~~ 16 et Vs 2
a0x x4 x—16 < 40x
16 16 -16 < 39x
39x>_1 16
16 — —ﬁSx
16
x> ——
39

Lisa brought half of her savings to the bakery and bought 12 croissants for $14.20. The amount of money she

brings home with her is more than $2.00. Use aninequality to find how much money she had in her savings before

going to the bakery. (Write the inequality that represents the situation, and solve it.)

The inequality is 2 < % — 14. 2. The original savings amount must have been more than $32. 40.
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Inequalities) Joined by “And” or “Or”

Student Outcomes

= Students describethesolutionset of two equations (orinequalities) joined by either “and” or “or” and graph

the solution seton the number line.

Classwork

Exercisel (6 minutes)

Itmay be helpful to some students to review some of the vocabularyusedhere, such as compoundsentence (a sentence
thatcontains atleasttwo clauses) or declarative sentence (a sentencein the form of a statement).

Givestudents a few minutes to work on the explorationindependently andthen one minute to compare answers with a
partner. Discussresults asaclass, particularly the difference between separating the declarations by “and” and by “or.”

Exercise 1

False

c. 3+4+5=28and5 < 7-1

True

e. 3<5+40r6+4=9

the statement true?

Both declarations had to be true.

statement true?

At least one declaration had to be true.

Determine whether each claim given below is true or false.

a. Right now, | am in math class and English class.

Right now, | am in math class or English class.

True (assuming they are answering this in class)

10 +2 # 12and8-3 > 0

False

16-20 > 1or5.5 + 4.5 = 11

True False
These are all examples of declarative compound sentences.
g. When the two declarations in the sentences above were separated by “and,” what had to be true to make

h. When the two declarations in the sentences above were separated by “or,” what had to be true to make the

EUREKA Lesson 15: Solution Sets of Two or More Equations (or Inequalities) Joined by “And
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Discuss the following points with students:

=  The word “and” meansthesamethingina compound mathematical sentenceasitdoesinan English
sentence.

= |ftwoclausesareseparated by “and,” both clauses must be true for the entire compoundstatement to be
deemed true.

=  The word “or” also means a similarthingin a compound mathematical sentenceasitdoes in anEnglish
sentence. However, thereis animportantdistinction: InEnglish, the word “or”is commonlyinterpreted as
the exclusive or, one condition or the other istrue, but not both. In mathematics, either or bothcouldbe true.

= |ftwo clausesareseparated by “or,” one or both of the clauses mustbe true for the entire compound
statementto be deemed true.

Example 1 (4 minutes)

Work throughthefour examplesasa class.

Example 1
Solve each system of equations and inequalities.

a. x+8=30r x—6=2 b. 4x—-9=0o0r3x+5=2

x=—-50rx=28
x=Z or x=-1

{-5.8}
9
tat
4
c. x—6=1landx+2=9 d. 2w—8=10and w > 9
x=7and x =7 The empty set
{7} [

Exploratory Challenge/Exercise 2 (10 minutes)

Provide students with colored pencils,andallow them a couple of minutes to complete parts (a) through (c). Then, stop
and discusstheresults.

Exercise 2

a. Using a colored pencil, graph the inequality x < 3 on the number line below part (c).
b. Using a different colored pencil, graph the inequality x > —1 on the same number line.

c. Using a third colored pencil, darken the section of the number line where x <3 and x > —1.
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=  |norderforthecompoundsentencex > —1 andx < 3 to betrue, whathastobetrueaboutx?

o x hasto beboth greaterthan —1 and less than 3. (Students might alsoverbalize that it must be
between —1 and 3, notincludingthe points —1and 3.)

= Onthegraph, wheredothesolutionslie?
o Between —1and 3, notincluding the points —1 and 3.

Havestudents list some of the solutions to the compound inequality. Make sure to include examples of integer and non-
integer solutions.

=  Howmanysolutionsarethereto this compoundinequality?

@ Aninfinite number.
Introduce the abbreviated way of writingthis sentence:
= Sometimes thisiswrittenas—1< x < 3.
Usethis notation to furtherillustrate theidea of x representing all numbers strictly between —1and 3.

Allow students a couple of minutesto complete parts (d) through (f). Then, stop and discuss theresults.

d. Using a colored pencil, graph the inequality x < —4on the number line below part (f).

e. Using a different colored pencil, graph the inequality x > 0 on the same number line.

f. Using a third colored pencil, darken the section of the number line where x < —4 or x > 0.
5 -4 3 2 1 0 1 2 3 4 35

= |norderforthecompoundsentencex < —4 or x > 0 to betrue, whathasto betrueaboutx?
o [t could eitherbelessthan —4, orit could be greaterthan 0.

=  Onthegraph,wheredothesolutionslie?
o Tothe leftof —4 andto theright of 0.

Havestudents list solutions to the compound inequality. Make suretoinclude examples of integer andnon-integer
solutions.
=  Howmanysolutionsarethereto this compoundinequality?
@ Infinitely many.
=  Woulditbeacceptableto abbreviate this compoundsentenceas follows: 0 < x < —47?
@ No.
=  Explainwhy not.

o Thosesymbols suggest that x must be greaterthan zero and less than —4atthe same time, but the
solution is calling for x to be either less than —4 or greaterthan zero.

Allow students a couple of minutes to complete parts (g) through (i), and discuss answers.

EUREKA Lesson 15: Solution Sets of Two or More Equations (or Inequalities) Joined by “And 190

o or “Or”
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS

Lesson 15 Rk}

ALGEBRA |

g. Graph the compound sentence x > —2 or x = —2 on the number line below.
2 | | | | | | | | |
| | | . 1 1 1 I 1 1 |) X
-5 -4 3 2 1 0 1 2 3 4 35
h. How could we abbreviate the sentence x > —2 or x = —2?
x=>-2

Rewrite x < 4 as a compound sentence, and graph the solutions to the sentence on the number line below.

x<4orx=4% <}

L
'
5 4 3 2 41 0 1 2 3 4 5

Example 2 (3 minutes)

Work throughExample 2 as a class.

Example 2
Graph each compound sentence on a number line.

a. x=2o0rx>6

i 2 3 4 & ingﬁfhx
b. x<—-50rx>2
I A— —
Tt

Rewrite as a compound sentence, and graph the sentence on a number line.

c. 1<x<3

x=>1land x < 3 e E—

Exercise3 (5 minutes)

Givestudents a couple of minutes to readthrough Exercise 3 and try itindependently before comparing answers with a
neighbor ordiscussing as a class.
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Lesson 15

Exercise 3

Consider the following two scenarios. For each, specify the variable and say, “W is the width of the rectangle,” for
example, and write a compound inequality that represents the scenario given. Draw its solution set on a number line.

guidelines state that the
speech must be at least
7 minutes but not
exceed 12 minutes.

length of time
of the speech.

Scenario Variable Inequality Graph
a. Students are to present
a persuasive speech in Let
. et x
English class. The x=>7and x <12 + + >
represent the 5 6 7 8 9 10 1 12 13 14 15x

7<x<12

length of speech

b. Children and senior
citizens receive a
discount on tickets at
the movie theater. To
receive a discount, a
person must be between
the agesof 2 and 12,
including 2 and 12, or
60 years of age or older.

Let x
represent the
age of
moviegoer
who receives
a discount.

2<x<12o0r

x =60

05 15 152025303540455055(%6570:(

Age of moviegoers who
receive a discount

Scaffolding:

Exercise4 (10 minutes)

Ask students to think of other
scenarios thatcouldbe
modeled using a compound

Givestudents timeto work on the problems, andthen allow for sharing of answers,

inequality.

possibly witha neighbor or with theclass.

Exercise 4

Determine if each sentence is true or false. Explain your reasoning.

1 1
a. 8+6S14and§<z b. 5-8<0or 10+ 13 #23

True True

Solve each system, and graph the solution on a number line.

c. x—9=0o0orx+15=0 d.

{9,-15} {-3,-11}

Graph the solution set to each compound inequality on a number line.

5x-8=-23 orx+1=-10

e. x<—-8orx> -8 f. 0<x<10
— G b el -+ttt
9876543324 X 5432190123456 7891

X
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Write a compound inequality for each graph.
g >, h S Pl
£ 4 3 2 49 0 1 2 3 4 5 S5 4 3 2 o 2 3 4 3
3<x<4 x<—4orx>0

Let x represent the percentage of votes. 54 < x < 60

temperatures at which mercury is not liquid.

i A poll shows that a candidate is projected to receive 57% of the votes. If the margin for error is plus or
minus 3%, write a compound inequality for the percentage of votes the candidate can expect to get.

j. Mercury is one of only two elements that are liquid atroom temperature. Mercury is not liquid for
temperatures less than —38. 0°F or greater than 673. 8°F. Write a compound inequality for the

Let x represent temperatures (in degrees Fahrenheit) for which mercury is not liquid. x < —38 or x > 673.8

As an extension, students can come up with ways to alter parts (a)and(b) to make them
false compoundstatements. Shareseveral responses.

Ask the following:

=  Whatwouldbea moreconcise way of writing the sentence for part (e)?
= x #8.

For part(f), listsome numbers thataresolutions to theinequality.

=  Whatisthelargest possiblevalue of x?

= 10.
g3 -

Whatisthesmallest possible value of x?

absolute smallest value for x in this case.

| For parts (i) and (j), make sure students specify what the variable they choose represents.

Closing (2 minutes)

why the precision isimportantin math andwhy itisimportantinEnglish.

AND is trueif both clauses aretrue.

| ORistrueifatleastoneoftheclausesistrue.

Lesson 15:

EUREKA
MATH

or “Or”

©2015 Great Minds. eureka-math.org

Scaffolding:

The other elementthatis liquid
atroomtemperatureis
bromine. Students could be
askedtolookupthe
temperatures at which
bromineisnotliquid and write
a similar compoundinequality.

Solution Sets of Two or More Equations (or Inequalities) Joined by “And

o Thisis tougherto answer. x can be infinitely close to 0 butcannot equal zero. Therefore, thereisno

[ Lead a conversationon theidea thatin math, asinEnglish, itisimportantthatwearepreciseinour use of language and
thatwe areabletoread(andcomprehend) and write mathematical sentences. Askstudents to give examples to justify

Reinforcethat, in mathematical sentences, likein Englishsentences, a compoundsentence separated by
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Lesson Summary
In mathematical sentences, like in English sentences, a compound sentence separated by
AND is true if both clauses are true
OR is true if at least one of the clauses is true
Exit Ticket (5 minutes)
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Name Date

Lesson 15: Solution Sets of Two or More Equations (or

Inequalities)Joined by “And” or “Or”

Exit Ticket

a. Solvethesystem,and graph thesolution setona number line.
x—15=5o0r 2x+5=1

b. Writea differentsystem of equations that wouldhave thesamesolutionset.

2. Swimming pools must havea certain amount of chlorine content. The United States standardfor safe levels of
chlorinein swimmingpoolsisatleast 1 partper milionandno greaterthan 3 parts per million. Writea compound
inequalityfor theacceptable range of chlorine levels.

3. Consider each of the followingcompound sentences:
x<1and x>-1 x<lorx>-1

Does the change of theword from “and” to “or” change the solution set?

Usenumber line graphsto supportyour answer.
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a. Solve the system, and graph the solution set on a number line.

x—15=5o0r 2x+5=1

x=20 or x =-2 {—2,20}
I e I e e B B e e S B I e e o I I e B B I B
-10 5 0 5 10 15 20 X

b. Write a different system of equations that would have the same solution set.

Sample answer: x —20=0o0or x+2 =0

inequality for the acceptable range of chlorine levels.

Let x represent the chlorine level in a swimming pool (in parts per million). 1 <x <3

3. Consider each of the following compound sentences:
x<landx >-1 x<lorx>-1
Does the change of the word from “and” to “or” change the solution set?

Use number line graphs to support your answer.

This means x can equal any number on the number line.

——t+—o—+—+1++, € )

ra

2. Swimming pools must have a certain amount of chlorine content. The United States standard for safe levels of
chlorine in swimming pools is atleast 1 part per million and no greater than 3 parts per million. Write a compound

For the first sentence, both statements must be true, so x can only equal values that are both greater than —1 and
less than 1. For the second sentence, only one statement must be true, so x must be greater than —1 or less than 1.

| [ —
1 1 | L
5 4 3 2 4 0 1 2 3 4 5% 5 4 3 2 4 0 1 2

Problem Set Sample Solutions

1. Consider the inequality 0 < x < 3.
a. Rewrite the inequality as a compound sentence.

x>0and x <3

b. Graph the inequality on a number line.

A |
54321012345678F7F

c. How many solutions are there to the inequality? Explain.

values of 1 and 2 as well as non-integer values. The set of numbers between 0 and 3 is infinite.

There are an infinite number of solutions. x can be any value between 0 and 3, which includes the integer
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d. What are the largest and smallest possible values for x? Explain.
There is no absolute largest or absolute smallest value for x. x can be infinitely close to 0 or to 3 but cannot
equal either value.
e. If the inequality is changed to 0 < x < 3, then what are the largest and smallest possible values for x?
In this case, we can define the absolute maximum value to be 3 and the absolute minimum value to be 0.
Write a compound inequality for each graph.
i | | 1
2 tifp————— T 3 e et
S o4 3R 0134 5 4 3 2 01 2 3 4 5 X
x<1orx=>3 x < 2 or x > 2, which can be written as x + 2
Write a single or compound inequality for each scenario.
4. The scores on the last test ranged from 65% to 100%.
Let x represent the scores on last test. 65 <x <100
5. To ride the roller coaster, one must be at least 4 feet tall.
Let x represent the height (in feet) to ride the roller coaster. X =>4
6. Unsafe body temperatures are those lower than 96°F or above 104°F.
Let x represent the body temperature (in degrees Fahrenheit) that are unsafe. x <96 or x > 104
Graph the solution(s) to each of the following on a number line.
7. x—4=0and 3x+6=18 @ ——i——i>
101 2 3 456 7 8x
8. x<5and x#0
5432101234567 8«x
9. x=-8orxx-1 L
9-8-76-5-4-3-2101234x
10. 3(x—6)=3 or5—-x=2 Tttt —+—+—+—
5432101234567 8«x
11. x<9and x>7
i
1012 3 456 7 89 10x
12 x+5<7orx=2 e e e e e s 2
32401234567 8«x
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Student Outcomes

= Students solvetwo inequalities joined by “and” or “or” and then graph the solutionset on the number line.

Classwork

Exercisel (5 minutes)

Lesson 16

M1

ALGEBRA |

Do parts (a)}(c) and as much of (d)—(e) as time permits depending on the level of the students. Present the challenge
problem given below if time allows.

Exercise 1

a.

Solve w? = 121, for w. Graph the solution on a number line.

w=+11

-15 A0 -5 0 5 10 15

Solve w? < 121, for w. Graph the solution on a number line, and write the solution setas a compound
inequality.

-11<w<11
15 10 -5 0 5 10 15

Solve w? > 121, for w. Graph the solution on a number line, and write the solution set as a compound
inequality.

w<-11lorw > 11
-15 -10 -5 1] 5 10 15

Quickly solve (x + 7)? =121, for x. Graph the solution on a number line.
x=—-18orx= 4

S

=20 15 A0 -5 0 5 10

EUREKA
MATH
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e. Use your work from part (d) to quickly graph the solution on a number line to each inequality below.
i. (x+7)?%<121
=20 -15 -10 -5 0 5 10
ii x+7)2=121
-20 15 10 -b 0 5 10
Extension
Usethe followingto challenge students whofinish early. .
g 8 ¥ Scaffolding:

a. Poindextersaysthat(a + b)? equalsa®+ 2ab + b?. Is hecorrect?

b. Solvex?+ 14x +49 < 121, for x. Presentthe solution graphically ona
number line.

Exercises 2-3 (6 minutes)

Give students four minutes to work on Exercises 2 and 3. Then, discusstheresultsasa
class. Studentsareapplyingtheirknowledge fromthe previous lesson to solvean
unfamiliartype of problem.

Remind students of their
experiencefromthe previous
lesson. For astatement
separated by “and” to betrue,
BOTH statements mustbetrue.
Ifitis separated by “or,” at
leastonestatement mustbe
true.

Exercise 2
Consider the compound inequality —5 < x < 4.
a. Rewrite the inequality as a compound statement of inequality.

x> —-5and x < 4

b. Write a sentence describing the possible values of x.

X can be any number between —5 and 4.

c. Graph the solution set on the number line below.

S e L S S m m e
.5 2 -

Exercise 3
Consider the compound inequality —5 < 2x + 1 < 4.
a. Rewrite the inequality as a compound statement of inequality.

2x+1>-5and 2x+1< 4

EUREKA Lesson 16: Solving and Graphing Inequalities Joined by “And” or “Or”
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b. Solve eachinequality for x. Then, write the solution to the compound inequality.
3 3
x> —3andx<E OR —3<x<5

c. Write a sentence describing the possible values of x.

3
x can be any number between —3 and ;

d. Graph the solution set on the number line below.

[ Review Exercise 3 withstudents to demonstrate how to solve it without rewriting it.

=  Afriend of minesuggested | could solve theinequality as follows. Issheright?
—5<2x+1<4
—5-1<2x+1-1<4-1
-6<2x<3

3< <3
X3

m Encourage students to articulate theirthoughts and scrutinize each other’s reasoning.

Pointoutto students thatsolving the two inequalities did not require any new skills. They
aresolvedjustastheylearnedin previous lessons.

Have students verify theirsolutions by fillingin a few test values.

Remind students thatthe solutioncanbe written two ways:

x>—3andx<§ OR —3<x<%

Exercises 4-5 (5 minutes)

Scaffolding:

Remind students thatwhen an
inequalityis multipliedor
divided by a negative number,
the directionof theinequality
changes.

Give students four minutes to work on Exercises 4 and 5. Then, review theresultsasa class. Again, pointoutto
students thatsolving the two inequalities did not require any new skills. They aresolved justastheylearned inprevious

lessons. Have students verify their solutions by fillingina few testvalues.

Exercise 4
Given x < —3or x> —1:

a. What must be true in order for the compound inequality to be a true statement?

this case, it is not possible that both are true.)

b. Write a sentence describing the possible values of x.

x can be any number that is less than —3 or any number that is greater than —1.

One of the statements must be true, so either x has to be less than —3, or it has to be greater than —1. (In

EUREKA Lesson 16: Solving and Graphing Inequalities Joined by “And” or “Or”
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c. Graph the solution set on the number line below.

( } $ ] ] 1 ] ] 1 ]
| ¢ I 1 I I 1 Fa
- R S TR |

o1 2 3 4 3

Exercise 5
Givenx +4 <6orx—1>3:

a. Solve eachinequality for x. Then, write the solution to the compound inequality.

x<2orx>4

b. Write a sentence describing the possible values of x.

X can be any number that is less than 2 or any number that is greater than 4.

c. Graph the solution set on the number line below.

| | | | | | Loy | H
(I 1 | I 1 1 T owr ] X
5 . - 2

Exercise 6 (14 minutes)

Have students work the exercises individually, with partners, or withsmall groups. Circulatearound theroom
monitoringprogress and offering guidance as needed. Make sure students are attending to the detail of correctly using

open and closed endpoints.

Exercise 6

Solve each compound inequality for x, and graph the solution on a number line.

a. x+6<8andx—-1>-1 | L1 | 1 H_H_H
| | I | | X

x<2andx>0 > 0<x<2 -3 -4 3 2 -1 0 1 2 3 4 5

b. -1<3-2x<10 | | | | 1 | | |
* 1 I 1 I 1 ‘ | I I X

x>-Zadx<2 - —2<x<2 5 4|3F 2 4 0 1 2 3 4 5

-Ti2
c. 5+1<0o0or8<x-5 (---l----....|....|...|...
o e o e o e
1 5 ? 5 10 15 )-“
x<—§orx213 A5

d. 10 >3x -2 =4 l l | | | ] L | ] 1
* orx (I | | | | | I | | ’ I X

x<4orx=4 - x<4 3 - 3 2 <1 0 1 2 3 4 5

e. x—2<4o0orx—2>4 i i i i | ' i
| N IR BN IR I I R N O |’x

x<6orx>6 > x+6 3 0.2 a1 001 2 03 4 95 86 7
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f. x—2<4and x—-22>4 2] | |

o iy

x=6 3 2 -1 001 2 3 4 5

Debrief the exercise with the following questions:

=  Lookatthe solutionto part(f) closely. Remind students that both statements must be true. Therefore, the
solutionisonlyx = 6.

=  Howwouldthesolutionto part(f) changeifthe “and” wasan“or”? Letthis discussion leadinto Exercise 7.

Exercise 7 (9 minutes)

[ Havestudents work ingroupsto answerthe questions. Students are exploring variations of previously seen problems.

After completing the exercises, ask students to articulate how the problems differed from most of the other examples
seen thus far.

Exercise 7

Solve each compound inequality for x, and graph the solution on a number line. Pay careful attention to the inequality
symbols and the “and” or “or” statements as you work.

a. 1+x>—-40r3x—6> —12

Scaffolding:
MP-1 s 4o

| ]
5 % 4 5 5 9 0 1 2 3 4 % | Haveearlyfinishersexplore
further with the following:

W

b 1+x>—4or3x—6<-12 = |sitpossibletowritea

>x problem separated by “or”
thathas nosolution?

x can be any real number. {

¢ 1+x>4and3x-6<-12 = |sitpossibletohavea

x>3andx < —2 problemseparated by

) , ) “and”thathas asolution
No solution (empty set) since there are no numbers that satisfy both statements L.
L setconsisting of all real
numbers?

Closing (2 minutes)

For thefirst problem, students may have written thesolutionasx > —5orx > —2. Lookatthegraphasa class,and

remind themthatthesolutionisthesetof all of the numbersincluded in either of the two solution sets (orthe union of
the two sets). Lead themto the idea thatthesolutionisx > —5.

For thesecond problem, the two graphs overlap and span the entire number line. Lead themto theidea thatthe
solutionisallreal numbers. Have studentsfillina few test values to verifythat any number will work.

For thethird problem, thetwo graphs do notoverlap. Remindthemthatthesolution setisonly thevaluesthatarein

both of the individual solutionsets. Thereis no number that will make both statements true. Lead themto theidea that
thereis no solution.

Read the questions atthe end of the exploration, and give students a few minutes to summarize theirthoughts on the
work in Exercise 7 independently. Call fora few volunteers to read their solutions.

Exit Ticket (4 minutes)

EUREKA Lesson 16: Solving and Graphing Inequalities Joined by “And” or “Or” 202
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Name Date

Lesson 16: Solving and Graphing Inequalities Joined by “And” or

llo r"

Exit Ticket

1. Solveeachcompound inequality forx, and graphthesolution on a number line.
a. 942x <17 or 7—4x <-9

2.
a. Giveanexampleofacompoundinequality separated by “or” that has a solution of all real numbers.
b. Takethe examplefrom part(a),and changethe “or”toan “and.” Explain why the solution setis no longer all
real numbers. Usea graphon a numberlineas partofyourexplanation.
EUREKA Lesson 16: Solving and Graphing Inequalities Joined by “And” or “Or” 203
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1. Solve each compound inequality for x, and graph the solution on a number line.
a. 9+2x<170r7 —4x < -9

Sample response: x

2.

x<4orx>4o0rx+4
<t t t $ + 1 57} 1 1 4 -
&) -1 0 1 2 3 4 5 6 7 8
b. 6<7<11
12 < x < 22
« g + ¥ + t + + + H
10 12 14 16 18 20 22 24 2 28 30
2.
a. Give an example of a compound inequality separated by “or” that has a solution of all real numbers.
Sample response: x > 0 or x < 2

b. Take the example from part (a), and change the “or” to an “and.” Explain why the solution set is no longer all
real numbers. Use a graph on a number line as part of your explanation.

>0and x< 2

In the first example, only one of the inequalities needs to be true to make the compound statement true. Any
number selected is either greater than 0 or less than 2 or both. Inthe second example, both inequalities must
be true to make the compound statement true. This restricts the solution setto only numbers between 0 and

Problem Set Sample Solutions

Solve eachinequality for x,and

graph the solution on a number line.

x<7orx=>7 — all realnumbers

+1
1. x—2<6or§>4 2. —6<Xlcs
x<8orx>12 -25<x <11
€ , , N B
™ I PAREaSARRAs AR
0 5 10 15 2 * .
3. 5x<21+2x or 3(x+1)>24 4, 5x+2>27 and 3x—1<29

N T T T O T O [ T AR R A I P
y

x>5andx< 10 - 5<x<10

5 0 5 n X

EUREKA
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5. 0<4x-3<11 6. 2x>8o0r -2x <4
3 7 _ _
2ox<t x>4o0rx>-2 - x>-2
4 2
| | [ | 1 | | L%
| I La | | | ] | L | | | T T T T T Ty
"'T""'#"x S5 04 3 2 4 0 1 2 3 5
0 a4 1 2 3 4
1
7. 8>2-2(x—-9)=>-8 8. 4x+8>2x—10o0r ;x—3<2
5sx<13 x> —9orx <15 - all real numbers
1 1 | 1 | 1 | 1 [
— 4ttt X & } } } } } ]
4 5 65 7 & 8 10 11 12 13 14 A0 5 0 5 10 X
9. 7-3x<16 and x+12< -8
x> —3and x < —20 — no solution
| | | | | | 1 | | | ]
| 1 ] | ] | I | | I ] X
S o4 3 2 a4 0 1 2 3 4 5
10. If the inequalities in Problem 8 were joined by “and” instead of “or,” what would the solution set become?
-9 <x< 15
{—H—H—fc:::::::::::::::::::::::O—I—H—l—l}_x
-10 -5 0 5 10 15
11. If the inequalities in Problem 9 were joined by “or” instead of “and,” what would the solution set become?
x > —3orx < =20
23 2 45 10 5 0 5 X
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E Lesson 17: Equations Involving Factored Expressions

Student Outcomes

= Students learn thatequations of theform (x — a)(x — b) = 0 havethesamesolutionsetas two equations
joined by “or”: x —a = 0orx — b = 0. Students solvefactored or easilyfactorable equations.

Classwork

Exercise1 (5 minutes)

Allow students a few minutes to complete only parts (a) through (d) of Exercise 1, either individuallyor inpairs.

Exercise 1

1. Solve eachequation for x.
a. x—10=0
{10}

x
b. —+20=0
2

{—40}
c. Demanding Dwight insists that you give him two solutions to the following equation:
MP.7 XN
& (x—10)(E+20)—0
MP.8

Can you provide him with two solutions?

{10, -40}

d. Demanding Dwight now wants FIVE solutions to the following equation:
X
(x — 10)(2x + 6)(x* — 36)(x* + 10) (5 + zo) =0
Can you provide him with five solutions?

{-40,-6,-3,6,10}

Do you think there might be a sixth solution?

There are exactly 5 solutions.

EUREKA Lesson 17: Equations Involving Factored Expressions 206
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If | told you thatthe product of two numbersis 20, couldyou tell me anything about the two numbers?

Would the numbershaveto be 4and 5?
Would bothnumbers haveto be smaller than 20?
Would they both haveto be positive?

Is there much atall you could say about the two numbers?

o Notreally. They have to have the same sign is about all we can say.

IfI told you thatthe product of two numbers is zero, couldyou tell me anything about the two numbers?

o Atleastoneofthe numbers must be zero.
How could we phrase this mathematically?
o Ifab =0, theneithera =0orb =0o0ra=>b = 0.

This is knownasthe zero-product property.

Whatifthe productofthreenumbersiszero? Whatifthe product of sevennumbersiszero?

o [fanyproductof numbersis zero, at least one of the terms in that product is zero.

Exercise 1 (continued) (2 minutes)

Givestudents afew minutes to complete parts (e) and (f), andelicit student res ponses.

Consider the equation (x —4)(x +3) = 0.
e.  Rewrite the equation asacompound statement.

x—4=0o0rx+3=0

f. Find the two solutions to the equation.

{=3.4}

Scaffolding:
Giveearly finishers this
challenge: Writea factored

equation thathasthesolution:
{=5,—4}

Examples 1-2 (5 minutes)

Work thetwo examples as a class.

EUREKA Lesson 17:

Example 1

Solve 2x% — 10x = 0, for x.

{0,5}

Example 2
Solve x(x —3) +5(x —3) = 0, for x.
{-5,3}

Equations Involving Factored Expressions

MATH
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Scaffolding:

Remind students of the
practice of applying the
distributionproperty

“backward” thatthey sawin
the Lesson 6 Problem Set. This
practiceis called factoring.
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Lead a discussion about the application of the distributive property, in the form of factoring polynomial expressions,
when solvingthe equations in these two examples.

Students may wantto divide both sides by x. Remind themthat x isan unknown quantity that couldbe positive,
negative, or zero. These cases need to be handled separately to getthe correctanswer. Here we will take a more
| familiar approachin thesolutionprocess: factoring.

M1

Continueto emphasizetheidea of rewritingthe factored equation as a compound statement. Do notletstudents skip

this step!

Exercises 2—7 (7 minutes)

Givestudents timeto work on the problems individually. As students finish, have them work the problems on the board.
Answers are below.

Exercises 2-7

2. (x+1D)(x+2)=0 3. (Bx-2)(x+12)=0 4. (x-3)(x-3)=0
(-2,-1} 2 (3}
{_12’ 3}
5. (x+4)(x—6)(x—10)=0 6. x2—6x=0 7. x(x—-5)+4(x—-5)=0
{—4, 6,10} {0,6} {—4,5}

Example 3 (3 minutes)

Example 3

1
Consider the equation (x —2)(2x —3) = (x —2)(x+ 5). Lulu chooses to multiply through by —2 and gets the
x—

answer x = 8. ButPoindexter points out that x = 2 is also an answer, which Lulu missed.

a. What's the problem with Lulu’s approach?

1
You cannot multiply by —2 because x — 2 could equal 0, which means that you would be dividing by 0.
x—

b. Use factoring to solve the original equation for x.
(x-2)2x-3)-(x—2)(x+5)=0
(x-2)(2x—3-(x+5))=0
(x-2)(x-8)=0
x—2=00rx—8=0

x=2o0rx=8

Work throughtheresponsesasa class.

1
Emphasizetheideathat multiplying by—2 isa problemwhen x — 2 equals 0.
x—

EUREKA Lesson 17: Equations Involving Factored Expressions
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Exercises 8—11 (10 minutes) scaffolding:
Givestudents timeto work on Exercises 8—11 in pairs. Then, elicit student responses. The problems seen in Exercise
Remind students of the danger of multiplying both sides by a variable expression. 9 areoften called the
difference of two squares. Give
Exercises 8-11 early finishers this challenge:
8.  Use factoring to solve the equation for x: (x —2)(2x —3) = (x — 2)(x + 1). x*—81= (xz)z -92=7
{2,4}

9. Solve each of the following for x:
a. x+2=5 b. x*+4+2x=>5x
{3} {0,3}

c. x(5x —20) +2(5x —20) = 5(5x —20)

{3,4}
10.
a. Verify: (@ —5)(a +5) = a® — 25. b.  Verify: (x — 88)(x + 88) = x* — 882
a’ +5a—5a—25= a*—-25 x% +88x — 88x — 88% = x? — 882
a? —25=a*-25 x* — 88% = x* —88?
c.  Verify: A2— B> = (A— B)(A + B). d. Solve forx: x> —9 = 5(x —3).
A*—B%*= A?+ AB— AB — B? {2,3}

A2— B? = A?— B2

e. Solve forw: W+ 2)(w—5) =w? — 4.,

{2}

11. Astring 60 inches long is to be laid out on a tabletop to make a rectangle of perimeter 60 inches. Write the width
of the rectangle as 15 + x inches. What is an expression for its length? What is an expression for its area? What
value for x gives an area of the largest possible value? Describe the shape of the rectangle for this special value of
x.

Length: 15— x Area: (15— x)(15+ x)

The largest areais when x = 0. In this case, the rectangle is a square with length and width both equal to 15.

Discuss theresults of Exercise 10.
Work throughExercise 11 as aclass, explainingwhy x = 0 gives thelargestarea.

*  Since(15+ x)(15 — x) =225 — x? asx gets larger, 225 — x 2 gets smalleruntil x = 15 atwhichpointthe
areaiszero. So,thedomain of x for this problemis0 < x < 15.
=  Howcanwechangethedomainif wedon’twanttoallowzero area?

®  Youcanleavethe 15 end of the interval open if you don’t wantto allow zero area.

EUREKA Lesson 17: Equations Involving Factored Expressions 209
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Lesson 17 Rk

ALGEBRA |

Closing (3 minutes)
Elicitstudentresponses. Students should make notes of responses inthe LessonSummaryrectangle.

= |fthe productof4 numbersiszero, whatdo we know aboutthe numbers? Atleastoneofthemmustequal 0.
=  Whatisthedanger of dividing bothsides of anequation by a variable factor? What should be done instead?

Lesson Summary

The zero-product property says that if ab = 0, then either a =0 or b=0or a=b =0.

Exit Ticket (5 minutes)
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Name Date

Lesson 17: Equations Involving Factored Expressions

Exit Ticket

1. Findthesolution settotheequation3x?+ 27x = 0.

2. Determineifeachstatementistrueorfalse. Ifthestatementisfalse, explain why, orshow work proving thatitis
false.

a. |Ifa =5, thenac = 5c.

b. Ifac = 5¢ thena =5.
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false.

a.

1.  Find the solution set to the equation 3x*> + 27x = 0.

3x(x+9)=0

3x=0o0rx+9=0

x=0 o x=-9

Solution set: {—9,0}

2. Determine if each statement is true or false. If the statement is false, explain why, or show work proving that it is

Ifa = 5, then ac = 5c.

True.

Ifac = 5¢, then a = 5.
False. a could equal 5, or c could equal 0.
ac = 5c¢
ac—5c=0
c(a-5)=0
c=0o0ora-5=0

c=0o0ra=5

Problem Set Solutions

EUREKA
MATH

1.  Find the solution set of each equation:

a. x-1Dx-2)x-3)=0
{1,2,3}

b. (x —16.5)(x —109) =0
{16.5,109}

¢ x(x+7)+5x+7)=0
{-7,-5}

d x*+8x+15=0
{-5,-3}

e. (x-3)(x+3)=8x
{-1,9}

Lesson 17: Equations Involving Factored Expressions
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2. Solve x* —11x = 0, for x.

(0,11}

3. Solve (p +3)(p — 5) = 2(p + 3), for p. What solution do you lose if you simply divide by p + 3to getp — 5 = 2?

p = —3orp = 7. The lost solution isp = —3. We assumed p + 3 was not zero when we divided by p + 3;
therefore, our solution was only complete for p values not equal to —3.

4. The square of a number plus 3 times the number is equal to 4. What is the number?

Solve x* + 3x = 4, for x, to obtain x = —4orx = 1.

5. Inthe right triangle shown below, the length of side AB is x, the length of side BCis x + 2, and the length of the
hypotenuse AC is x + 4. Use this information to find the length of each side. (Use the Pythagorean theorem to get
an equation, and solve for x.)

A Use the Pythagorean theorem to get the equation x? + (x +2)% = (x + 4)%. Thisis
equivalent to x* —4x — 12 = 0, and the solutions are —2 and 6. Choose 6 since x
represents a length, and the lengths are

AB: 6
BC: 8

AC: 10

6.  Using what you learned in this lesson, create an equation that has 53 and 22 as its only solutions.

(x —22)(x —=53) =0
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=4 Lesson 18: Equations Involvinga Variable Expressionin the

Denominator

Student Outcomes

1 1
= Students interpretequationslike— = 3 astwo equations,— = 3 andx # 0, joined by “and.” Students find
X X

the solution setfor this new system of equations.

Classwork

Opening Exercise (5 minutes)

Allow students time to complete the warm-up, and then discuss the results.

a.

Opening Exercise
Nolan says that he checks the answer to a division problem by performing multiplication. For example, he says that

3
20 -4 = 5is correct because 5 X 4 is 20, and T = 6 is correct because 6 X %is 3.

2

Using Nolan’s reasoning, explain why there is no real number that is the answer to the division problem
5-+0.

There is no number n such that 0 X n = 5.

0
Quentin says that 6 = 17. What do you think?

0
While it is true that 0 X 17 = 0, the problem is that by that principle 6 could equal any number.

5
Mavis says that the expression : has a meaningful value for whatever value one chooses to assign to x.
x

Do you agree?

No. The expression does not have a meaningful value when x = —2.

3x-6
> always has the value 3 for whichever value one assigns to x. Do you

Bernoit says that the expression
x—
agree?

The expression does equal 3 for all values of x exceptx = 2.
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0
Note thatthe problemwith 5 isthattoo manynumbers pass Nolan’s criterion! Have students change 17 to a different

5
number. Itstill passes Nolan’s multiplicationcheck. Like g,itisa problematicnotion. For thisreason, wewantto

disallow the possibility of ever dividing by zero.

5
Pointoutthatan expressionl| ike? is really accompanied with the clause “under the assumptionthe denominatoris
X

5
notzero.” So, T2 should beread as a compound statement:
x+

5 5
—andx+2#0 OR —andx # -2
x+2 xX+2

Exercises 1-2 (5 minutes)

Give students afew minutes to complete the problemsindividually. Then, elicitanswers
fromstudents.

Exercises 1-2

10
1. Rewrite z as a compound statement.
X

10
——and x # -5
x+5

x%-25

2. C ider =——————.
ONSICer (x2_9) (x+4)

a. Is it permissible to let x = 5 in this expression?
0
Yes. 141 = 0
b. Is it permissible to let x = 3 in this expression?

16
No. — — is not permissible.

0
c. Give all the values of x that are not permissible in this expression.
x+-33, -4

Scaffolding:
Remind students of the
difference between dividing 0

by a number and dividing a
number by 0.
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Examples 1-2 (10 minutes)

Work throughthe examples as a wholeclass.

Example 1
1 3
Consider the equation — = ——,
x x—2

a. Rewrite the equation into a system of equations.

1 3
—=——andx#* 0and x # 2
x x—2

b. Solve the equation for x, excluding the value(s) of x that lead to a denominator of zero.

x=—1and x # 0 and x + 2 Solution set: {—1}

Example 2

x+3 5

Consider the equation = ,
x—2 x—=2

a. Rewrite the equation into a system of equations.

x+3 5
—— =—"T"and x*2
x—-2 x-2

b. Solve the equation for x, excluding the value(s) of x that lead to a denominator of zero.

x=2and x # 2 Solution set: @

Emphasizethe process of recognizing arational equationas a system composed of the equationitself and the excluded
value(s) of x. For Example 1, thisisreallythe compound statement:

1 3
—=—andx #0andx—2 #0
X X—

=  Bythe properties of equality, we can multiply through by nonzero quantities. Within this compound
statement, x and x — 2 arenonzero,sowemay writex —2 = 3xandx # 0 andx — 2 # 0, whichis
equivalentto —2 = 2x andx # 0 andx # 2.

= All threedeclarationsin this compound statementaretruefor x = —1. Thisisthesolutionset.

In Example 2, remindstudents of the previous lesson on solving equations involvingfactored expressions. Students will
need to factor outthe common factorand then apply the zero-product property.

=  WhathappensinExample2 whenwehavex = 2 and x # 2? Both declarations cannotbetrue. Whatcanwe
say aboutthesolution set of theequation?

@ There isno solution.
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Allow students time to complete the problems individually. Then, have students compare their work withanother
student. Makesurethatstudents aresetting up a system of equations as part of their solution.

Work throughExercises 11 asaclass.

Exercises 3-11

solve the equation for x.

5 1
3. —=1 4 —=3 5.
x x=5
5 1
—=1landx +# 0 ——=3andx # 5
x x-5
{5} {E}
3
2 3 x 6
6. —=— 7. ——=—-—"1— 8
x x4 x+6 x+6
2 3 x 6
—=——and x #0and x + 4 —— =-——""andx #* —6
x x4 x+6 x+6
{-8} No solution
x+3 x+3
9. ——=5 10. —=1
x+3 x+3
x+3 x+3
——=5and x+ -3 ——=1and x+ -3
x+3 x+3
No solution All real numbers except —3

games of the season, Samuel had 12 hits off of 33 at bats.

a. What is his batting average after the first 10 games?

12
—~0.364
33

x>9

He would need 10 hits in a row to be above 0.500.

< 0.300
33+x

x >17
If he went 8 at bats in a row without a hit, he would be below 0.300.

Rewrite each equation into a system of equations excluding the value(s) of x that lead to a denominator of zero; then,

x+1

X
——=4andx + -1
x+1

3

x-3
x+2
x-3

—— =0and x + -2
x+2

{3}

11. Abaseball player’s batting average is calculated by dividing the number of times a player got a hit by the total
number of times the player was at bat. Itis expressed as a decimal rounded to three places. After the first 10

b. How many hits in a row would he need to get to raise his batting average to above 0.500?

c. How many at bats in a row without a hit would result in his batting average dropping below 0.300?

Lesson 18: Equations Involving a Variable Expression in the Denominator
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Ask:

=  Whatwas thedifference between Exercises 9 and 10? How didthataffectthesolution set?

Closing (5 minutes)
Ask these questions after going over the exercises:

=  Whenanequationhasavariablein the denominator, what mustbe considered?

=  Whenthesolutiontotheequationisalsoanexcluded value of x, then whatis thesolutionset to the equation?

Exit Ticket (5 minutes)
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Name Date

Lesson 18: Equations Involving a Variable Expressionin the

Denominator

Exit Ticket

xX—2
1. Rewritetheequation—9 = 2 asasystemofequations. Then, solve for x.
x—

2. Writean equation that would havetherestriction x # —3.
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Exit Ticket Sample Solutions

x—=2
1. Rewrite the equation —9 = 2 as a system of equations. Then, solve for x.
x—

X2 ondx £ 9
9— ana x

x —

x—2=2(x-9)

x—2=2x-18
16 = x

{16}

2.  Write an equation that would have the restriction x # —3.

4

Sample answer: —— = 2
x+3

Problem Set Sample Solutions

10(x2-49)

2 7. =0. Isx=7 permissible? Which values of x are excluded? Rewrite as a
3x(x2-4) (x+1)

1. Consider the equation
system of equations.
Yes, x = 7 is permissible. The excluded values are 0, +2, and —1. The system is

10(x2-49)
———  ~=0andx#* 0and x # —2and x # —1land x *+ 2.
3x (x2-4) (x+1)

2. Rewrite each equation as a system of equations excluding the value(s) of x that lead to a denominator of zero.
Then, solve the equation for x.

a. 25x =1
x

System: 25x = %and x # 0; solution set: {i %}

1

b, — =10
5x
System: — = 10 and x + 0; soluti t{)
ystem: Sx_ anda x , solution set: 50
X

c. — = 2x
7-x

x 1
System: 7— = 2xand x + 7; solution set: {073}
—-X

5
d —=—
x x+1
2 5 2
System: — = ——and x # —1 and x # 0; solution set: {—}
x  x+1 3
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3+x 3+2x
e — =
3-x 3-2x
3+x 3+2x 3
System: —— = and x # = and x # 3; solution set: {0}
3-x  3-2x 2
3. Rosswants to cut a 40-foot rope into two pieces so that the length of the first piece divided by the length of the
second piece is 2.
a. Let x represent the length of the first piece. Write an equation that represents the relationship between the
pieces as stated above.
x
=2
40 —x
b. What values of x are not permissible in this equation? Describe within the context of the problem what
situation is occurring if x were to equal this value(s). Rewrite as a system of equations to exclude the value(s).
x
40 is not a permissible value because it would mean the rope is still intact. System: T = 2and x # 40
c. Solve the equation to obtain the lengths of the two pieces of rope. (Round to the nearest tenth if necessary.)
80 40
First piece is ? ~ 26.7 feet long; second piece is ? ~ 13. 3 feet long.
4. Write an equation with the restrictions x # 14, x # 2,and x # 0.
A ill S e f L 1]
nswers will vary. Sample equation: ———————~ =
y. Sampie eq x(x-2) (x-14)
5. Write an equation that has no solution.
1
Answers will vary. Sample equation: — = 0
x
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= Students learn to think of some of the letters in a formula as constants in order to define a relationship
between two or more quantities, where oneisinterms of another, for example holdingVinV = IR as

constantandfinding R interms of I.

Classwork

Provideanintroductionto thelesson:

=  Formulasthatrelatetwo or morevariablesymbolssuchas A = lw, D = rt,or
a® + b? = c? ariseindifferentapplications of mathematics, science, and other
areasof study. Theseformulas have meaning based on a situation.

=  However, even withoutan applied setting, formulas canstandon theirown asa
relationship between variables.

=  Youcanusetheequation-solving techniques from earlier lessons to rearrange
formulas and solve for aspecificvariable symbol.

Exercisel (5 minutes)

Havestudents work independently. Monitortheirprogress on part(c), andhavethem
review and correcttheirsolutions with a partner.

Scaffolding:

Before startingthe warm-
up, ask students toread
the introduction and
discuss other formulas
they haveseenin previous
grades.

As students workthe
warm-up andfirst few
exercises, adjustthe
pacing depending on how
well students are doing
with Exercises 1(c) and 3.

Exercises 1-3

a. 2x—-6=10 b. —-3x—-3=-12 c. ax—b=c
x=8 x=3 ax—b=c
ax=b+c
b+c
X =
a

1. Solve each equation for x. For part(c), remember a variable symbol, like a, b, and c, represents a number.

Exercises 2—-3 (5 minutes)

The process to solve all three equations is the same.

3.  Solve the equation ax — b = c for a. The variable symbols x, b, and c represent numbers.

. . . b+c
Solving for ais the same process as solving for x. a = e

2. Compare your work in parts (a) through (c) above. Did you have to do anything differently to solve for x in part(c)?

Lesson 19: Rearranging Formulas
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Debrief studentresponses to Exercises 2 and 3 as a whole class. Make sure to emphasize the points below.

=  Variablesare placeholders for numbers and as such have the same properties.

=  Whensolvingan equationwith several variables, you use the same properties and reasoning as withsingle-
variable equations.

=  Theequationin Exercise 3 holds aslongas x does notequal 0 (division by 0 is undefined). Consideryourresult
from Exercise 1(c). Does this equation holdfor allvalues of thevariables involved?

@ No. Itonlyholdsifa # 0.

Example 1 (5 minutes): Rearranging Familiar Formulas

Example 1: Rearranging Familiar Formulas

The area A of a rectangle is 25 in%. The formula for areais A = Iw.
= If the width wis 10 inches, what is the length 1?
s A =25in? l
l==
2
5
If the width w is 10 inches, then the length L is ;inches.
w

. If the width w is 15 inches, what is the length 1?
5

l==
3

5
If the width w is 15 inches, then the length lis;inches.

. Rearrange the area formula to solve for .
A=1lw
A Iw
woow
A A
—=lorl=—
w w

] Verify that the area formula, solved for [, will give the same results for I as having solved for [ in the original
area formula.

A=1lw
A 25 5
=V~ 1072
A 25 5
w153

Walk students throughthe solution to this problem. Havethem write the reasonsforeach step in the equation-solving
processon their papers. Muchof the work students will do infuture classes will involve rearranging formulas to

highlight a variable of interest. Beginto setthestagethatsolvingfora variable before plugginginvaluesis often easier
than solvingafter substituting the values, especially when the numbers are not userfriendly. If time permits, give them

A =10.356andw = 5%, and askthemto solvefor thelength.
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Exercise4 (7 minutes)

Havestudents work insmall groups or witha partner. Solving these exercises two ways will help students to further
understandthatrearranging a formula withvariables involves the same reasoning as solving anequation fora single
variable.

Exercises 4-5

4. Solve each problem two ways. First, substitute the given values, and solve for the given variable. Then, solve for
the given variable, and substitute the given values.

a. The perimeter formula for a rectangle is p = 2(I +w), where p represents the perimeter, [l represents the
length, and w represents the width. Calculate [ when p = 70 and w = 15.

Sample responses:
Substitute and solve. 70 = 2(1 + 15), [ = 20
Solve for the variable first: | = P_ w

2

1
b. The area formula for a triangle is A = Ebh, where A represents the area, b represents the length of the base,
and hrepresents the height. Calculate b when A = 100 and h = 20.

24
—T,b—lﬂ

Have oneor two students present theirsolutions to the entire class.

Exercise5 (7 minutes)

The nextset of exercisesincreases slightlyin difficulty. Instead of substituting, students solve for the requested variable.
Havestudents continueto workingroups or witha partner. If the class seems to be getting stuck, solve part of one
exerciseasa wholeclass, and then have them go back to working with their partner orgroup.

Havestudents presenttheirresults to the entire class. Look for valid solution methods thatarriveatthesameanswer
using a slightly different process to isolate the variable. For parts (b—ii), students mayneed a reminderto usethesquare
rootto “undo” the square of a number. They learned aboutsquare roots and solving simple quadraticequationsin
Grade8.

5. Rearrange each formula to solve for the specified variable. Assume no variable is equal to 0.
a. GivenA=P(1+rt),
i. Solve for P.

A
T 1+t

P

iil Solve for t.

=(E1)er
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. 1
Given K = 5> mv~,

2
2

Solve for m.

Example 2 (10 minutes): Comparing Equationswith One Variable to Those with More Than One Variable

Demonstrate how to reversethe distributive property (factoring) to solve for x. Startby
solvingtherelated equation OR solve both equations atthe sametime, onelineata time.
Encourage students to make notes justifying their reasoning on each step. Continue
emphasizing thatthe processisthe same because variables are just numbers whose

values haveyetto beassigned.

Example 2: Comparing Equations with One Variable to Those with More Than One Variable

Scaffolding:

In Example 2, some students
may notneed to solvethe
problemsintherightcolumn
first. Others may need to start
there beforesolving theliteral
equationsin theleftcolumn.

Equation Containing More Than One Variable

Related Equation

Solve ax + b = d — cx for x.

ax+cx+b=d

ax+cx=d—b

Solve 3x +4 = 6 — 5x for x.

3x+5x+4=6
3x+5x=6—-4

x(a+c)=d-b x(3+5)=2
_d_b 8x=2
a+c 2 1
*T8 1
Solve for x. Solve for x.
ax cx 2x x
—_— 4 —= — ==
b d 5 7
ax cx 2x x
bd (5-+—) = bd(e) Ziis

dax + cbx = bde
x(da + cb) = bde
_ bde
= da + ch

35 (Z_x + f) =35(3)
5 7
14x +5x =105
x(14 +5) =105
19x = 105

105
T 19
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Closing (2 minutes)
Review the Lesson Summary, and close with these questions.

=  Howis rearranging formulasthe sameas solving equations that containa single variable symbol?
=  Howis rearranging formulas different from solving equations that contain a single variable symbol?

Whilewrapping up, make surestudents understand that whilethereis essentially no difference when rearranging
formulas, it may seem more difficult, andthe final answers mayappear more complicated because the variables cannot
be combined intoa single numerical expression like they can when numbers are added, subtracted, multiplied, or
dividedin the course of solvinga typical equation.

Lesson Summary

The properties and reasoning used to solve equations apply regardless of how many variables appear in an
equation or formula. Rearranging formulas to solve for a specific variable can be useful when solving applied
problems.

Exit Ticket (4 minutes)
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Name Date

Lesson 19: Rearranging Formulas

Exit Ticket

1+a
1-d

Giventheformulax =

1. Solveforawhenx =12

2. Rearrangetheformulatosolvefora.
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1.

2.

Given the formula x = 1-a

1+a

’

—a
Solve for a when x = 12.

1+a

1-a
120-a)=1+a
12-12a=1+a
11 =13a

12 =

——a
13

Rearrange the formula to solve for a.

1+a

1-a
x1-a)=1+a

x—xa=1+a
x—1=a+xa
x—1=a(l+x)
x—1
1+x

=a

Problem Set Sample Solutions

1.

For Problems 1-8, solve for x.

ax +3b = 2f

2f —3b
X =—

x =10q + 35

Solve for m.
ms

t=
m+n

nt
m=—-
s—t

2. rx+h=sx—k

_h+k
s—r

10. Solve for u.
1 1 1

uv f

v

v—f

u=

11.

3px =2q(r— 5x)

2qr
* = 3p+10q

Solve for s.

A=s?

12.

x=4c—b

3ax+2b
c
4cd — 2b
X=—"
3a

=4d

Solve for h.

V=nr*h

r:
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13. Solve for m. 14. Solve for d. 15. Solve for y. 16. Solve for bq.
_ mn = 1
T=4Vm F=G— ax+by=c A= h(by +by)
T? Gmn c—ax 24
m=— d=+ |— y= by =——b,

16 F b

17. The science teacher wrote three equations on a board that relate velocity, v, distance traveled, d, and the time to
travel the distance, t, on the board.

d d
v=-—
t

d=vt

Would you need to memorize all three equations, or could you just memorize one? Explain your reasoning.

You could just memorize d = vt since the other two equations are obtained from this one by solving for v and t.
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Lesson 20: Solution Sets to Equations with Two Variables

Student Outcomes

= Students recognize and identifysolutions to two-variable equations. They representthesolutionset

graphically. They create two-variable equations to represent a situation. They understandthatthe graphof
thelineax + by = cisa visual representation of the solution setto theequation ax + by = c.

Classwork
. . Scaffolding:
Open thelessonwith the following: .
= Circulateto makesure
=  When working with equations that containmore than onevariable, thereis students are substituting
often morethan onesolution. Solutions can be represented usingordered pairs the first coordinate for x
when the equation contains two variables. All of the solutions to an equation andthesecond onefor y.
arecalled thesolutionset. = Createaclassgraphusing
=  Whatdoweknowaboutthegraphofequations of theform ax + by = c? a sheet of poster paper,
o Weknow from Grade 8, the graph of ax + by = cisa line. andgiveeachstudenta

sticky dot. Havethem
writethesolutionon the
Exercise1l (5 minutes) sticky dotand post theirs
onthe classgraph. They
cancorrecterrors when
their solutionis noton the
line.

Exercises

1.

a. Circle all the ordered pairs (x, y) that are solutions to the equation 4x —y = 10.

@3) 0,0
3,4 (6,0) 4,-1)

b. How did you decide whether or not an ordered pair was a solution to the equation?

Most students will explain that they substituted and checked to see whether or not the equation was true.

Pointoutthetwo-variable equation inExercise 1 andthe possible solutions represented as ordered pairs. Working
independently, students use their prior knowledge to verify which ordered pairs are solutions to an equation. Ask
students to comparetheir solutions with a partner. Briefly share answers, and give students a chanceto revise their
work or add to their written responses to part (b).
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Exercise2 (15 minutes)

Students should workingroups on Exercise 2 part(a) only. After about four minutes, have eachgroup share their
solutions and theirsolution strategies with the entire class. Highlight the different approaches to finding solutions.
Mostgroups willlikelystart by pickinga value for either x or y and then deciding what the other variable should equal to
makethe number sentencetrue. Value groups that began to organize their solutionsin a meaningful way, such as by
increasingx-values. Groups mayeven organizetheirsolutionsina graph.

a. Discover as many additional solutions to the equation 4x — y = 10 as possible. Consider the best way to
organize all the solutions you have found. Be prepared to share the strategies you used to find your
solutions.

Sample answers: (—5,—30); (-2, —18); (2,-2); (4,6)

b. Now, find five more solutions where one or more variables are negative numbers or non-integer values. Be
prepared to share the strategies you used to find your solutions.

Sample answers: (—4,—26); (=3, —22); (% —8); (% —4); (g 0)
c. How many ordered pairs (x, y) will be in the solution set of the equation 4x —y = 10?

Infinitely many.

d. Create a visual representation of the solution set by plotting each solution as a point (x, y) in the coordinate

plane.
[ ]
®
[ ]
.-
°
s
e. Why does it make sense to represent the solution to the equation 4x —y = 10 as a line in the coordinate

plane?

Drawing the line is the only way to include all possible solutions. It would be impossible to plot every point
that is a solution to the equation since there are infinitely many solutions.

Next, havethe groups complete parts (b) through (d). Debrief the entire class by having eachgroupsharetheirwork, or
if time permits, createa classgraph. Parts(c) and (e) arethe mostimportant. Students need to realize thatlisting all the
solutionsisimpossible. Avisualrepresentation of a curve (in this casea line) isa wayto include ALL possible solutions
including those with fractional or irrational values. Provethisto students by letting x = v/2 and then solving for y =

4+/2 — 10. Then, usea graphing calculator or graphing software to graph the line and find the value when x = 2
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Exercises 3-5 (15 minutes)

These exercises ask students to createa linear equation intwo variables that represents a
situation. Theequationsin Exercises 3 and4 arethesame, butthe domain of each
variableis differentdue to the context. Require students to attend to precisionin

\V]:% ) depicting answersthatreflectthedomaingiventhe context. Arethey using “let”

B statements to name eachvariable? Arethey getting correct solutions to the equations?
UULEA Notice whether or not they are using some of the strategies developed inthe exercise to
find their solutions. In Exercise 3, the graph should be a solid line that extends to the
boundaries of the coordinate plane, butin Exercise 4, the graphshouldbe discreteand
only contain whole number valuesin the ordered pairs.
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Scaffolding:

Teach a method for getting
solutions by selecting values
for x and substituting them
intotheequationtofind y.
Have students organizethe
ordered pairsinatable.

3. The sum of two numbers is 25. What are the numbers?

variable.
Let x represent one number, and let y represent another number.

Equation: x +y = 25

a. Create an equation using two variables to represent this situation. Be sure to explain the meaning of each

Answers will vary but should be pairs of numbers whose sum is 25. 15

c. Create a graph that represents the solution set to the equation. 5

e
b. List at least six solutions to the equation you created in part (a). 5 _\

See graph to the right.

many songs did she have by each one in the playlist?

variable.

Equation: x +y= 25

4. Gia had 25 songs in a playlist composed of songs from her two favorite artists, Beyonce and Jennifer Lopez. How

a. Create an equation using two variables to represent this situation. Be sure to explain the meaning of each

Let x represent the number of Beyonce songs, and let y represent the number of Jennifer Lopez songs.

b. List at least three solutions to the equation you createdin part 30 -
(a).
5% +
Answers will vary but should be limited to pairs of whole 20

numbers whose sum is 25. 15 4

10

c. Create a graph that represents the solution set to the equation. 51

See graph to the right.

5. Compare your solutions to Exercises 3 and 4. How are they alike? How are they different?

discrete set of points that lie on the line y = —x + 25.

The solution set to Exercise 3 is an infinite number of ordered pairs, and the graph is a solid line. The solution set to
Exercise 4 is a finite set of ordered pairs that also happens to be in the solution setto Exercise 3. The graph is a
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When debriefing thes e exercises with the whole class, be sure to reinforce that the domain depends on the situation.
Review expectations for making a complete graph (scaling, labeling, etc.). Emphasize the difference between a discrete
and continuous graph.

Closing (5 minutes)

Review the Lesson Summary by reading closelyand posing the questions bel ow.

Is thegraph oftheliney = 2x — 3 thesameasthesolutionsettotheequationy = 2x — 3? Explain your
reasoning.

o Yes. According to the Lesson Summary, the set of (x, y) points that forms the solution set will be points
on thegraph. Since the degree of x and y are both one, the resultinggraphis a line.

Supposel amusing the equation to represent the following context: The number of trucks manufactured is
always 3 fewer than twice the number of cars manufactured. Does itstill make sensethatevery pointon the
lineisa solution to my equation considering the context of my problem?

o No. Onlythepoints (x,y) thatarein the domain of whole numbers (since they don’t manufacture 0.3
of acar or truck) are solutions to the equation within this context.

Why is ituseful to represent the solutions to a two-variable equation usinga graph?

o |fthedomain of x and y are the real numbers, then it would be impossible to list all of the solutions as
ordered pairs. A continuous graph impliesthatevery x-value in the domainof the graph has a
corresponding y-value that makes the equation true.

@ Evenifthe domain of x andy are integers or whole numbers or something otherthan the real numbers,
it is helpful to extend a line along all the solution points and use that line to find other solutions within
the domain (much more so than trying to draw out a bunch of dots along the ruler).

o Itis also cooland convenient thatthe graph of each class of equation has a distinctive shape onthe
coordinate plane. The graphs of equationsare usuallyvisually striking andtelling in a very efficient
way. Aswe learn in future lessons, the two-variable version of inequalities, solutions, systems, etc.,
each carries an interesting geometrical meaning in its two-dimensional graph.

Lesson Summary

An ordered pair is a solution to a two-variable equation when each number substituted into its corresponding
variable makes the equation a true number sentence. All of the solutions to a two-variable equation are called the
solution set.

Each ordered pair of numbers in the solution set of the equation corresponds to a point on the coordinate plane.
The set of all such points in the coordinate plane is called the graph of the equation.

Exit Ticket (5 minutes)
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Name Date

Lesson 20: Solution Sets to Equations with Two Variables

Exit Ticket

The Math Club sells hot dogs ata school fundraiser. Theclubearns $108.00and has a combination of five-dollar and
one-dollarbillsinits cash box. Possible combinations of billsarelisted inthetable below. Completethetable.

Number of five-dollar bills | Number of one-dollar bills Total= $108.00
19 13 5(19) +1(13) =108
16 28
11 53
4 88

1. Find one more combination of ones andfives thattotals $108.00.

0o

2. Theequation5x+ 1y = 108 represents this situation. Agraphofthe -
liney = —5x+ 108isshown. Verify thateach orderedpairinthetable
lies ontheline.

0

3. Whatisthe meaningof thevariables (x and y) and the numbers - 2 \ _\.E\
(1,5,and 108) intheequation 5x + 1y = 108? ) i \

EUREKA Lesson 20: Solution Sets to Equations with Two Variables 234
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS

Lesson 20

ALGEBRA |
Exit Ticket Sample Solutions
The Math Club sells hot dogs ata school fundraiser. The club earns $108.00 and has a combination of five-dollar and
one-dollar bills in its cash box. Possible combinations of bills are listed in the table below. Complete the table.
Number of five-dollar bills Number of one-dollar bills Total = $108.00
19 13 5(19) +1(13) = 108
16 28 5(16) +1(28) = 108
11 53 5(11) +1(53) = 108
4 88 5(4) +1(88) = 108
Find one more combination of ones and fives that totals $108.00. -
(20,8), which stands for 20 fives and 8 ones. :\
,, 1o
The equation 5x + 1y = 108 represents this situation. A graph of the %
line y = —5x 4+ 108 is shown. Verify that each ordered pair in the % 20
table lies on the line. T
=
o
Graph is shown with points plotted for the solutions. Verify by 5 80
substituting the ordered pairs in the table into the equation for the g
7 E
line. 3 w
What is the meaning of the variables (x and y) and the numbers o
(1,5, and 108) in the equation 5x + 1y = 108?
x is the number of 5-dollar bills; y is the number of 1-dollar bills; 1 is B BF - 5 o 2 \ s
the value of a 1-dollar bill; 5 is the value of a 5-dollar bill, and 108 is
the total dollar amount. If there are x fives, then 5x is the value of all Number of five-dollar bills
the five-dollar bills.
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Problem Set Sample Solutions

1. Match each equation with its graph. Explain your reasoning.

Justifications will vary. Sample response: | identified points on each graph and substituted them into the equations.
Some graphs had the same points, like (0, —6), sol needed to check the solutions with at least one other point.
a. y=5x-6

: R
Graph 4

4 40
a2

b. x+2y=-12 \ N E
y A 5

Graph 5 \
N

h
-10 -5 10 'x -10 -b 10
c. 2x+y=4
Graph 1 \\ \

d y=3x-6

Graph 3 Va Va

4
L

R 4

g

3

N

4
g
~——_

N
D

R 4
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2.  Graph the solution set in the coordinate plane. Label at least two ordered pairs that are solutions on your graph.

a. 10x + 6y =100 b. y=9.5x+20 c. 7x—3y =21 d y=4(x+10)

Solutions are shown below.

Grapha Graph b
YA V4
20 100 7
16 \\ 80 ,/
12 \\ 60 /
.
@10 W w0
N (2,39)
. AN .
\(:0,0) (0,20)
0 2 4 6 8 10 0 2 4 6 8 10
Graphc Graph d
¥ /‘ ¥ ,
i v, i 4‘3:-

3. Mariand Lori are starting a business to make gourmet toffee. They gather the following information from another
business about prices for different amounts of toffee. Which equation and which graph are most likely to model the
price, p, for x pounds of toffee? Justify your reasoning.

Graph1 Graph 2
VA Va4
Pounds, x Price, p, for
X pounds * 2 /

0.25 §3.60 . 3 /
0.81 $6.48

1 $7.20 — //
1.44 $8.64 10 / 10 /

2 i
Equation A: p = 5x +2.2 / /

b
Equation B: p = 7.2+/X 0 1 2 3 4 0 1 2 3 4

.
L

Graph 1 is a nonlinear function. It fits the table data better and seems to be the correct equation. | estimated a few
ordered pairs on the graph, and they were close matches to the values in the table. The points on the second graph
do not match the table values at all for x-values larger than 1.
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Lesson 21: Solution Sets to Inequalities with Two Variables

Student Outcomes

= Students recognize and identifysolutions to two-variable inequalities. They representthesolution set
graphically. They create two-variableinequalities to represent a situation.

= Students understandthata half-planeboundedby theline ax + by = cisa visualrepresentation of the
solutionsetto a linearinequality, such as ax + by < c. Theyinterprettheinequality symbol correctly to
determine which portion of the coordinate planeis shaded to represent the solution.

Lesson Notes

Students explore aninequality related to the equation from the previous lesson’s Exercises 1-2. Usingthesame

equation will help students to distinguish the differences between solutionsets and graphs of two-variable equations
versus two-variableinequalities.

Materials
= Graph paper

Classwork

Consider opening the lessonwith the following:

= When working with inequalities inonevariable, you learned to graph the solution set on a number line. When
working withinequalities with two variables, the solutions are alsorepresented visually butin two-dimensions
inthecoordinate plane.

Exercisel (5 minutes)
Discuss thetwo-variable equationinExercise 1 and the possible solutions represented as ordered pairs.

Have students work independently, using their prior knowledge to verify which ordered pairs are solutionsto an
equation (i.e.,, makea true numbersentence).

Exercises 1-2

1.

a. Circle each ordered pair (x,y) that is a solution to the equation 4x — y < 10.

:
i 6,00 (4-1)
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Plot each solution as a point (x,y) in the coordinate plane.

Describe the location of the solutions in the coordinate plane.

(Students may struggle to describe the points. Here is one possible
description.) The points do not all fall on any one line, but if | drew a
line through any two of the points, the others are not too far away
from that line.

i )
®
°
e
®
°
L4
e

Ask students to comparetheirsolutions witha partner. Briefly shareanswers andgive students a chanceto revisetheir
work or add to their written response to part(a). Do notlinger on part(c); the activity that follows will help to clarify

their thinking.

Exercise2 (10 minutes)

Students should workingroups on part(a)only. After about4 minutes, have each group
sharetheirsolutions and theirsolution strategies with the entire class. Highlight the
differentapproaches to finding solutions. Most groups will likely start by picking a value
for either x or y andthen decidingwhatthe other variable should equal to make the
number sentencetrue.

Scaffolding

Pay attentionto students who
arestill struggling to interpret
the inequality symbols
correctly. Perhapscreatinga
chartoraddingterms to a
word wall could serveasa
reminder to the students.

Discover as many additional solutions to the inequality 4x —y < 10 as
possible. Organize solutions by plotting each as a point (x,y) in the
coordinate plane. Be prepared to share the strategies used to find the
solutions.

(There are an infinite number of correct answers, as well as an infinite
number of incorrect answers. Some sample correct answers are shown.)

(1,1), (1,-3) (-2,2), (-5,4)

Graph the line y = 4x — 10. What do you notice about the solutions
to the inequality 4x— y < 10 and the graph of the line y = 4x — 10?

All of the points are either on the line, to the left of the line, or above
the line.

Solve the inequality for y.
y=>4x—-10

Complete the following sentence.

If an ordered pair is a solution to 4x — y < 10, then it will be located on, above, or to the left of the line

y =4x — 10.

Explain how you arrived at your conclusion.

| observed that all the points were on one side of the line, and then | tested some points on the other side of
the line and found that none of the points | tested from that side of the line were solutions to the inequality.
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Next havethe groups complete parts (b)—(d). As they work, circulate aroundthe room answering questions and
providing support. Make sure thatstudents reversed theinequality symbol when solving for y in part(c). Discussthe
following:

= | noticed someofyouwrotethatall the pointsareon theleftside of thelineandothers wrotethatall the
points areabovetheline. Areboth of those descriptions correct?

= Now, lookatyouranswer to part(c). When yousolved theinequality for y, what does that statementseemto
tell you?

o |t tells methatallthe y-values have to be greater than orequal to something related to x.

= Then which descriptionwould yousay best correlates to the inequality we wrotein part(c)? Points to the left
of the line or points abovetheline? Why?

@ Points abovethe line because when we solve for y, we are describing where the y-values are in relation
to the line, and y-values are plotted on the vertical axis; therefore, the words above and below are the
accurate descriptors.

=  Howcanwedepicttheentiresolutionset of ALLthe points abovetheline? When we worked with equations
inonevariableand graphed oursolutionseton the number line, how didwe show what thesolutionset was?

o Wecolored itdarkeror shaded it. So we can justshade in the entire area above the line.
=  Whataboutthelineitself,isitpartof thesolution set?
o Yes.

=  Whatifitwasn't? Whatiftheinequalitywasy > 4x — 10? How couldweshowthatitisall the points except
thatline?

o Wetraditionally make the line a dashed line instead of a solid line to indicate that the points on the line
are notpartofthe solution set.

Before moving on, make sure students understandthatany ordered pairin thesolutionsetwill bea point (x, y) thatis
located on orabovethelinebecausethatisthe portion of the coordinate planewherey is greaterthan orequal to the
differenceof 4x and 10.
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Example (10 minutes)

Example
The solution to x + y = 20 is shown on the graph below.

v

a. Graph the solution to x + y < 20. c. Graph the solution to x + y < 20.

¥ y

b. Graph the solution to x + y > 20. d. Graph the solution to x + y > 20.

y y

Exercises 3-5 (15 minutes)

Students will need graph paperfor this portion of the lesson. Have students work individuallyto complete as much of
Exercise 3 asthey canin 8 minutes, reserving the final 7 minutes for comparing with a neighborand debating any
conflictinganswers. Alternatively, differentiate by assigning only a subset of the problems most appropriate for each
student or group of students. Inanycase, maketheassignmentsinpairs sothatstudents have someone withwhomto
compareanswers. Students may struggle as they work on parts (f)—(j), graphing solutions to equations like y = 5; allow
the students to struggle anddiscuss witheachother. (Exercise 4 willrevisitthisideawiththeentireclass.) Students will
rely on their experiences in Grade 8 as well as theirexplorations in Lessons 1-5 of this module to distinguish between
the linear and nonlinearinequalities and answer the questionthat concludes Exercise 3.

Allow students to debate and discuss. Guidethemto the correctconclusion, andthen review the definition of a half-
planethatfollows Exercise 3, clarifying for students that a strict inequality does notinclude the orequalto option. It
must be either strictly less thanor greaterthan.
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Exercises 3-5

3. Using a separate sheet of graph paper, plot the solution sets to the following equations and inequalities:
a x—y=10 f. y=5 k. x>0
b. x—-y<10 g. y<5 I y<0
¢ y>x-10 hh x>5 m x(-y=0
d y=>x i oy=#1 n x2+y*2>0
e. x=y i x=0 o. xy< 0
a.
d.
g.
J
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m. Y n. y o y
0 4 x x

Which of the inequalities in this exercise are linear inequalities?

Parts (a)—(l) are linear. Parts (m)—(o) are not.

A half-plane is the graph of a solution set in the Cartesian coordinate plane of an inequality in two real-number
variables that is linear and strict.

4. Describe in words the half-plane that is the solution to each inequality.
a. y=0

The half-plane lying above the x-axis and including the x-axis.

b. x<-5

The half plane to the left of the vertical line x = —5, not including the line x = —5.

c y=>2x-5

The line y = 2x — 5 and the half-plane lying above it.

d y<2x-5

The half-plane lying below the line y = 2x — 5.

5.  Graph the solution set to x < —5, reading it as an inequality in one variable, and describe the solution set in words.
Then graph the solution set to x < —5 again, this time reading it as aninequality in two variables, and describe the
solution set in words.

Read in one variable: All real numbers less than —5. The graph will have X
an open circle at the endpoint —5 and extend as a ray to the left of —5 on
the number line.

-10 -5 0 5 10 x 0

Read in two variables: All ordered pairs (x,y) such that x is less than —5.
The graph will be a dashed vertical line through x = —5, and all points to
the left of the line will be shaded.
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Closing (2 minutes)
=  Whyisituseful to represent the solutionto aninequality with two variables graphically?

=  Howdoes graphingthesolution set of a one-variableinequality compare to graphingthesolutionsetto a two-
variableinequality?

Lesson Summary

An ordered pair is a solution to a two-variable inequality if, when each number is substituted into its corresponding
variable, it makes the inequality a true number sentence.

Each ordered pair of numbers in the solution set of the inequality corresponds to a point on the coordinate plane.
The set of all such points in the coordinate plane is called the graph of the inequality.

The graph of a linear inequality in the coordinate plane is called a half-plane.

Exit Ticket (3 minutes)
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Name Date

Lesson 21: Solution Sets to Inequalities with Two Variables

Exit Ticket

What pairs of numbers satisfy the statement: The sum of two numbers islessthan 10?

Createaninequality with two variables to represent this situation, andgraphthe solutionset.
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Exit Ticket Sample Solution

What pairs of numbers satisfy the statement: The sum of two numbers is less than 10?

Create aninequality with two variables to represent this situation, and graph the Ya
solution set. 15

Let x represent one number, and let y represent a second number.

Inequality: x +y < 10

Graph the line y = —x + 10 using a dashed line and shade below the line.

L
i

Problem Set Sample Solutions

1. Match each inequality with its graph. Explain your reasoning.
a. 2x—-y>6

Graph 2
2
b. y<2x-6
Graph 4 |
-10 Ei
c. 2x <y+6
Graph 3
d 2x—-6<y
4
Graph 1 2
-10 3

Student explanations will vary. Sample response:

I rearranged each equation and found that they were all the same except for the inequality symbol. The strict
inequalities are the dashed lines, and the others are solid lines. When solving for y, you can decide the shading.
Greater than is shaded above the line, and less than is shaded below the line.
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2.

3.

Graph the solution set in the coordinate plane. Support your answer by selecting two ordered pairs in the solution
set and verifying that they make the inequality true.

a.

d.

Martisells tacos and burritos from a food truck at the farmers market. She sells burritos for $3. 50 each and tacos
for $2. 00 each. She hopes to earn at least $120 at the farmers market this Saturday.

—10x +y > 25 b. —-6<y c y<-7.5x+15
2x — 8y <24 e. 3x<y f. 2x>0
b. y [
10
8
6
4
2
g X
2
4 X
6
5 E |
e. ¥ f y

x

H b A b o v B o ®

05 5 4 - 10 12 14 B e e 7 0 2 4 6 8 10

Identify three combinations of tacos and burritos that will earn Marti more than $120.

Answers will vary but should be solutions to the inequality 3.5x +2y > 120.

Identify three combinations of tacos and burritos that will earn Marti exactly $120.

Answers will vary but should be solutions to the equation 3.5x + 2y = 120.

Identify three combinations of tacos and burritos that will not earn Marti at least $120.

Answers will vary but should not be solutions to the inequality or equation.

Graph your answers to parts (a)—(c) in the coordinate plane and then shade a half-plane that contains all
possible solutions to this problem.

The graph shown for part (d) is shown to the right. Answers to part (a) should lie in the shaded half-plane.
Answers to part (b) should lie on the line, and answers to part (c) should lie in the un-shaded half-plane.

Create a linear inequality that represents the solution to this problem. Let x represent the number of burritos
that Marti sells, and let y represent the number of tacos that Marti sells.

3.5x + 2y > 120

Are the points (10,49.5) asolution to the inequality you created in part(e)? Explain your reasoning.

The point would not be valid because it would not make sense in this situation to sell a fractional amount of
tacos or burritos.
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Lesson 22: Solution Sets to Simultaneous Equations

Student Outcomes

= Students identify solutions to simultaneous equations or inequalities ; they solve systems of linear equations
andinequalities either algebraically or graphically.

Classwork

Opening Exercise (8 minutes)

Allow students time to work on parts (a)—(d) individually. Then have students compare responses witha partneror
shareresponsesasa class.

Opening Exercise
Consider the following compound sentence: x +y > 10 and y = 2x + 1.

a. Circle all the ordered pairs (x, y) that are solutions to the inequality x+ y > 10.

b. Underline all the ordered pairs (x, y) that are solutions to the equation y = 2x + 1.

62 0.9 o0
0o CLop

c. List the ordered pair(s) (x, y) from above that are solutions to the compound sentence x +y > 10and y =
2x + 1.

(5,11) and (12,25)

d. List three additional ordered pairs that are solutions to the compound sentence x +y > 10and y = 2x + 1.

(4,9), (6,13), and (7,15)

Ask:
=  Howmany possibleanswers arethereto part(d)?

=  Cananyonecomeup with a non-integersolution?

Discussthatjustasthey saw withcompound equationsin onevariable, solving pairs of equations in two variables linked
by AND is given by common solution points.

=  Howdoes thesolutionsetchangeiftheinequalityischangedtox +y = 10?
@ Thepoint(3,7) would be addedto the solution set.
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Havestudents complete parts (e) and (f) inpairs and discussresponses.

e. Sketch the solution set to the inequality x + y > 10 and the solution set y
to y = 2x + 1 on the same set of coordinate axes. Highlight the points
that lie in BOTH solution sets. 10

f. Describe the solution setto x +y > 10 andy = 2x+ 1.

All points that lie on the line y = 2x + 1 and above the line y = —x +
10.

=  Whichgivesa moreclearidea of thesolution set: thegraph or the verbal description?

o Answers could vary. The verbal description is pretty clear, butlaterin the lesson we will see systems
with solution sets that would be difficult to describe adequately without a graph.

Example 1 (6 minutes)

In Grade 8, students solved systems of linear equations both graphically and algebraically (using both substitution and
elimination techniques), so this should primarily be a review. Work through the example as a class, introducing the
notation shown asindicating a system of equations, wherein the two or more equations given are understoodto be
compound statements connected with an “and.” Also convey that the word simultaneous fromthetitle of thelessonis
another way of saying that all equations mustbe simultaneously true.

Example 1

Solve the following system of equations.

{y:2x+1
x—y=17

Graphically: Algebraically:
v

x—R2x+1)=7

x=-8
y=2(-8)+1
y=-15

Solution: (—8,—15)

Reinforcethateven though the “and”is not stated explicitly, itis implied when given a system of equations. Problems
written using this notation areasking one to findthe solution(s)wherey = 2x + 1andx —y = 17. Work the problem
using substitution. The elimination method is reviewed inthe nextlesson.
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Exercise 1 (9 minutes)

Have students complete Exercise 1 individually. Scaffolding:

In Algebra I, students will solve
systems containing three

Solve each system first by graphing and then algebraically. unknowns. ChaIIenge ea rIy
finishers withthis problem:

Exercise 1

= Ifx+y=1landy+z=

y=4x-1 0 ’ 2andx +z = 3,findx,y,
a. {y=_%x+8 \% andz.
y=4x-1 ’ / o Answer: (1,0,2).
1
=—Ex+8 %
27

<

b {2x+y=4

" 2x+3y=9 \
2x+y=4 5
2x+3y=9

G2

e

c {3x+y=5 " y
’ 3x+y=8

3x+y=5
3x+y=8

No solution \\ %

As students finish, have them put both the graphicalandalgebraicapproaches on the board forparts (a)—(c) or display
student work usinga document camera. Discussasa class.
=  Wereyouableto findtheexactsolution fromthegraph?
@ Notforpart(b).
= Solving by graphing sometimes only yields anapproximate solution.
=  Howcanyou tell when a system of equations will have no solutionfromthe graph?

o Thegraphsdo notintersect. Forlinearsystems, this occurs when the lines have the same slope but
have different y-intercepts, which means the lines will be parallel.

=  Whatifa systemoflinear equations had the same slope and the same y-intercept?
o There would be an infinite number of solutions (all points that lie on the line).
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Example 2 (4 minutes)

Example 2

Now suppose the system of equations from Exercise 1 part (c) was instead a system of inequalities:

{3x+y25
3x+y<8

Graph the solution set.

=  HowdidthesolutionsetchangefromExercise 1 part(c)to Example2? Whatifwechangedthe problemto
3x+y<5and3x+y =8

o There would be no solution.

The solution to a system of inequalities is where their shaded regions intersect. Letthis idealead into Example 3.

Example 3 (4 minutes)

Instruct students to graph and shade the solution set to each inequalityin two different colored pencils. Givethema
few minutes to complete thisindividually. Then discuss the solutionto the systemasa class.

Example 3
Graph the solution set to the system of inequalities.

2x—y<3and4x+3y=>0

=)

b »H A M o N B 0 ®

=]
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=  Wheredoes thesolutionto the system of inequalities lie?
o Wherethe shaded regions overlap.
=  Whatistrueaboutall of the pointsin thisregion?
o Thesepoints arethe only ones thatsatisfy both inequalities.

Verify this by testing a couple of points from the shaded region and a couple of points thatarenotin theshaded region
to confirmthisidea to students.

Exercise2 (7 minutes)

Havestudents complete Exercise 2 individuallyandthen compare their answers with a neighbor.

Exercise 2

Graph the solution set to each system of inequalities.

a {x—y>5
x> -1
y
10
8
4
2
0
2
.190_ i
y<x+4
b. y<4-—x
y=0

e

= Couldyou expressthesolution set of a system of inequalities without using a graph?
o Yes, using set notation, but a graph makes it easier to visualize and conceptualize which points are in
the solution set.
=  Howcanyoucheckyoursolutiongraph?
o Testafew pointsto confirmthat the points in the shadedregion satisfy all the inequalities.
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Closing (2 minutes)

= Whatarethedifferent waysto solvea system of equations?
o Graphically, algebraically, ornumerically (using a table).
. Explainthelimitations of solving a system of equations graphically.

o Itis always subjectto inaccuracies associated with reading graphs, so we are only able to approximate
an intersection point.

= Explainthelimitations of expressing the solution to a system of inequalities without using a graph.

o |tis difficult to describe the solution set without simply restating the problem in set notation, which is
hard to visualize or conceptualize.

Exit Ticket (5 minutes)
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Date

Lesson 22: Solution Sets to Simultaneous Equations

Exit Ticket

1. Estimatethesolutiontothesystem of equations whosegraphis
shown to theright.

2. Writethetwo equations for the system of equations, and find
the exactsolution to the system algebraically.

3. Writea systemofinequalities that represents the shadedregion
onthe graph shown to theright.
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1

3.

Estimate the solution to the system of equations whose graph is shown.

(5.2,0.9)

Write the two equations for the system of equations, and find the exact
solution to the system algebraically.

y=—-x+6
3 3
y—4x
3 3 +6 36 6
rees Y=T7 ey
7
-x=9
4
36
7
(36 6)
77

Write a system of inequalities that represents the shaded region on the
graph shown to the right.

y=-x+6

>3 3
y=zgx

Problem Set Sample Solutions

1.

Estimate the solution to the system of equations by graphing and then find the exact solution to the system

algebraically.
{4x +y=-5 ’
x+4y =12 11N
Estimated solution: (—2.1,3.5) 4 \
.
(=32 53 : =
Exact solution: ( 15 ,15) ~
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conditions.

¢

- W W

a fa

4
‘v

associated with reading graphs.

a. Without graphing, construct a system of two linear equations where (0, 5) is a solution to the first equation
but is not a solution to the second equation, and (3, 8) is a solution to the system.

The first equation must be y = x + 5; the second equation could be any equation that is different from
y = x + 5, and whose graph passes through (3, 8); for example, y = 2x + 2 will work.

b. Graph the system and label the graph to show that the system you created in part (a) satisfies the given

—
W

~

—

3. Consider two linear equations. The graph of the first equation is shown. A table of values satisfying the second
equation is given. What is the solution to the system of the two equations?

X —4 -2 0 2 4

y —26 —18 —10 -2 6

4.  Graph the solution to the following system of inequalities:

The form of the second equation can be determined exactly to be y = 4x — 10. Since the first equation is only given
graphically, one can only estimate the solution graphically. The intersection of the two graphs appears to occur at
(2,—2). This may not be exactly right. Solving a system of equations graphically is always subject to inaccuracies

x>0
y<1
x+3y>0

Lesson 22:
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5. Write a system of inequalities that represents the shaded region of the . ¥
graph shown. .
{y >-x+6 4
y<1 2
8 X

2
4

05— i 072 14 16

6. For each question below, provide an explanation or an example to support your claim.

a. Is it possible to have a system of equations that has no solution?

Yes, for example, if the equations’ graphs are parallel lines.

b. Is it possible to have a system of equations that has more than one solution?

Yes, for example, if the equations have the same graph, or in general, if the graphs intersect more than once.

c. Is it possible to have a system of inequalities that has no solution?

Yes, for example, if the solution sets of individual inequalities, represented by shaded regions on the
coordinate plane, do not overlap.
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E}] Lesson 23: Solution Sets to Simultaneous Equations

Student Outcomes
= Students createsystems of equations that have the same solution setas a givensystem.

= Students understandthatadding a multiple of one equation to another creates a new system of two linear
equations with thesamessolutionsetasthe original system. This property provides a justification for a method
to solvea system of two linear equations algebraically.

Lesson Notes

Students explore standard A.REL.C.5 in great detail. They havealready developed proficiencywith solving a system of

two linearequations. Thislesson delvesinto why the elimination method works andfurtherenhances student
understanding of equivalence.

Classwork
Opening Exercise (3 minutes)
This shouldgo very quickly. Expect students to substitute 3 for x and 4 fory into both equations. If students struggle

with this piece, you may need to reinforce whatit means when an ordered pairis a solutionto simultaneous equations
and continueto reinforce that notionthroughout the lesson.

Opening Exercise

Here is a system of two linear equations. Verify that the solution to this system is (3,4).
Equation Al: y =x+1
Equation A2: y = —2x +10

Substitute 3 for x and 4 for y into both equations.

4 = 3 + 1is atrue equation.

4 = —2(3) + 10 is a true equation.
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Students should workingroups to complete parts (a)—(e) forabout 5-7 minutes. Have
oneor moregroups sharetheir solutions with theclass. Thesefirst questions get students
thinking about ways to create a new system of equations with the same solutionsetas the
Opening Exercise. Expecta variety of responses from groups as they create theirnew
systems.
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Exploratory Challenge

a. Write down another system of two linear equations, B1 and B2, whose solution is
(3,4). This time make sure both linear equations have a positive slope.

Equation B1: y = x +1

Equation B2: y =2(x—3) + 4

b. Verify that the solution to this system of two linear equations is (3, 4).
4=3+1 and 4=23-3)+4

4 =4 4 =4

c. Graph equations B1 and B2.

L
i

d. Are either B1 or B2 equivalent to the original A1 or A2? Explain your reasoning.

equations have in common is the point (3,4).

solution to this system also (3,4)? Explain your reasoning.
Equation C1: 2y = —x +11

Equation €2: 3y =3x+ 3

Scaffolding:

If groups arestruggling to get
started, remind themthat
(3,4) mustbea solution to
their new equations. Then ask
them to consider how to make
a linethatincludes that point.
Encouragethemto usethegrid
or to work with graph paper.

Yes, | used the same B1. B2 is a different equation because it has a different slope. The only thing all the

e. Add Al and A2 to create a new equation C1. Then, multiply Al by 3 to create a new equation C2. Why is the

If you we substitute 3 for x and 4 for y, both equations are true, so (3,4) is a solution. When A1 was
multiplied by 3, it did not create a new equation. Both equations had (3, 4) as a solution; therefore, when we
add the equations, (3,4) will still be a solution because of the addition property of equality.
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Hold a class discussion before moving on to parts (f)—(i). When youdebrief and discuss, be sure to highlight the different
approaches. Beginto distinguish between solutions where students created a new system by simply multiplying one
equation orboth by a constant factorand those who create two new equations that both contain the point (3, 4).
=  Whatdifferentapproaches did groups use to solve this problem?
o |used guess and check.

o [|started with the point (3,4) and realized | could pick any slope | wanted. | moved left 3 and down 4
untill gotto the (0, 0); therefore, my equation wouldbey = % X.

=  Whenyou multiplied one equationby a constant, did it actually create a different linear equation? Whenyou
added two equations together, did itactually create a different equation?

@ Multiplying by a constant doesn’t create a different equation because the slope and y-intercept are the
same. Adding two equations together does create a new equation because the slope is different.

Move on to parts (f)—(i). These questions specificallydirect students to consider creating a new system by multiplying
oneequation by a constantand addingitto another. Students are considering whether or not thisis a valid way to

generatea system withthesamesolution. Have eachgrouprecordtheir answerto part (i) on the board to show that
this method works regardless of the number by which you multiply.

The following system of equations was obtained from the original system by adding a multiple of equation A2 to equation
Al.

Equation D1: y=x+1

Equation D2: 3y = —3x + 21

f. What multiple of A2 was added to Al to create D2?

A2 was multiplied by 2 and then added to A1.

g. What is the solution to the system of two linear equations formed by D1 and D2?

The solution is still (3,4). I checked by substituting (3, 4) into both equations.

h. Is D2 equivalent to the original Al or A2? Explain your reasoning.

No, the slope of D2 is —1. Neither of the original equations had that slope.

i. Start with equation Al. Multiply it by a number of your choice and add the result to equation A2. This
creates a new equation E2. Record E2 below to check if the solution is (3, 4).

Equation E1: y=x+1
Equation E2: 5y = 2x + 14

I multiplied A1 by 4 to get 4y = 4x + 4. Adding it to A2 gives 5y = 2x + 14. We already know (3, 4) isa
solution to y = x + 1. Substituting into E2 gives 5(4) = 2(3) + 14, which is a true equation. Therefore,
(3,4) is a solution to this new system.
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Wrap up thediscussion by emphasizing the following:

= Willthis method of creatinga new system work every time? Why does it work?

o This method will always work because multiplying by a constant is a property of equality that keeps the
pointofintersection (i.e., the solution set) the same.

=  Whosaidyou can add two equations likethat? Left-handsideto left-hand side; right-handside to right-hand
side? Howdo you know thatthe solutions are notchanged by that move?

Example (4 minutes): Why Does the Elimination Method Work?

Students will see how A.REL.C.5 provides a justification for solving a system by elimination. Choose a multiple that will
eliminate a variable when the two equations are added together. Be sureto emphasize thatthis process generates a
new system of two linear equations where one of the two equations contains only asingle variableand is thus easy to
solve.

Example: Why Does the Elimination Method Work?

Solve this system of linear equations algebraically.

ORIGINAL SYSTEM NEW SYSTEM SOLUTION
2x+y=6
x—3y=-11
ORIGINAL SYSTEM NEW SYSTEM SOLUTION

2x+y=26 6x + 3y =18 / x=1
x—3y=-11 / x—-3y=-11 TIx =17 2(1)+y=6s0y =4

Multiply the first equation by 3, and add it to the second. Solve the new system. (1,4)

=  Whydid | multiply by the number 3?

©  Multiplying by 3 allows one to generate 3y to eliminate the —3y in the other equation when both

equations are addedtogether; it leads to an equationin x only. Selecting this number strategically
created a new system where one equation hadonlya single variable.

= Couldl haveselected a different numberand created a systemthat was easy to solve?

@ Yes, you could have multipliedthe second equation by —2to create a system that eliminated x.
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Exercises (8 minutes)

Both of these exercises mimicthe example. Students should be able to work quicklythrough them since they learned to
solvesystems by eliminationinGrade 8.

Exercises

1. Explain a way to create a new system of equations with the same solution as the original that eliminates variable y
from one equation. Then determine the solution.

ORIGINAL SYSTEM NEW SYSTEM SOLUTION
2x+3y=17

x—y=1

Multiply the second equation by 3, and add it to the first one.

ORIGINALSYSTEM NEW SYSTEM SOLUTION
2x+3y=17 2x+3y=17 x=2
x—y=1 +(3Bx—-3y=3 2(2)+3y=7,s0y=1

5x =10 21

2. Explain a way to create a new system of equations with the same solution as the original that eliminates variable x
from one equation. Then determine the solution.

ORIGINAL SYSTEM NEW SYSTEM SOLUTION
2x+3y=17

x—y=1

Multiply the second equation by —2, and add it to the first one.

ORIGINALSYSTEM NEW SYSTEM SOLUTION
2x+3y=17 2x+3y=17 y=1
x—y=1 +(—2x +2y = —-2) 2x+3(1)=7,s0x =2
5y =5 2,1)

Closing (2 minutes)
Closewith areminderthatthislessonwasabout provingthata technique to solve a system of equationsis valid.

=  Therearemany ways to generate systems of equations that have the samesolution set, butthe technique
exploredinExercises 1 and2 is especiallyhel pful if you are tryingto solve a system algebraically.

Exit Ticket (5 minutes)
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Name Date

Lesson 23: Solution Sets to Simultaneous Equations

Exit Ticket

The sum of two numbers is 10 andthe differenceis 6. Whatarethe numbers?

1. Createa systemoftwo linear equationsto representthis problem.

2. Whatisthesolutionto thesystem?

3. Createa newsystem of two linear equations using the methods described inpart (i) of the Exploratory Challenge.
Verify thatthe new system hasthe samesolution.
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Exit Ticket Sample Solutions

The sum of two numbers is 10 and the difference is 6. What are the numbers?
1. Create asystem of two linear equations to represent this problem.

x+y=10and x —y=6

2.  What is the solution to the system?

x=8andy= 2

3. Create a new system of two linear equations using the methods described in part (i) of the Exploratory Challenge.
Verify that the new system has the same solution.

4(x+y=10) > 4x + 4y =40
+ (x-y=6)
5x +3y =146

Solution to x +y = 10 and 5x + 3y = 46 s still (8,2)
8+2=10 5(8)+ 3(2) =46

Problem Set Sample Solutions

Try to answer the following without solving for x and y first:
1. If3x+2y=6andx+y =4,then
a. 2x+y=7? b. 4x+3y=7?
2x+y=2 4x+3y=10

Answers in parts (a) and (b) are obtained by adding and subtracting the two original equations WITHOUT actually
solving for x and Yy first.

2.  You always get the same solution no matter which two of the four equations you choose from Problem 1to forma
system of two linear equations. Explain why this is true.

The reason is that the third equation is the difference of the first and the second; the fourth equation is the sum of
the first and the second. When we add (or subtract) two equations to create a new equation, no new (or
independent) information is created. The third and fourth equations are thus not independent of the first and the
second. They still contain the solution common to their parent equations, the first and second. The solution (—2, 6)
satisfies all four equations.

3. Solve the system of equations { y=3* by graphing. Then, create a new system of equations that has the same
y=—x+5
solution. Show either algebraically or graphically that the systems have the same solution.

Solution is (4,1).

One example of a second system: { y

264
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4. Without solving the systems, explain why the following systems must have the same solution.
System (i): 4x — 5y = 13 System (ii): 8x — 10y = 26
3x+6y =11 x—11y =2

The first equation in system (ii) is created by multiplying the first equation in system (i) by 2. The second equation in
system (ii) is created by subtracting the two equations from system (i). Neither of these actions will change the
solution to the system. Multiplying and adding equations are properties of equality that keep the point(s) of
intersection (which is the solution set) the same.

Solve each system of equations by writing a new system that eliminates one of the variables.
5. 2x+y=25
4x+3y =9

{—4x— 2y=-50
4x+3y =9

y=-41
(33,—-41)

6. 3x+2y=4
4x+7y =1

{ 12x +8y =16
—-12x—-21y =-3

y=-1
(2-1)
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[@1 Lesson 24: Applications of Systems of Equations and

Inequalities

Student Outcomes

= Students usesystems of equations or inequalities to solve contextual problems and interpret solutions within a
particularcontext.

Lesson Notes

This lessonintroduces students to theidea of using systems to solve various application problems in order to prepare
them for more extensive modeling tasks thatthey encounter inTopic D.

Classwork

Opening Exercise (8 minutes)

Havestudents brainstorm this problemingroups. Allow groups to share differentapproachesto solvingthe problem
(i.e., guess and check, making a table, or algebraically). Encourage students to critique the various approaches.

Whatwerethe advantages or disadvantages to the various approaches? Lead students through the algebraicapproach.
Then, discuss the following:

Opening Exercise

In Lewis Carroll's Through the Looking Glass, Tweedledum says, “The sum of your weight and twice mine is 361 pounds.”
Tweedledee replies, “The sum of your weight and twice mine is 362 pounds.” Find both of their weights.

Let x represent the number of pounds Tweedledee weighs, and let y represent the number of pounds Tweedledum

weighs.
x+2y=361
y+2x= 362

Tweedledum weighs 120 pounds, and Tweedledee weighs 121 pounds.

Discussion (5 minutes)

=  Couldwesolvethe problemabove using only Tweedledum’s sentence?

@ No. There aretwo unknowns, and as we saw in earlier lessons, the equation x + 2y = 361hasan
infinite number of solutions.

= |nasituationwheretherearetwo unknowns, how many equations do we need to writein order to solve the
system?

o Two equations.
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= |fltoldyoul washolding 20 coins that were some mix of dimes and quarters, couldyou tell me anything about
how many of each | have?

o You couldonly list possible combinations (e.g.,1 dime and 19 quarters, 2 dimes and 18 quarters).
= Whatother piece of information wouldbe useful in determining how many of eachtype of coin | was holding?
o Thetotal amountof money, how many more or fewer quarters than dimes, etc.

Example (5 minutes)

Let the discussionlead into the example. Workthrough the exampleas a class. Make sure students s pecifythe variables
beingusedintheequations. Discussthevarious ways of solving (i.e., graphically, making a table, algebraically). Inthe
previous lesson, we did not solve systems by making a table. Demonstrate how this might be a useful techniqueinthe
following situation.

Example

Lulu tells her little brother, Jack, that she is holding 20 coins, all of which are either dimes or quarters. They have a value
of $4. 10. She says she will give him the coins if he can tell her how many of each she is holding. Solve this problem for
Jack.

Let d represent the number of dimes, and let q represent the number of quarters.
Scaffolding:

Allow students to decide how
they wantto solvethe

Lulu is holding 6 dimes and 14 quarters. probl em. However, encourage
them tolook atother

. approaches. Discussthe
Exploratory Challenge (20 minutes) limitations of the various

methods.

d+q=20
0.10d + 0.25q = 4.10

Have students work ingroups on part(a). Then, discuss responses as a class.

Emphasizethatregardless of how each group chooses to solve the problem, every group should s pecify the variables and
clearlylabel the graph.

Then have students work ingroups on part(b). Guidethemthrough the problemasneeded. Thisisafairly complicated
problem, so students may need assistance. Encourage the students to persevereandto breakup the probleminto
manageable pieces.

Exploratory Challenge

a. At a state fair, there is a game where you throw a ball at a pyramid of cans. If you knock over all of the cans,
you win a prize. The cost is 3 throws for $1, but if have you an armband, you get 6 throws for $1. The

armband costs $10.

i. Write two cost equations for the game in terms of the number of throws purchased, one without an
armband and one with.

Let x represent the number of throws, and let C represent the cost.
1
Without armband: C = 3X

With armband: C = %x +10
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Graph the two cost equations on the same graph. Be sure to label the axes and show an appropriate

scale.

See graph at right.

Does it make sense to buy the armband?

Only if you want 60 or more throws.

PRI RTIE NN SN

Cost cost y. #F oF Hhpud

Pointoutthe constraints of x. Withoutthearmband, x mustbe a multiple of 3; with thearmband, x mustbe a multiple

of 6.

Remind students about discrete and continuous graphs. The graphs of eachequation should actually be discrete rather
than continuous. Discuss why other points on the graph wouldnot make sense forthis scenario.

V.

What are the variables?

Number of shirts made and number of pajamas made.

What are the constraints?

How much time the manufacturer has and how much material is available.

Write inequalities for the constraints.

Let x represent the number of shirts, and let y represent the number of pajamas.

x=>0andy >0
x+2y <1000
2x +3y <1600

Graph the inequalities and shade the solution set.

T
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1
+
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What does the shaded region represent?

The various combinations of shirts and pajamas that it would be possible for the manufacturer to make.

b. A clothing manufacturer has 1, 000 yd.of cotton to make shirts and pajamas. A shirt requires 1 yd. of fabric,
and a pair of pajamas requires 2 yd. of fabric. It takes 2 hr. to make a shirt and 3 hr. to make the pajamas,
and there are 1, 600 hr. available to make the clothing.

Scaffolding:

Students may need help
graphingthesystem.
Pointoutthatitiseasier
to find thex-and y-
interceptsin this problem
thantorearrangethe
inequality.

This branch of
mathematicsiscalled
linear programming. Have
early finishers research it.
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vi.  Suppose the manufacturer makes a profit of $10 on shirts and $18 on pajamas. How would it decide
how many of eachto make?

The manufacturer wants to make as many as possible, sothe maximum should be at one of the
endpoints of the shaded region.

vii. How many of each should the manufacturer make, assuming it will sell all the shirts and pajamas it
makes?

Profit = 10x + 18y

Possible points Profit

(0,500) $9,000
(200,400) $9,200
(800,0) $8,000

He should make 200 shirts and 400 pairs of pajamas for a maximum profit.

=  Whydoes thisscenariocall for inequalities rather than equations?
o He cannotexceed the amount of time or material available but does not necessarily have to use all of it.

=  Theshaded regionina problem of this typeis sometimes called the feasible region. Why does this name make
sense?

o Thisis theregion thatrepresents the number of shirts and pajamas that he can feasibly make given the
constraints.

Students should intuitively believe that the maximum profit should be at one of the endpoints of the shaded region

(whichistruebecause heis maximizing the given resources). However, you can have students test other points to prove
thatintersection pointis, infact, the maximum.

Closing (3 minutes)

Recap thesteps followed in solving these problems. Do not have students copy the steps, just discuss the strategy, both
specificallyfor this problem and then making genericdescriptions (e.g., identified the variables, created equations or
inequalities based on the constraints of the problem, decided on the best method for solving, interpreted the solution).

Exit Ticket (4 minutes)
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Name Date

Lesson 24: Applications of Systems of Equations and Inequalities

Exit Ticket

Andy’s Cab Service charges a $6 fee plus $0.50 per mile. Histwin brother Randy starts a rival business where he charges
$0.80 per milebutdoes notcharge a fee.

1. Writea costequation foreachcab serviceinterms of the number of miles.

2. Graphboth costequations. 4

3. Forwhattrip distances shoulda customer use
Andy’s Cab Service? Forwhattrip distancesshould
a customer use Randy’s Cab Service? Justifyyour
answer algebraically, andshow the location of the
solutionon thegraph.
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Exit Ticket Sample Solutions

Andy’s Cab Service charges a $6 fee plus $0.50 per mile. His twin brother Randy starts a rival business where he
charges $0. 80 per mile but does not charge a fee.

1.  Write a cost equation for each cab service in terms of the number of miles.

Let x represent the number of miles, and let C represent the cost.

cost vs number of miles

c
Andy’s: C =0.5x +6 (in dollars)

Randy’s: C = 0.8x

2.  Graph both cost equations.

See graph.

3.  For what trip distances should a customer use Andy’s Cab Service? 7
For what trip distances should a customer use Randy’s Cab Service?
Justify your answer algebraically, and show the location of the in mﬁes,
solution on the graph.

0.5x+6 =0.8x
x =20

If the trip is less than 20 miles, use Randy’s. If the trip is more than 20 miles use Andy’s. If the trip is exactly
20 miles, either choice will result in the same cost.

Problem Set Sample Solutions

1. Find two numbers such that the sum of the first and three times the second is 5 and the sum of the second and two
times the first is 8.

19 2
The two numbers are ? and E .

2.  Achemist has two solutions: a 50% methane solution and an 80% methane solution. He wants 100 mL of a 70%
methane solution. How many mL of each solution does he need to mix?

The chemist should use 33% mL of the 50% solution and 66% mL of the 80% solution.

3.  Pam has two part-time jobs. At one job, she works as a cashier and makes $8 per hour. Atthe second job, she
works as a tutor and makes $12 per hour. One week she worked 30 hours and made $268. How many hours did
she spend at each job?

She worked at the cashier job for 23 hours and tutored for 7 hours.

4. Astore sells Brazilian coffee for $10 per Ib. and Columbian coffee for $14 per Ib. If the store decides to make a
150-1b. blend of the two and sell it for $11 per 1b., how much of each type of coffee should be used?

They should use 112% 1b. of Brazilian coffee and 37% 1b. of Columbian coffee.
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5.  Apotter is making cups and plates. Ittakes her 6 min. to make a cup and 3 min. to make a plate. Each cup uses

3
Z 1b.of clay, and each plate uses 1 1b. of clay. She has 20 hr. available to make the cups and plates and has 250 lb.
of clay.

a. What are the variables?
Let c represent the number of cups made.

Let p represent the number of plates made.

b. Write inequalities for the constraints.

1 1 3
c>20andp>0and —c+——-—p < 20and ~c +p < 250
10 20 4

c. Graph and shade the solution set. :{,\(5
See graph at right. i
d. If she makes a profit of $2 on each cup and $1. 50 on each plate, o] /
how many of each should she make in order to maximize her //
> v [ //////
profit? »—b
200 334 oD

120 cups and 160 plates

e. What is her maximum profit?

$480
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Topic D
Creating Equations to Solve Problems

N-Q.A.1, A-SSE.A.1, A-CED.A.1, A-CED.A.2, A-REI.B.3

Focus Standards: N-Q.A.1 Useunits asa way to understand problems and to guide the solution of multi-
step problems; choose and interpret units consistentlyin formulas; chooseand
interpretthescaleandtheoriginin graphsanddatadisplays.*

A-SSEA.L Interpret expressionsthatrepresenta quantity in terms of its context.*

a. Interpretparts of anexpression,suchasterms,factors, and coefficients.

b. Interpretcomplicated expressions by viewing one or more of their parts
as a singleentity. Forexample, interpret P(1 + )™ as the product of P
and a factornotdepending on P.

A-CED.A.1  Createequationsandinequalitiesin onevariableandusethemto solve
problems. Include equations arising from linearand quadratic functions, and

simple rational and exponential functions.*
A-CED.A.2 Createequationsintwo or morevariables to represent relationships between
quantities; graph equations on coordinate axes with labels and scales.*

A-REI.B.3 Solvelinear equations and inequalitiesinonevariable, including equations
with coefficients represented by letters.

Instructional Days: 4
Lesson25: Solving ProblemsinTwo Ways—Rulesand Algebra (M)*
Lessons26-27: Recursive Challenge Problem—The DoubleandAdd 5 Game (M, M)

Lesson28: Federal IncomeTax (M)

1Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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This topic introduces students to the modeling cycle (see page 61 of the Common Core Learning Standards)
through problems that can be solved using equations and inequalities in one variable, systems of equations,
and graphing. From the CCLS (page 61):

Modeling links classroom mathematics and statistics to everyday life, work, and decision-making.

Proble m\

-

o

—
Formulate ~ Validate

i j 2R
i
Compute -| Interpret

The basic modeling cycle is summarized in the diagram. Itinvolves (1) identifying variables in the
situation and selecting those that represent essential features; (2) formulating a model by creating
and selecting geometric, graphical, tabular, algebraic, or statistical representations that describe
relationships between the variables; (3) analyzing and performing operations on these relationships
to draw conclusions; (4) interpreting the results of the mathematicsin terms of the original situation;
(5) validating the conclusions by comparing them with the situation and then either improving the
model; (6) or, if it is acceptable, reporting on the conclusions and the reasoning behind them.
Choices, assumptions, and approximations are present throughout this cycle.

Report

The first lesson introduces parts of the modeling cycle using problems and situations that students have

encountered before: creating linear equations, tape diagrams, rates, systems of linear equations, graphs of
systems, etc.

The next lesson, The Double and Add 5 Game, employs the modeling cycle in a mathematical context. Inthis
2-day lesson, students formulate a model and build an equation to represent the model (in this case,
converting a sequence defined recursively to an explicit formula). After they play the game in a specific case,
double and add 5, they have to interpret the results of the mathematicsin terms of the original model and
validate whether their model is acceptable. Thenthey use the model to analyze and report on a problem that
is too difficult to do by hand without the model.

Finally, Lesson 28 serves as a signature lesson on modeling as students take on the very real-life example of
understanding federal marginalincome tax rates(i.e., the progressive income tax brackets). Students are
provided the current standard deduction tables per dependent or marital status and the marginalincome tax
table per maritalfiling status. For a specific household situation (e.g., marriedfiling jointly with two
dependents), students determine equations for the total Federal Income Tax for different income intervals,
graph the piecewise-defined equations, and answer specific questions about the total effective rate for
different income levels. All elements of the modeling cycle occur as students analyze the information to find,
for example, roughly how much their favorite famous performer paid in federal taxes the previous year.
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E Lesson 25: Solving Problems in Two Ways—Ratesand

Algebra

Student Outcomes

Students investigate a problemthat canbe solved by reasoning quantitatively and by creating equationsinone
variable.

Students compare the numerical approach to thealgebraicapproach.

Classwork

Exercisel (10 minutes)

Exercise 1
1
a. Solve the following problem first using a tape diagram and then using an equation: Ina school choir, ; of the
members were girls. At the end of the year, 3 boys left the choir, and the ratio of boys to girls became 3: 4.
How many boys remained in the choir?
Using a tape diagram: Using an equation:
Initially: # of boys initially: b
3
— # of girls initially: b
# of boys at the end of the year: b —3
Ratio of boys to girls at the end of the year: b —3: b= 3:4
At end of year: Therefore,
b-3 3
3 b 4
b-3 3
- b- (T) = (z b
boys
[T 1] 3
. b—3=-=b
3 3 3
b—-3—-—-b=—-b—-b
4 4 4
1 unit = 3 boys 1b—3=0
3 units = 9 boys ) 4
-b—-3+3=0+3
4
There are 9 boys in the choir. 4 (1 b) =(3)4
4
b =12
The number of boys remaining in the choir is 12 — 3, or 9.
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b. Which problem solution, the one using a tape diagram or the one using an equation, was easier to set up and
solve? Why?

Answers will vary. Most should say the tape diagram since it requires significantly less work than solving the
problem algebraically. Point out that this may not always be the case.

=  Modifythe questionso thatthetape diagram solutionwould definitelynotbe the easier way to solve the
problem.

6
=  Samplequestion: Ina school choir,l— of the members weregirls. Atthe end of the year, 3 boys hadleftthe

choir,and theratioof the number of boys to the number of girls was 3: 4. How many boys remainedin the
choir?

Mathematical Modeling Exercise/Exercise 2 (27 minutes)

[ The following problemis nontrivial for students. Please studythe different solutiontypes carefullybefore working the
problem with your students. Always letstudents work (individually or in groups of two) on each solution type for 5-10
minutes before summarizing with the entire class. Whilethey are working, walkaround and help, looking for students or
groups who couldpresenta correctsolution (or could presenta solutionwithyour guidance). I1f no onesolves the
problem, that’s okay. They should now better understand the challenges the problem presents as they work throughit

| withyou.

Mathematical Modeling Exercise/Exercise 2

Read the following problem:

All the printing presses ata print shop were scheduled to make copies of a novel and a cookbook. They were to print the
same number of copies of each book, but the novel had twice as many pages as the cookbook. All of the printing presses
worked for the first day on the larger book, turning out novels. Then, on day two, the presses were split into two equally
sized groups. The first group continued printing copies of the novel and finished printing all the copies by the evening of
the second day. The second group worked on the cookbook but did not finish by evening. One printing press, working for
two additional full days, finished printing the remaining copies of the cookbooks. If all printing presses printed pages (for
both the novel and cookbook) at the same constant rate, how many printing presses are there at the print shop?

Analyzethe problem with your students, rereading the problem together as you answer questions like:

=  Whatisthisstoryabout?
@ Printing novels and cookbooks.
=  Willmorenovels be printed thancookbooks or fewer?
o Neither. Thesame numberof each will be printed.
=  Howmany pages doesthe novel have compared to the cookbook?
o Twice as many as the cookbook.
=  Howmuchlonger wouldone printing press take to printa novel versus a cookbook?
o Twice aslong.

= J|sitimportantto knowhow manypages eachbook has or how many of each book willneed to be printed?
Why?

o No. Answers will vary.
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=  Howmany oftheprinting presses are usedto printthe novel on thefirstday?
o Allofthem.
=  Howmany of the printing presses are usedto printthe novel on thesecond day?
@ Onehalfofthem.
=  Howmany of the printing presses are usedto printthe cookbook on thesecondday?
@ Onehalfofthem.
How many printing presses are usedto printthe remainder of the cookbooks on the third and fourthdays?
@ One.
How many printing presses could be used to printthe remainder of the cookbooks in one day instead of two?
o Two printing presses could have finished the cookbooks on the third day.
=  Whatarewetryingto find inthis problem?

o Thenumberof printing presses atthe print shop.

a. Solve the problem working with rates to setup a tape diagram or an area model.

Oneofthe keys to a (somewhat) simple solution using an area model is recognizing thatthe novel has twiceas many

pages asthe cookbook, sotheareathatrepresentsthe novel job shouldbetwicethesizeastheareaused to represent
the cookbookjob.

Draw a rectangularregionto represent the work needed to complete the novel jobandanother rectangular region, half
the size, to representthe work needed to complete the cookbook job.

Nove )

|
|
|
i

1 | |

L e—— | |

Onthefirstday,all the printing presses were used on printing copies of the novel, and on the second day, half
completed the novel while halfworked on the cookbook.

Nove, -

Y iR . S ey

A Coad 3 UAs £
a\\ pavtes ' L o adeys on Nove
5 ¥ XS
DY Qv on C »T
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1
Students can test conjectures on why the novel jobis splitinto thirds. For example, if all printing presses completed 3 of

1 1 3
the novel job on day one, then 3 of the printing presses would only completez ofthejob ondaytwo. Therefore, onIyZ

of the novel job wouldbe complete by the end of day two. Butthestory saysthewholenovel job is complete by the
end of day two (i.e., somethingis wrong with that conjecture).

Oncestudents understand that the novel job must be splitinto thirds, label the novel jobasthe “whole unit”andeach

1 1 1
third unitasthefractionalunit ";ofthewhole.” The cookbookjob is then ”; of the whole.” Thesame; unitmusthave

1
alsobeen completed on the cookbookjobon daytwo, Ieaving; -

W | =

1
= gofthe whole unitleftfor days threeandfour.

Each of thesmall rectangles in the picture above represents how much of the wholejob (i.e., the novel job)one printing
press candoinoneday. Drawinginthesmall rectangle unitsinto therestof thediagram, onesees thateight printing

presses worked on the novel job on day one, whichwas all of the printing presses. Hence, thereareeight printing
pressesattheprintshop. Students now know there are eight printing presses at the workshop. This should help them
confirmtheirsolutionpathsin Exercise 2 part (b).

Nove °B

don 3 Lprviier

b.

Solve the problem by setting up an equation.

Start by asking students to write down all variables for the quantities they seein the problem, giving anappropriate
letter for each. Whileitdoes not matter ifthey work with the number of copies of cookbooks orthe number of pages
per cookbook, guide them to use the number of copies of cookbooks as you walk around your class. (Tell students not to

worry about writing down too many letters—thereis no need to write all of them.)

Be careful notto write “printing presses = x” on the board. Such a statementabuses how the = symbol should be used.
Such statements do not make sense—printing presses are not numbers. Itisa goodideato require students to develop
the habitof always properlylabeling theirvariables using short descriptions (e.g., number of printing presses: x). This

habitcan help them significantly insetting up equations and solving algebra problems.

EUREKA
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Number of printing presses: x. (This is what we wish to find.)
Number of copies of cookbooks printed by one printing press in one day: 7.
1
Number of copies of novels printed by one printing press in one day: ; 1. (Only half the number of novels can
be produced each day.)
Number of copies in the cookbook job: c.

Number of copies in the novel job: c.

Next, ask students to write down important expressions using the variables above. Thereare manyvalid possible
expressions they can write downthat can be used to solvethe problem. Hereis one possible list:

Novels:

1
Number of copies of novels printed in one day by the entire print shop: Erx.

1
Number of copies of novels printed in one day by half of the entire print shop: Z rXx.

1 1 3
Total number of copies of novels printed: ;rx + Z rXx, or er.

Cookbooks:
1
Number of copies of cookbooks printed in one day by half of the entire print shop: ; rx.

Number of copies of cookbooks printed in two days by one printing press: 2r.

1
Total number of copies of cookbooks printed: E rx + 2r.

Sincethe number of cookbooks and novels is the same, we can equate the expressions of the totals above to get:
3

er = Erx + 2r.

Sincerisknownnotto bezero, we candivide both sides of the equationby r,and solve the resulting equation for x:

3 +2

a7 2*
3 1 )
4x—zx 2x+ —Zx

1

-x=2

4
4(1> 402

25) = (2)

x=8

3
Check by substituting 8 back into the original equation. The left-hand side is Zr(S) = 6r, which is equal to
1
the right-hand side, ;r(8) + 2r = 4r + 2r = 6r.

There are 8 printing presses in the print shop.
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Becausetherearea number of waysto setup a correct equation, students will inevitably create several solution paths.
If time permits, explore the different solution paths with students. Help them seethattheir solutionsarejustas valid as

the teacher’s.

Closing (3 minutes)
Posethefollowing questions to your students:

=  Howcanyou tell thatthis problemwasnotabouta real situation? Thatis, howcanyou tellitwas completely
madeup?
o Theclue thatthisisa made up problemis the following question: Why wouldthe number of printing
presses notbe known in this situation?
=  |narealdifesituation, notonly wouldthe number of printing presses be known, but the constantspeed in
which they print pages would be known, too. Plus, knowing the page quantity for each book would certainly
be a factor in schedulingthejob, as well as knowing exactlyhow manybooks eachclient wanted in total.

= The problemwasmade up to ask thefollowing Exit Ticket question.

Exit Ticket (5 minutes)

280
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Name Date

Lesson 25: Solving Problems in Two Ways—Rates and Algebra

Exit Ticket

Supposewe know thatthe printshophad 8 printing presses andeach printing press runs ata constant speed of 5,000
pages per hourfor 6 hoursaday.

1. Computethetotal number of pages printed for the cookbook job, and the total number of pages printed for the
novel job following the schedule andsituation describedin Exercise 2.

2. Describea scenario whereitwould make sensefor thejob scheduler to schedule both jobs as described in
Exercise?2.

BONUS

3. Ifthe novel was 500 pagesandthe cookbook250 pages, how many copies of eachwere printed?
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part (a).

BONUS

1, 440 copies of each were printed.

Suppose we know that the print shop had 8 printing presses, and each printing press runs at a constant speed of 5,000
pages per hour for 6 hours a day.

1. Compute the total number of pages printed for the cookbook job and the total number of pages printed for the
novel job following the schedule and situation described in Exercise 2(a).

Number of pages printed by a printing press in 1 day: 30,000

Number of pages printed by 8 printing pressesin1 day: 240,000
Number of pages printed by 8 printing presses in2 days: 480,000
Number of pages 1 printing press prints in 2 days: 60,000

Number of pages printed for both jobs: 60 000 + 480 000 = 540 000.

Ratio of number of pages of the novel to the number of pages of the cookbook: 2: 1.
Therefore, 360,000 pages for the noveland 180,000 for the cookbook.

2. Describe a scenario where it would make sense for the job scheduler to schedule both jobs as described in Exercise 2

The client for the novel job wants the print job completed by midweek, whereas the cookbook does not need to be
completed until the end of the week.

3. Ifthe novel was 250 pages and the cookbook 125 pages, how many copies of each were printed?

Problem Set Sample Solutions

1. Solve the following problems first using a tape diagram and then by setting up an equation. For each, give your
opinion on which solution method was easier. Can you see the connection(s) between the two methods? What
does each “unit” in the tape diagram stand for?

a. 16 years from now, Pia’s age will be twice her age 12 years ago. Find her present age.

lunt = |2+l =28 —
2%+ 12= 40

D . ) ‘
Fa w40 years old
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b. The total age of a woman and her son is 51 years. Three years ago, the woman was eight times as old as her
son. How old is her son now?
Tape: Equation:
yfs _ Son's Ggqe ‘\f\ vre old
R Quatst b=O N
Wor Wowans age . 5| —8
" s =45 . > 6 3)
. o Egn 5-8-3=3(-
U + = 5 a -
Jolve —\2—,:=85"—“{
G+3=9Y d 4 -9
HED 2 »\%—:#,‘,-:g.»'-‘*‘*s
Her san s Byes old 4g = /1.‘: ':’—-’1‘
tf+24 = 98 -29 +2¢4
72298
g -5
s aowes CETER LY
L r i e - I’?
£ e - ; ke
c. Five years from now, the sum of the ages of a woman and her daughter will be 40 years. The difference in
their present age is 24 years. How old is her daughter now?
Tape: Equation:
By A‘%{ﬂv}ynmtu ler | ‘ R
Wowan N\‘{::"S/—%A’rr-:} Shadad part e 6 unit pb\%\ﬂk ! dn& e - \/Y:( eld
‘ - m— Ho Tonds+ 24 = 40 Womans Gge now: d+2
DD‘/BWW : WJL:’;\/ § ;Jn.ﬁi"’: \LD N f /
P Lot = 2 Egn (d+5)+ @+2y+5)= 40
@ e o N
555 Solve 2d+34 =4p L
The doshber & Byears old. 2d +34 -3y = 40-34
2d =6
£(2d) = £(0)
d =3
Chade Wormans hee MO 27 yrs
In S\vrs, Womam u 5215“", \0\/
Aachden € B ) o
Dapjb\%r ts —5 years "t“)
d. Find three consecutive integers such that their sum is 51.
Tape: Equation:
9 | o 1
o . ) ) | nowber X
R L*k} & Aunits +=5=5] 2™ pumber 1 X+
im\%* [iri"‘ 51 5vm.{§ = Hg 3 umbher ! A+2
My T lond =16
Egn: K () + (x42) = 5¢
The Cov§u,-r\'|;l{ nuwmbers are b 17, 12 m i
Selet Zx+3=5]
dx+3-2=51-3
3% =148
$(3x) = 5(49)
% = |b
Check: V6417412 =5 v~
The thres Congec vhiune nembers are fﬁw.”,l?
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2.

Solve the following problems by setting up an equation or inequality.

a.  Iftwo numbers represented by (2m + 1) and (2m + 5) have a sum of 74, find m.

SPWe dm+ b =Y
L\?'/‘ri b = 'D " “74, é:l
dm = b¥
i (Uwm)= ':;’bé)
\':Y\QL:K 1\7#—\ + 2\7 4+ 5 - (:)Q&—b _ ‘74/
The  wumber wi e V1

b. Find two consecutive even numbers such that the sum of the smaller number and twice the greater number is

EUREKA

MATH

100.
i& nowm ber X
2" Aumber 4 X+Z1
Egqn x + 2(x+2) = |0O
Solve Ao LX x "‘l = DO
3% L[ =\00D
3x = A6
$(3x) = 5(6)
X =32
Chack: 324 2(31) = 32+(8 = 1007
The wnuwbers ore 22 snd. Y
c. I1f 9 is subtracted from a number, and the result is multiplied by 19, the product is 171. Find the number.
N&mbu‘ ‘ 9
— . & (‘ e \ - 1
Eqn (‘l{l_(\ - v \ 7|
Salue | o\ .
= 16 1A (=) = =2 \v-1 1)
\c\(\uv‘ h/ \u( 1)
|8 ~01 —_— (ﬂ
n=|%
n | \ ) W EY N\ 3z s
Chgel: \Y(1€-9) = 14-9= |7V
The umber ¢ 1R,
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13.

m =W\ — ¥ ™m < ? W
m o]
Az, WA o Whole wnuw ke 9¢ m< \3
Os\ <
L\ T s ™
)  m* s
LS
2013 < 12 +|2 "
(3414 < 13¥ 412 R
E : 50
The | yhole wuwmber e o2 1 2 2

3. The length, 18 meters, is the answer to the following question.

What is the length of the rectangle?”

Length (in meters): L
Width (in meters): L— 3
Equation: L(L— 3) =270

Check: 18(18 — 3) = 18- 15 = 270

tax if Jim bought the car in each of the following states:

a. Arizona, where the sales tax is 6. 6%.

Solving x(1 + 0.066) = 2 307 8.90 resultsin x = 21 650. The car costs $21, 650.

b. New York, where the sales tax is 8.25%.

Solving x(1 + 0.0825) = 2307 8.90 resultsin x = 21 320. The car costs $21, 320.

c. A state where the sales tax is s%.

d. The product of two consecutive whole numbers is less than the sum of the square of the smaller number and

“The length of a rectangle is three meters longer than its width. The area of the rectangle is 270 square meters.

Rework this problem: Write an equation using L as the length (in meters) of the rectangle that would lead to the
solution of the problem. Check that the answer above is correct by substituting 18 for L in your equation.

4. Jim tells you he paid a total of $23,078.90 for a car, and you would like to know the price of the car before sales
tax so that you can compare the price of that model of car at various dealers. Find the price of the car before sales

EUREKA
MATH
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s 2 307 890 2307 890
. S\ _ .. _ 2307890 o 2 307 890
Solving x (1 + 100) 2307 8.90 results in x 1001s * For a sales tax of s%, the car costs 10015
dollars.
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5.

6.

A checking account is set up with an initial balance of $9,400, and $800 is removed from the account at the end of
each month for rent. (No other user transactions occur on the account.)

a.

Write aninequality whose solutions are the months, m, in which the account balance is greater than $3,000.
Write the solution set to your equation by identifying all of the solutions.

For m a nonnegative real number, m satisfies the inequality, 9400 —800m > 3000. For real numbers m,
the solution setis 0 <m < 8.

Make a graph of the balance in the account after m months and indicate on the plot the solutions to your
inequality in part (a).

Students can create a step-function (like below), or simply plot the points (with no lines drawn). Drawing a
straight line through the points, however, does not accurately reflect the information in the problem.

10
o 1

o |

Thousands

Account Balance {dollars)
iy

: —

T T T
01 2 3 45 6 7 8 9 1011 12 13

Time (months)

Axel and his brother like to play tennis. About three months ago they decided to keep track of how many games
each has won. As of today, Axel has won 18 out of the 30 games against his brother.

a.

How many games would Axel have to win in a row in order to have a 75% winning record?

Solving 18 + n = 0.75(30 + n) resultsin n = 18. He would have to win 18 games.

How many games would Axel have to win in arowin order to have a 90% winning record?

Solving 18 + n = 0.90(30 + n) resultsin n = 90. He would have to win 90 games.

Is Axel ever able to reach a 100% winning record? Explain why or why not.

No. A100% winning record would mean solving the equation 18 + n = 1(30 + n), which has no solutions.

Suppose that after reaching a winning record of 90% in part (b), Axel had a losing streak. How many games
in a row would Axel have to lose in order to drop down to a winning record of 60% again?

Solving, 108 = 0.60(120 + n), results in n = 60. He would have to lose 60 games.

EUREKA
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7. Omar has $84 and Calina has $12. How much money must Omar give to Calina so that Calina will have three times
as much as Omar?

a. Solve the problem above by setting up an equation.
Solution 1:

Amount Omar gives: x dollars.
Amount Omar has dfter giving: 84 — x.
Amount Calina has after: 12 + x.

Equation: 12 + x = 3(84 — x).
Solve:

12 + x =252 - 3x
12+ x+3x=252—-3x+ 3x

12 + 4x = 252
12 + 4x —12 = 252 — 12
4x =240

L 4 L 240
—(4x) ==
7 @40 =7 (240)
x =60
Check: Omar now has $24 and Calina has $72, which is three times as much as Omar.
Solution 2:

A few students might notice that if Calina has three times as much as Omar afterwards, and if we let y be the
amount that Omar has after, then y + 3y = 96, or y = 24. Nowit is easy to find out how much Omar gave.

b. In your opinion, is this problem easier to solve using an equation or using a tape diagram? Why?

Most likely, students will say it is easier to solve with an equation because it is easier to set up and solve.
(They may show an attempt at drawing a tape diagram, for example.) However, students who used the
second solution may respond that the tape diagram is easier.
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E Lesson 26: Recursive Challenge Problem—The Double and
Add 5 Game

Student Outcomes
= Students learn the meaningandnotation of recursive sequences in a modeling setting.

=  Followingthe modeling cycle, students investigate the double and add 5 gameina simple casein order to
understandthe statement of the main problem.

Lesson Notes

The double and add 5 game is loosely related to the Collatz conjecture—an unsolved conjecture in mathematics named
after Lothar Collatz, who first proposed the problem in 1937. The conjecture includes a recurrence relation, triple and
add 1, as part of the problem statement. It is a worthwhile activity for you to read about the conjecture online.

Students begin by playing the double and add 5 gamein a simple situation. Givena number, doubleitandadd5. The
resultof Round 2 isthedouble of theresultof Round 1 plus 5,and soon. Thegoal of thegameis to findthe smallest
starting whole number, a,, that produces a number 100 or greater in three rounds or fewer (Answer: a, = 9).
Students arethen exposed to the more difficult challenge of finding the smallest starting whole number that produces a
number 1,000 or greater inthreerounds or fewer. To solve this problem, the notation of recursive sequences and
recursive relations are explained, and students formalize the problemin terms of an equation, solve, interpret their
answer, and validate (answer: a, = 121).

Classwork

This challenging two-day modeling lesson (see page 61 of CCLS) about recursive sequences runs through the problem,
formulate, compute, interpret, validate, report modeling cycle. This modeling activity involves playinga gameand
describing the mathematical processin the game using a recurrence relation in order to solve a harder version of the
game. Pleasereadthrough both lessons before planning outyourclass time.

Example (7 minutes)

This activity describes the process sostudents can be given the problem statement. Introduceit by stating thatyou
wantto createan interestingsequence by doubling and adding 5.
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Work throughthetable below with yourstudents on the board to explain the meaning of the following:

e starting number,
e doubleandadds5,
e resultofroundone,

e resultofroundtwo,andsoon.

Hereis whatthetablelooks likeatthe beginning:

Number Double and add 5
starting number —» 1 1-2+5=7 «result ofround 1
7 7-24+5=19 «result of round 2
and hereis the completed table:
Example
Fill in the doubling and adding 5 below:
Number Double and add 5
starting number — 1 1:2+5="7 <« result of round 1
7 7:2+5=19 « result of round 2
19 19:2+5=43 « result of round 3
43 43-2+5=91 <« result of round 4
91 91-2+5 =187 <« result of round 5

Exercise1 (5 minutes)

Lesson 26 H,\"kH

Have students completethetablesin Exercise 1. Walk aroundthe classroomto ensurethey are completing thetables

correctly and understand the process.

Exercise 1
Complete the tables below for the given starting number.
Number Double and add 5
2 2:24+5=9
9 9:-24+5=23
23 23:2+5=51
Number Double and add 5
3 3:24+5=11
11 11245 =27
27 27-2+5=59

EUREKA Lesson 26:
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Mathematical Modeling Exercise/Exercise 2 (15 minutes)

(Problem statement of the modeling cycle.) Statethefollowing (starter) problemto students, andletthem wrestle with
ituntil they find a solution (oratleast a strategy for finding the solution):

Mathematical Modeling Exercise/Exercise 2

Given a starting number, double it and add 5 to get the result of Round 1. Double the result of Round 1 and add 5, and so
on. The goal of the game is to find the smallest starting whole number that produces a result of 100 or greater in three
rounds or fewer.

Walkaroundtheclass, observe student work, and give advice, such as:

= Does startingwith 10 producea resultof 100 or greater inRound3?
@ Yes.
= Whywillallnumbers greaterthan 10 work? Canyou find a smallerstarting numberthatalsoworks?
= Doyouseeany patternsinthetables youhavealready created?
o Asthestarting numberincreases by 1, the result of Round 3 increases by 8.
=  Yes,9 works. Isitthesmallest?
o Yes. When Istartwith 8, need fourrounds to get past 100.

After 8 minutes, show (or have a studentshow) that9 is the correctanswer by showing thetables:

Number Double and add 5
8 8:2+5=21
21 21-2+4+5 =47
47 47-2+ 5 =99, no.
Number Double and add 5
9 9-2+5=23
23 23-2+5=51
51 51-2+5 =107, yes.

[ Invitestudents to share other methods for finding the answer. Forexample, some mayhave worked the problem

1
backward: 1f 100 isreached inthreerounds, then = 47.5 musthave been reached in two rounds, and

47.5-5
m > = 21.25mustbeen reached afterthefirstround, which means the starting number is greaterthan

21.25-5
—— = 8.125, or the wholenumber 9.

Tell students thatthe nextgoalisto solvethe same problem, but find the smallest numberthatresultsin 1,000 inthree
rounds or fewer:

=  Givena startingnumber, doubleitand add 5 to gettheresultof Round1. Doubletheresultof Round 1 and
add5,andsoon. Thegoal ofthegameis to find the smallest starting whole number that produces a result of
1,000 or greater in threerounds or fewer.

EUREKA Lesson 26: Recursive Challenge Problem—The Double and Add 5 Game 290

MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS Lesson 26 H,\"kH

ALGEBRA |

This problemisnotaseasyasthestarter problemto solve by guess-and-check. To solvethis problem, guide students to
formulate an equation. Butfirst, you willneed to explain how mathematicians createanddescribe recursive sequences.
Let a, be the number of theresultof Round1. Wecan alsolabel theresult of Round2 as a,,and soon. Ask, “How
could welabel thestarting number?” Guidethemto labelthestarting number as a,. Then writean equation interms of
ay and a; inthetable (thatisstillon the board) like this:

Number | Doubleandadd5 | Equation
a,=>5 5:2+5=15 ay 2+5=a
a, =15 15-2+5=35

a, =35 35:2+5=75

Ask students to helpyou complete and extend thetable as follows:

Number Double and add 5 Equation
a,=>5 5-2+5=15 ay"2+5=q
a; =15 15-2+5=35 a,"2+5=a,
a, =35 35-2+5=75 a, 2+5=as
a; =75
a; a,*2+5=a;
Aiv1

Highlight on theboardthattheorderedlist of terms 5, 15, 35, 75, ... can bedescribed by aninitial value,a, = 5,and a
recurrencerelation, a;,; = 2a; + 5,for i > 0. Written as follows:

{ao =5
ai+1= 2a1+5,120
Tell them thatthis is an example of a recursively-defined sequence, or simply, a recursive sequence.

=  Havestudents mentally usetherecurrencerelation to find the next term after 75. Is itthedouble and add 5
rule?

Ask:

=  Whatother terms have we studied sofarthatare defined recursively?

o Algebraicexpressions, polynomial expressions, monomials

Teachernote: Terms thataredefined recursivelyoften usethe termitselfinthe statement of the definition, but the
definitionof thetermis notconsideredcircular. Circularity does notarisein recursively definedterms because they
always start with a well defined set of base examples, andthen the definition describes how to generate new examples
of the term from those base examples, which, by reiterating further, can then be used to generate all other examples of
the term. The base examples prevent the definition from being circular. Forrecursive sequences, the base example(s) is
justtheinitialvalue(s). For algebraicexpressions, the well defined base examples are numericalsymbols and variable
symbols.
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Exercise 3 (10 minutes)

Ask students:

Exercise 3

Using a generic initial value, a,, and the recurrence relation, a; , = 2a; + 5,fori >0, find aformula for a,, a,, a;, a,

in terms of a,,.

Let students work individually orin pairs. Visiteach group and ask questions thatleadstudents to the following:

a; =2ay+5,

a, =2a; +5=2Q2ay+5) +5 = 4a, + 15,

a; =2a, +5=2(2:2ay+ 15) + 5 = 8a, + 35,
a, =2a; +5=2(2%-ay +35) + 5= 16a, +75.

Closing (5 minutes)

Discuss the following definitions in the student materials:

Vocabulary

SEQUENCE: A sequence can be thought of as an ordered list of elements. The elements of the list are called the terms of
the sequence.

For example, (P, O, O, L) is a sequence that is different than (L, O, O, P). Usually the terms are indexed (and therefore
ordered) by a subscript starting at either 0 or 1: a,, a,, a;, a,, ... The “..” symbol indicates that the pattern described
is regular, that is, the next termis a,, and the next is a, and so on. Inthe first example, a;, = P is the first term, a, =

O is the second term, and so on. Both finite and infinite sequences exist everywhere in mathematics. For example, the

1
infinite decimal expansion of; = 0.333333333... can be represented as the sequence
(0.3,0.33,0.333,0.3333, ...).

RECURSIVE SEQUENCE: An example of a recursive sequence is a sequence that is defined by (1) specifying the values of one or
more initial terms and (2) having the property that the remaining terms satisfy a recurrence relation that describes the
value of a term based upon an algebraic expression in numbers, previous terms, or the index of the term.

The sequence generated by initial term, a; = 3, and recurrence relation, a, = 3a,

.1, IS the sequence

(3,9,27, 81, 243, ..). Another example, given by the initial terms, a, = 1, a; = 1, andrecurrence relation, a, =

a, , +a,_,, generates the famed Fibonacci sequence (1,1, 2, 3, 5, ...).

Exit Ticket (3 minutes)
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Name Date

Lesson 26: Recursive Challenge Problem—TheDouble and Add 5

Game

Exit Ticket

The following sequence was generated by aninitial value a, andrecurrencerelation a;, ; = 2a;+ 5, fori = 0.

1. Fillintheblanksinthesequence:

( , 29, , , , 539, 1083).

2. Inthesequenceabove, whatisa,? Whatisag?
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The following sequence was generated by an initial value a, and recurrence relation a;,; = 2a; + 5, fori > 0.

1.  Fill in the blanks in the sequence:

( 12 , 29, 63 , 131 , 267 ___, 539, 1083)

2. Inthe sequence above, what is a,? What is as?
ay =12, a5 =539

Problem Set Sample Solutions

a. ay=0anda;,;=a;+1fori>0,

0,1,2,34)

b. a,=1landa;,{=a;+Lfori>1,

(1,2,3,4,5)

c a, =2anda;;1 =a;+2,fori> 1,

(2,4,6,8,10)

d a=3anda;;;=a;+3 fori>1,

(3,6,9,12,15)

e. ay=2anda;=2q,fori>1,

(2,4,8,16,32)

f. a; =3anda;; 1 = 3a,fori>1,

(3,9,27,81,243)

g. a; =4and a; 1 = 4a;,fori> 1,

(4,16, 64,256,1024)

h. a; =1and a;;1 = (—Da;, fori> 1,

(1,-11,-11

1 .
i. a; =64and a;,q = (_E) a;fori>1,

(64,-32,16,-8,4)

1.  Write down the first 5 terms of the recursive sequences defined by the initial values and recurrence relations below:
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2.  Look at the sequences you created in Problem 1 parts (b)—(d). How would you define a recursive sequence that
generates multiples of 31?

a; =31landa;;y =a;+31,fori > 1

3. Look at the sequences you created in Problem 1 parts (e)-(g). How would you define a recursive sequence that
generates powers of 15?

a, =15and a;,; = 15a;, fori > 1

4. The following recursive sequence was generated starting with an initial value of a, and the recurrence relation
a;.1 = 3a; + 1, for i > 0. Fill in the blanks of the sequence.

(10, 31, 94, 283, 850, 2551 )

5.  For the recursive sequence generated by aninitial value of a, and recurrence relation a;,; = a; + 2, for i > 0, find
aformula for a4, a,, as, a4 in terms of a,. Describe in words what this sequence is generating.

a; =ag+2
a, =ap+4
a3=a0+6,
a4=a0+8

It finds the next consecutive even or odd numbers after a,, depending on whether a, is even or odd.

6. For the recursive sequence generated by aninitial value of a, and recurrence relation a;,; = 3a; + 1, fori > 0,
find a formula for a,, a,, as, a, in terms of a,.

a; =3-ay+1,
a, =9ay + 4,

az =27ay + 13,
a, = 81lay + 40
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m Lesson 27: Recursive Challenge Problem—The Double and
Add 5 Game

Student Outcomes
= Students learn the meaningandnotation of recursive sequences in a modeling setting.
= Students userecursive sequences to model and answer problems.
=  Students create equations andinequalities to solve a modeling problem.

= Students represent constraints by equations and inequalities andinterpret solutions as viable or non-viable
optionsinamodeling context.

Lesson Notes

The double and add 5 game is loosely related to the Collatz conjecture—an unsolved conjecture in mathematics named
after Lothar Collatz, who first proposed the problem in 1937. The conjecture includes a recurrence relation, triple and
add 1, as part of the problem statement. It is a worthwhile activity for you to read about the conjecture online.

Students begin by playing the double and add 5 gamein a simple situation. Givena number, doubleitandadd5. The
resultof Round2 isthedoubleof theresultof Round1, plus 5,and soon. Thegoal of thegameis to find the smallest
starting whole number, a,, that produces a number 100 or greater in threerounds or fewer (answer:a, = 9). Students
arethen exposed to the more difficult challenge of finding the smallest starting whole number that produces a number
1000 or greater in threerounds or fewer (answer:a, = 121). To solve this problem, the notation of recursive
sequences andrecursive relations are explained, and students formalize the problem in terms of an equation, solve,
interprettheir answer, andvalidate.

Classwork

This challenging two-day modeling lesson (see page 61 of CCLS) about recursive sequences runs through the problem,
formulate, compute, interpret, validate, report modeling cycle. This modeling activity involves playinga gameand
describing the mathematical process in the game using a recurrence relation in order to solve a more difficult version of
the game. This two-partlesson picks upwherethelastlesson left off. In thislesson, students formulate, compute,
interpret, validate, and report on theiranswers to the double and add 5 game problem stated in the previous | esson.

Recall the statement of the problem fromthelastlessonfor your students:

=  Givena startingnumber, doubleitand add 5 to gettheresultof round one. Doubletheresultof round one

andadd5,andsoon. Thegoal ofthegameis to find the smallest starting whole numberthat produces a
resultof 1,000 or greater inthreerounds or fewer.

EUREKA Lesson 27: Recursive Challenge Problem—The Double and Add 5 Game 296

MATH

©2015 Great Minds. eureka-math.org



MP.2
MP.4

A STORY OF FUNCTIONS Lesson 27 H,\kH

ALGEBRA |

Example (10 minutes)

The repeat of this example from the previous |esson speaks to the value andimportance of students doing this work.
This timerequire students to work individually to completethetask. Visitstudents as needed, andask questions that
lead students to the correct formulas.

Example

Review Exercise 3 from the previous lesson: Using a generic initial value, a,, and the recurrence relation, a;,; = 2a; + 5,
fori > 0, find a formula for a,, a,, as, a, interms of a,.

a; =2ay+5,

a, =2a; +5=2Q2ay+5) +5=2%-a,+15,

a; =2a, +5=2(22a,+ 15) + 5 =23 ay+ 35,
a, =2a; +5=2(23ay+35)+5= 2% q, + 75.

Mathematical Modeling Exercise/Exercise 1 (15 minutes)

(Formulationstep of the modeling cycle) Askstudents: Using one of the four formulas from Example 1, writean
inequalitythat, if solvedfor a, will lead to finding the smallest starting whole number forthe double and add 5 game
thatproducesa resultof 1,000 or greaterin threerounds or fewer.

Mathematical Modeling Exercise/Exercise 1

Using one of the four formulas from Example 1, write an inequality that, if solved for a,, will lead to finding the smallest
starting whole number for the double and add 5 game that produces a result of 1,000 or greater in 3 rounds or fewer.

This exerciseis|loaded with phrases that students will need to interpret correctly in order to formulate an equation (do
notexpectthis to be easy forthem). Startwith simple questions and buildup:

=  Whatdoes a, meanin terms of rounds?
@ Theresult of round two
=  Writewhatthestatement, “producea result of 1,000 or greater in two rounds,” means using a term of the
sequence.
o Theresult of round two, a,, mustbe greater than orequal to 1,000. Ask students to write the
equation, a, = 1000, forthat statement.
= After replacing a, intheinequality, a, = 1000, with the expression interms of a,, whatdo thenumbersa,
thatsatisfy theinequality, 4a, + 15 = 1000, mean?

o Thenumbers a, thatsatisfy the inequality are the starting numbers for the double and add 5 game that
produce a resultof 1,000 orgreaterin two rounds orfewer. The “or fewer” in the previous sentence is
importantand can be understood by thinking about the question, “Do we need two rounds to reach
1,000, starting with number999? 800? 500?”

Let students solvefor ayin4a,+ 15 = 1000, and let them find the smallest whole number a, for exactlytwo rounds
(Answer: 247). Then continue with your questioning:
=  Whatinequality interms of a, wouldyou write down to find the smallest starting number for the double and
add 5 gamethatproduces a resultof 1,000 or greater in three rounds or fewer?
@ 8a,+35=1000
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Exercise2 (10 minutes)

(Compute, interpret, validate steps of the modeling cycle.) Tell students:

Exercise 2

Solve the inequality derived in Exercise 1. Interpret your answer, and validate that it is the solution to the problem. That

is, show that the whole number you found results in 1,000 or greater in three rounds, but the previous whole number
takes four rounds to reach 1, 000.

8a, +35 > 1000
8a, +35 —35 > 1000 — 35

MP.2 8a, > 965
& L gay st
MP.3 3 8ay) _8(965)
965
ay = T

Students should write or say something similar to the following response: |interpret ay > 9:%Sor ay > 120.625 as the

set of all starting numbers that reach 1, 000 or greater in three rounds or fewer. Therefore, the smallest starting whole

number is 121. To validate, | checked that starting with 121 results in 1,003 after three rounds, whereas 120 results in
995 after three rounds.

Exercise3 (5 minutes)

(This exercise cycles throughthe modeling cycleagain.) Ask students:

Exercise 3

Find the smallest starting whole number for the double and add 5 game that produces a result of 1,000,000 or greater
in four rounds or fewer.

16-ay+ 75 =>1000 000

16a, +75— 75 =1000 000 —75
16a, > 999925

1 1

— (16a,) > — (999 925
16 (160) = 7( )
999925

>
b =""16

999 925

¢ o

a, = 62495.3125 as the set of all starting numbers that reach 1,000, 000 or greater in four rounds or fewer.
Therefore, the smallest starting whole number is 62,496. To validate, | checked that starting with 62,496 results in
1,000,011 after four rounds, whereas 62,495 results in 999, 995 after four rounds.

Students should write or say something similar to the following response: | interpreted ay >
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Lesson Summary
The formula, a,, = 2"(ay + 5) — 5, describes the n'" term of the double and add 5 game in terms of the starting
number a, and n. Use this formula to find the smallest starting whole number for the double and add 5 game that
produces a result of 10,000, 000 or greater in 15 rounds or fewer.
Exit Ticket (5 minutes)
Usethe Exit Ticketto have students reporttheirfindings (the report step of the modeling cycle).
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Name Date

Lesson 27: Recursive Challenge Problem—TheDouble and Add 5

Game

Exit Ticket

Weritea brief reportabout the answers you found to the double and add 5 game problems. Include justifications for why
your starting numbers are correct.
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Exit Ticket Sample Responses

Write a brief report about the answers you found to the double and add 5 game problems. Include justifications for why
your starting numbers are correct.

Results for finding the smallest starting number in the double and add 5 game:

1.  Reaching 100 in three rounds or fewer: The starting number 9 results in 107 in round three. The starting number 8
results in 99 in round three, requiring another round to reach 100. Numbers 1-8 take more than three rounds to
reach 100.

Reaching 1,000 in three rounds or fewer: The starting number 121 results in 1,003 in round three. The starting
number 120 results in 995 in round three, requiring another round to reach 1,000. All other whole numbers less
than 120 take more than three rounds to reach 1, 000.

3.  Reaching 1,000,000 in four rounds or fewer: The starting number 62,496 results in 1,000, 011 in round four.
The starting number 62,495 results in 999, 995 in round four, requiring another round to reach 1,000, 000. All
other whole numbers less than 62,495 take more than four rounds to reach 1,000, 000.

Problem Set Sample Solutions

1.  Your older sibling came home from college for the weekend and showed you the following sequences (from her
homework) that she claimed were generated from initial values and recurrence relations. For each sequence, find
an initial value and recurrence relation that describes the sequence. (Your sister showed you an answer to the first
problem.)

a.  (0,2,4,68,10,12,14,16,..)

a, =0and a;,1 =a;+2fori > 1

b. (1,3,5,7,9,11,13,15,17, ...)

a,=1anda;;1 =a;+2fori > 1

[ (14,16,18, 20,22, 24, 26, ...)

a; =14and a;.y =a;+2fori > 1

d. (14,21,28,35,42,49,..)

a; =14and a;,y =a;+7fori > 1

e. (14,7,0,—7,—14,—21,—28,—35,..)

a; =14and a;,y =a;,— 7fori > 1

f. (2,4,8,16,32,64,128,...)

a, =2and a;q1 =2a;fori > 1
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g (3,6,12,24,48,96,..)

a; =3and a;,1 =2a;fori > 1

h.  (1,3,9,27,81,243,..)

a; =1and a;,; =3a;fori > 1

i. (9,27,81,243,...)

a; =9and a;,; =3a;fori > 1

2.  Answer the following questions about the recursive sequence generated by initial value, a; = 4, and recurrence
relation, a; ., = 4a; fori > 1.

a. Find a formula for a,, a,, a3, a,, as in terms of powers of 4.
a, =4!
a, = 4*
a; =43
a, =4*
as = 4°

b. Your friend, Carl, says that he can describe the n™ term of the sequence using the formula, a,, = 4". Is Carl
correct? Write one or two sentences using the recurrence relation to explain why or why not.

Yes. The recurrence relation, a; ., = 4a; for i > 0, means that the next term in the sequence is always 4
times larger than the currentterm, i.e., one more power of 4. Therefore, the n" term will be n powers of 4,
or 4™,

3. The expression, 2"(a, +5) — 5, describes the n" term of the double and add 5 game in terms of the starting
number a, and n. Verify that it does describe the n'" term by filling out the tables below for parts (b) through (e).
(The first table is done for you.)

a. Tableforay=1
n 2"(ap+5)—5
1 2T-6 -5=7
2 22.6 -5=19
3 23.6 -5=43
4 2*.6-5=91
b. Table for ay = 8
n 2"(ag+5)—5
1 2113 -5=21
2 22.13 -5=47
3 23-13 -5=99
4 2*.13 -5 =203
c. Table for ag =9
n | 2"(ap+5)—5
2 2414 -5 =51
3 23-14 -5 =107
EUREKA Lesson 27: Recursive Challenge Problem—The Double and Add 5 Game 302
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d.  Table for ap = 120

n | 2"(ay +5) —5

3 23-125—-5 =995

4 2%-125-5=1995
e.  Table foray, =121

n | 2"(ay +5) —5

2 27126 — 5 = 499

3 23-126 — 5 =1003

Bilbo Baggins stated to Samwise Gamgee, “Today, Sam, | will give you $1. Every day thereafter for the next 14 days,
1 will take the previous day’s amount, double it and add $5, and give that new amount to you for that day.”

a. How much did Bilbo give Sam on day 15? (Hint: You don’t have to compute each term.)

a5 =2'%(1+ 5) — 5 =196, 603. Bilbo gave Sam $196,603 on day 15.

b. Did Bilbo give Sam more than $350, 000 altogether?

Yes. He gave $98,299 on day 14, $49,147, onday 13, $24,571 on day 12, and so on.

The formula, a, = 2" (ay + 5) — 5, describes the n'" term of the double and add 5 game in terms of the starting
number a, and n. Use this formula to find the smallest starting whole number for the double and add 5 game that

produces a result of 10,000,000 or greater in 15 rounds or fewer.
Solving 2'*(ay +5) —5 = 10 000 000 for a, results in a, > 300.1759 ....

Hence, 301 is the smallest starting whole number that will reach 10,000, 000 in 15 rounds or fewer.
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E Lesson 28: Federal Income Tax

Student Outcomes
= Students create equations andinequalities in onevariableand use themto solve problems.

= Students create equationsin two or morevariables to represent relationships between quantities and graph
equations on coordinate axes with labels andscales.

= Students represent constraints by inequalities and interpret solutions as viable or non-viable optionsin a
modeling context.

Lesson Notes

This real-life descriptive modeling lesson (see page 61 of the CCLS or page 71 of the CCSS) is about using inequalities and
graphsto understandthe progressive federal tax system. Likethelastlesson, this|esson again runs through the
problem, formulate, compute, interpret, validate, report modeling cycle, but unlike the difficult modeling lesson on the
double and add 5 game, more autonomy can be given to students in this lesson. You might wantto include more
discussion of thewords and process used inthe modeling cycle:

Problem Formulate Validate

Compute

0

Materials

Pleaseensurethateach studenthasa copy of thetax tables (on the next page) intheirstudent materialsorasa
handout. Students will need a calculatorand (yourcall) aspreadsheet program.

Classwork

Mathematical Modeling Exercise (15 minutes): Formulating the Problem

Tell students: Thefederalincometaxis notcalculated by summingup all thatanindividual earns andthen takinga fixed
percentageof thatincome. Instead, the federaltaxsystemis progressive. That meansthe moreincomean individual
makes, the greater the percentageofitistaxed. Inthislesson, wewill analyze ourtax system, graph the federal income
tax versusincome, and usethe graph to compute effective taxrates for families with differentincomes.

EUREKA Lesson 28: Federal Income Tax 304
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Important Tax Tables for this Lesson

Exemption Deductions for Tax Year 2013

Exemption Class Exempi':ion
Deduction
Single $3,900
Married $7,800
Married with 1 child $11,700
Married with 2 children $15,600
Married with 3 children $19,500

Standard Deductions Based Upon Filing Status for Tax Year 2013

Filing Status Standard Deduction
Single $6,100
Married filing jointly $12,200

Federal Income Tax for Married Filing Jointly for Tax Year 2013

If taxable income is Plus the
over: But not over: The tax is: Marginal Of the amount over:
Rate
$0 $17,850 10% $0
$17,850 $72,500 $1,785.00 15% $17,850
$72,500 $146,400 $9,982.50 25% $72,500
$146,400 $223,050 $28,457.50 28% $146,400
$223,050 $398,350 $49,919.50 33% $223,050
$398,350 $450,000 $107,768.50 35% $398,350
$450,000 + $125,846.00 39.6% $450,000

just $0.

TAXABLE INCOME: The U.S. government considers the income of a family (or individual) to include the sum of any money
earned from a husband’s or wife’s jobs, and money made from their personal businesses or investments. The taxes for a
household (i.e., anindividual or family) are not computed from the income; rather, they are computed from the
household’s taxable income. For many families, the household’s taxable income is simply the household’s income minus
exemption deductions and minus standard deductions:

(taxable income) = (income) — (exemption deduction) — (standard deduction)

All of the problems we will model in this lesson will use this equation to find a family’s taxable income. The only
exception is if the family’s taxable income is less than zero, in which case we will say that the family’s taxable income is

EUREKA Lesson 28:
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Use this formula and the tables above to answer the following questions about taxable income:
Exercise 1
Find the taxable income of a single person with no kids, who has anincome of $55, 000.

55000 — 3900 — 6100 = 45000. The person’s taxable income is $45,000.

Exercise 2
Find the taxable income of a married couple with two children, who have a combined income of $55,000.

55000 — 15600 — 12200 = 27200. The family’s taxable income is $27,200.

Exercise 3
Find the taxable income of a married couple with one child, who have a combined income of $23, 000.

23000 — 11700 — 12200 = —900. The family’s taxable income is $0.

Federal Income Tax and the Marginal Tax Rate: Below is an example of how to compute the federalincome tax of a
household using the Federal Income Tax table above.

Example 1
Compute the Federal Income Tax for the situation described in Exercise 1 (a single person with no kids making $55, 000).

From the answer in Exercise 1, the taxable income is $45,000. Looking up $45, 000 in the tax table above, we see that
$45, 000 corresponds to the second row because it is between $17,850 and $72,500:

; . Plus the
If taxable income is . "
over: But not over: The tax is: Marginal Of the amount over:
' Rate
$17,850 $72,500 $1,785.00 15% $17,850

To calculate the tax, add $1, 785 plus 15% of the amount of $45, 000 that is over $17, 850. Since
45000 — 17850 = 27150, and 15% of 27,150 is $4,072.50, the total federal income tax on $45, 000 of taxable
income is $5,857.50.

Exercise 4
Compute the Federal Income Tax for a married couple with two children making $127,800.
The taxable income is $127 800 —$15600 — $12200 = $100 000.

Looking up $100,000 in the tax table, we see that $100,000 corresponds to the third row because it is between
$72,500 and $146,000:

If taxable income . Plus the
. But not over: The tax is: . Of the amount over:
is over: Marginal Rate
$72,500 $146,400 $9,982.50 25% $72,500

To calculate the tax, add $9,982. 50 plus 25% of the amount over $72,500. Since 100 000 — 72500 = 27500, we
take 25% of 27,500 to get $6875. Thus, the total federal income tax on $100, 000 of taxable income is $16,857.50.

Lesson 28: Federal Income Tax
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Taxpayers sometimes misunderstand marginal tax to mean: “If my taxable income is $100, 000, and my marginal tax
rate is 25%, my federal income taxes are $25, 000.” This statement is not true—they would not owe $25, 000 to the
federal government. Instead, a marginal income tax charges a progressively higher tax rate for successively greater levels
of income. Therefore, they would really owe:

. 10% on the first $17, 850, or $1, 785 in taxes for the interval from $0 to $17, 850;
. 15% on the next $54, 650, or $8,197. 50 in taxes for the interval from $17,850 to $72, 500;
] 25% on the last $27, 500, or $6, 875.00 in taxes for the interval from $72, 500 to $100, 000;

for a total of $16,857.50 of the $100, 000 of taxable income. Thus, their effective federal income tax rate is
16.8575%, not 25% as they claimed. Note that the tax table above incorporates the different intervals so that only one
calculation needs to be made (the answer to this problem is the same as the answer in Exercise 5).

Exercises 5-7 (15 minutes)

 Students arenow ready to formulate and create a graph of federal income taxes versusincome. In Exercise5, the

creation of thetableand the graph involves many of theideas that students have been learning throughout this module.
The hope hereis thatthey canwork throughthis problem on their own (or ingroups of two) with minimum help from
you. However, since these tax terms are new, you may need to walk aroundthe roomand help explain words like
income, taxableincome, exemption, standard deduction, and federal income tax (as well as marginal taxrate, filing
status,and deduction).

Exercise 5

Create a table and a graph of federal income tax versus income for a married couple with two children between $0 of
income and $500,000 of income.

The first step in creating the graph is to determine the equation for taxable income. A married couple with two children

has a standard deduction of $12,200 and an exemption deduction of $15,600, for a total deduction of $27,800. If we
let the real number, TI, stand for the family’s taxable income, and the real number, I, stand for the family’s income, we

get the following equation for taxable income:

1-27800 I>27800

“={ 0 0 <1 <27800

EUREKA Lesson 28: Federal Income Tax 307
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Help students to create the following table using theintervalsinthe 160
federal incometax table: v 38
S5 £ 140
Income ($) Taxable Income ($) | Federal Income Tax ($) S § 120
0 0 0 % £ 100
27,800 0 0 : 30
45,650 17,850 1785.00 £
100,300 72,500 9,982.50 g o0
174,200 146,400 28,457.50 = W
250,850 223,050 49,919.50 E 20
426,150 398,350 107,768.50 & 0 -
477,800 450,000 125,846.00 0 200 400
500,000 472,200 134,637.20 Thousands

Income (dollars)
Usecolumn1and column 3 inthistableto createthegraph on the
right.

Exercise 6

Interpret and validate the graph you created in Exercise 5. Does your graph provide an approximate value for the federal
income tax you calculated in Exercise 4?

Yes. The graph suggests that the federal income tax for a married couple with two children with an income of $127,800
should be between $15,000 and $20,000, which is close to the actual amount of $16,857.50.

Exercise 7

Use the table you created in Exercise 5 to report on the effective federal income tax rate for a married couple with two
children, who makes:

a. $27,800
b.  $45,650
c. $500,000

Note to teacher: Answer the firsttwoincomes withyourclass, using them as examples to explainthe meaning of
effectivefederalincometax rate. Letthem find the effective federal incometax rate for $500,000 as an exercise.

The effective federal income tax rate is found by writing the number (federal income tax)/(income) as a percentage. The
effective federal income tax rate for a married couple with two children making:

a. $27,800is 0%,

b. $45, 650 is about 4%,

c $500, 000 is about 27%.

Exit Ticket (5 minutes)

Adjustthis problem based upon the remaining class time.
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Name Date

Lesson 28: Federal Income Tax

Exit Ticket

A famous movie actress made $10 million lastyear. Sheis marriedand hasno children, and her husbanddoes notearn
anyincome. Assumethatshe computes hertaxableincome usingthe following formula:

(taxable income) = (income) — (exemptions) — (standard deductions)

Find her taxableincome, her federal incometax, and her effective federal income tax rate.

EUREKA Lesson 28: Federal Income Tax 309
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Exit Ticket Sample Solutions

A famous movie actress made $10 million last year. She is married and has no children, and her husband does not earn
any income. Assume that she computes her taxable income using the following formula:

(taxable income) = (income) — (exemptions) — (standard deductions)
Find her taxable income, her federal income tax, and her effective federal income tax rate.
Taxable Income: $10 000 000 — $7800 — $12200 = $9 980 000

Federal Income Tax:

L G But not over: The tax is: ths L Of the amount over:
over: Marginal Rate
$450,000 + $125,846.00 39.6% $450,000

39.6% of 9980 000 — 450 000, or 39.6% of 9 530 000, is $3 773 880 in tax over the first $450,000. Add the tax of
$125, 846 on the first $450, 000 of taxable income, to get a total federal income tax of $3 899 726.

3 899 726

Effective Federal Income Tax Rate: ——————— - 100 =~ 39%
10 000 000

Problem Set Sample Solutions

Use the formula and tax tables givenin the lesson to perform all computations.
1. Find the taxable income of a married couple with two children, who have a combined income of $75, 000.

$47,200

2.  Find the taxable income of a single person with no children, who has anincome of $37,000.

$27,000

3.  Find the taxable income of a married couple with three children, who have a combined income of $62, 000.

$30,300

4. Find the federal income tax of a married couple with two children, who have a combined income of $100, 000.

$9,937.50

5.  Find the federal income tax of a married couple with three children, who have a combined income of $300, 000.

$64,852

6. Find the effective federal income tax rate of a married couple with no children, who have a combined income of
$34,000.

4.1%

EUREKA Lesson 28: Federal Income Tax 310
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS

Lesson 28

M1

ALGEBRA |

Find the effective federal income tax rate of a married couple with one child who have a combined income of
$250,000.

Approximately 20.4%

The latest report on median household (family) income in the United States is $50, 502 per year. Compute the
federal income tax and effective federal income tax rate for a married couple with three children, who have a
combined income of $50,502.

Federal income tax: $1,927.80

Effective federal income tax rate: Approximately 3.8%

Extend the table you created in Exercise 6 by adding a column called, “Effective federal income tax rate.” Compute
the effective federalincome tax rate to the nearest tenth for each row of the table, and create a graph that shows
effective federalincome tax rate versus income using the table.

Income Taxable Income Federal Income Effective Federal
Tax Income Tax Rate
1] 0 0 0%
27,800 1] 1] 0%
45,650 17,850 1,785.00 3.9%
107,550 72,500 9,982.50 9.3%
174,200 146,400 28,457.50 16.3%
250,850 223,050 49,919.50 19.9%
426,150 398,350 107,768.50 25.3%
477,800 450,000 125,846.00 26.3%
500,000 472,200 134,637.20 26.9%

Effective Federal Income Tax Rate for Married
Couples with Two Children

30%

25%

20%

15%

10%

5%

Effective Federal Income Tax Rate (percent)

0%
0 200 400 600

Thousands
Income (dollars)
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Name Date

1. Solve the following equations for x. Write your answer in set notation.

a. 3x—5=16

b. 3(x+3)—-5=16

c. 32x—-3)-5=16

d. 6(x+3)—10=32

e. Which two equations above have the same solution set? Write a sentence explaining how the
properties of equality can be used to determine the pair without having to find the solution set for
each.
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2. Letc and d be real numbers.

a. |Ifc =42+ distrue, then whichis greater: cor d, or are you not able to tell? Explain how you
know your choice is correct.

b. Ifc =42 —d istrue, then which is greater: cor d, or are you not able to tell? Explain how you
know your choice is correct.

3. Ifa < 0andc > b, circlethe expression thatis greater:
a(b—c) or a(c—bh)

Use the properties of inequalities to explain your choice.
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4. Solve for x in each of the equations or inequalities below, and name the property and/or properties used:

b. 10+ 3x = 5x

c. a+x=b»b

f. q+5x=7x—r

EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 314
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3
g. Z(x+ 2) = 6(x+ 12)
h. 3(5—5x) > 5x
5. The equation 3x + 4 = 5x — 4 has the solution set {4}.
a. Explain why the equation (3x+4) + 4 = (5x — 4) + 4 also has the solution set {4}.
EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 315
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b. Inpart(a), the expression (3x 4+ 4) + 4 is equivalent to the expression 3x + 8. What is the
definition of equivalent expressions? Why does changing an expression on one side of an equation
to an equivalent expression leave the solution set unchanged?

c. When wesquare both sides of the original equation, we get the following new equation:
(Bx+4)? = (5x —4)2.

Show that 4 is still a solution to the new equation. Show that 0 is also a solution to the new
equation but is not a solution to the original equation. Write a sentence that describes how the
solution set to an equation may change when both sides of the equation are squared.
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d. When wereplace x by x? in the original equation, we get the following new equation:
3x?+4 =5x% — 4.

Use the fact that the solution set to the original equation is {4} to find the solution set to this new
equation.

6. The Zonda Information and Telephone Company (ZI&T) calculatesa customer’s total monthly cell phone
charge using the formula,

C=MB+rm)A+1),

where C is the total cell phone charge, b is a basic monthly fee, r is the rate per minute, m is the number
of minutes used that month, and t is the tax rate.

Solve for m, the number of minutes the customer used that month.
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7. Students and adults purchased tickets for a recent basketball playoff game. All tickets were sold at the
ticket booth—season passes, discounts, etc., were not allowed.

Student tickets cost $5 each, and adult tickets cost $10 each. A total of $4,500 was collected.
700 tickets were sold.

a. Write asystem of equations that can be used to find the number of student tickets, s, and the
number of adult tickets, a, that were sold at the playoff game.

b. Assuming that the number of students and adults attending would not change, how much more
money could have been collected at the playoff game if the ticket booth charged students and adults
the same price of $10 per ticket?

c. Assuming that the number of students and adults attending would not change, how much more
money could have been collected at the playoff game if the student price was kept at $5 per ticket
and adults were charged $15 per ticket instead of $10?
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8. Alexus is modeling the growth of bacteria for an experiment in science. She assumes that there are
B bacteriain a Petri dish at 12:00 noon. In reality, each bacteriumin the Petri dish subdivides into two

new bacteria approximately every 20 minutes. However, for the purposes of the model, Alexus assumes
that each bacterium subdivides into two new bacteria exactly every 20 minutes.

1
a. Createa tablethatshows thetotal number of bacteriain the Petridish at 3 hour intervals for 2
hours starting with time 0 to represent 12:00 noon.

b. Write an equation that describes the relationship between total number of bacteria T and time h in
hours, assuming there are B bacteriain the Petridish at h = 0.

c. If Alexus starts with 100 bacteria in the Petridish, draw a graph that displays the total number of

bacteria with respect to time from 12:00 noon (h = 0) to 4:00 p.m. (h = 4). Label points on your
graphattimeh =0, 1, 2, 3, 4.
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d. For her experiment, Alexus plans to add an anti-bacterial chemicalto the Petridish at4:00 p.m. that
is supposed to kill 99.9% of the bacteria instantaneously. If she startedwith 100 bacteria at
12:00 noon, how many live bacteria might Alexus expect to find in the Petridish right after she adds
the anti-bacterial chemical?

9. Jackis 27 years older than Susan. In 5 years, he will be 4 times as old as she is.

a. Find the present ages of Jack and Susan.

b. What calculations would you do to check if your answer is correct?
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10.

a. Find the product: (x? —x +1)(2x% + 3x + 2).

b. Use the results of part (a) to factor 21,112 as a product of a two-digit number and a three-digit
number.

11. Consider the following system of equations with the solution x = 3,y = 4.

EquationAl: y=x+1

Equation A2: y = —2x+ 10

y=x+1

(3.4

\ y=-2x+10

a. Write a unique system of twolinear equations with the same solution set. This time make both
linear equations have positive slope.
Equation B1:
Equation B2:
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b. The following system of equations was obtained from the original system by adding a multiple of
equation A2 to equation Al.
EquationCl: y=x+1
EquationC2: 3y =-3x+21

What multiple of A2 was added to A1?

c. What is the solution tothe system given in part (b)?

d. Forany realnumber m, the line y = m(x — 3) + 4 passes through the point (3,4).
Isit certain, then, that the system of equations
EquationD1: y=x+1
EquationD2: y=m(x—3)+4

has only the solution x = 3, y = 4? Explain.
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12. The local theaterin Jamie’s home town has a maximum capacity of 160 people. Jamie shared with Venus
the following graph and said that the shaded region represented all the possible combinations of adult
and child tickets that could be sold for one show.

(0, 160)
. the number of child tickets sold
a: the number of adult tickets sold

a. Venus objected and said there was more thanone reason that Jamie’s thinking was flawed. What
reasons could Venus be thinking of?
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b. Use equations, inequalities, graphs, and/or words to describe for Jamie the set of all possible
combinations of adult and child tickets that could be sold for one show.

c. The theatercharges$9 for each adult ticket and $6 for each child ticket. The theater sold 144
tickets for the first showing of the new release. The total money collected from ticket sales for that
show was $1,164. Write a system of equations that could be used to find the number of child tickets

and the number of adult tickets sold, and solve the system algebraically. Summarize your findings
using the context of the problem.
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A Progression Toward Mastery
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Assessment STEP1 STEP2 STEP3 STEP4
Task Item Missing or Missing orincorrect | A correctanswer A correct answer
incorrectanswer | answerbut with some evidence | supported by
and little evidence ofsome of reasoning or substantial evidence
evidence of reasoningor application of of solid reasoning or
reasoning or application of mathematics to application of
application of mathematics to solvethe problem, | mathematicsto
mathematics to solvetheproblem. | oranincorrect solvethe problem.
solve the answer with
problem. substantial
evidence of solid
reasoning or
application of
mathematics to
solvethe problem.
1 a-d Studentgives a Studentshows atleast | Studentsolvesthe Studentsolvesthe
shortincorrect onecorrectstep,but | equation correctly equation correctly
A-REILA.1 | answer orleaves the solutionis (every step thatis (every step thatis
the questionblank. | incorrect. showniscorrect) but | showniscorrect)and
does notexpressthe | expressestheanswer
answer asasolution as a solution set.
set.
e Studentdoes not Studentanswers (b) Student answers (b) Studentanswers (b)
answer oranswers | and(d)butdoes not and (d) but makes and (d)and articulates
A-SSE.A.1b | incorrectlywith demonstratesolid minor misstatements | solid reasoningin the
A-REI.B.3 | somethingother reasoninginthe inthe explanation. explanation.
than (b)and (d). explanation.
2 a Studentresponds Studentresponds Studentresponds Studentresponds
incorrectlyor leaves | correctlythat(c) must | correctly that(c) must | correctly that(c) must
A-CED.A.3 | thequestionblank. | be greater butdoes be greater butgives be greaterand
notusesolid anincompleteor supports the statement
reasoning to explain slightly incorrect with solid,
the answer. explanation of why. well-expressed
reasoning.
b Studentresponds Studentresponds Studentresponds Studentresponds
incorrectlyor leaves | correctly thatthereis | correctly thatthereis | correctly thatthereis
A-CED.A.3 | thequestionblank. | noway totell but noway to tell but noway totell and
does notusesolid gives anincompleteor | supportsthe statement
reasoning to explain slightly incorrect with solid,
the answer. explanation of why. well-expressed
reasoning.
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3 | A-SSE.A.1b | Studentresponds Studentresponds Studentresponds Studentresponds
incorrectlyor leaves | correctly by circling correctly by circling correctly by circling the
the questionblank. | the expressiononthe | the expressiononthe | expressionontheleft
leftbutdoes notuse leftbutgives limited and gives a complete
solid reasoning to explanation or does explanation thatuses
explaintheanswer. notusetheproperties | the properties of
ofinequality in the inequality.
explanation.
4 a-h Studentanswers Studentanswers Studentanswers Studentanswers
incorrectlywithno | incorrectlybuthas correctly butdoesnot | correctly and correctly
A-REI.LA.1 | correctsteps oneor morecorrect correctlyidentifythe | identifiesthe property
A-REL.LB.3 | Shown. steps. property or properties | or properties used.
used.
5 a Studentdoes not Studentdemonstrates | Studentdemonstrates | Studentanswer is
answer or only limited solid reasoning but completeand
A-REL.LA.1 | demonstrates reasoning. fallsshortofa demonstrates solid
incorrectreasoning completeanswer or reasoning throughout.
throughout. makes a minor
misstatementinthe
answer.
b Studentdoes not Student makes more | Studentprovides a Studentanswers
answer or doesnot | thanone mostly correct completelyandusesa
A-REI.LA.1 | demonstrate misstatementinthe definitionwith a correct definition
understanding of definition. minor misstatement. | withouterror ormis-
whatthe question is statement.
asking.
c Student makes Student conducts both | Studentconducts both | Studentconducts both
mistakesin both verifications butfalls | verificationsand verifications without
A-REI.A.1 | verificationsand shortofarticulating articulates valid error and articulates
demonstrates reasoningto answer reasoningto answer valid reasoning to
incorrectreasoning | the question. the questionbut answer the question.
or leaves the makes a minor errorin
guestionblank. the verification or a
minor misstatementin
the explanation.
d Studentanswers Studentidentifiesone | Studentidentifiesonly | Studentidentifies both
incorrectlyor does | orbothsolutionsbut | onesolutioncorrectly | solutionscorrectly and
A-REI.A.1 | notanswer. is unableto convey butarticulates the articulates the
howthe solutions reasoning of usingthe | reasoning of usingthe
couldbefoundusing | solutiontotheoriginal | solutionto theoriginal
the factthat4isa equationtofind the equationto find the
solutionto theoriginal | solutiontothenew solutionto the new
equation. equation. equation.
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6 | A-CED.A.4 | Studentdoes not Student makes more | Studentanswer shows | Studentanswers
answer or showsno | thanoneerrorinthe | validstepsbutwith correctly.
evidence of solutionprocess but oneminor error.
reasoning. shows someevidence
of reasoning.
7 a—c Studentis unableto | Studentanswersone | Studentshows solid Studentanswers every
answer any portion | partcorrectly or evidenceofreasoning | partcorrectlyand
A-CED.A.3 | correctly. shows someevidence | ineverypartbutmay | demonstrates and
ofreasoninginmore | makeminor errors. expressesvalid
thanonepart. reasoning throughout.
8 a Student provides no | Studentprovides a Student provides a Student provides a data
tableoratablewith | datatablethatis data tablethatis tablethatis complete
A-CED.A.2 | multipleincorrect incomplete or has complete but may and correctwith
entries. morethanoneminor | haveoneerroror correctheadings.
error. slightly inaccurate
headings.
b Student provides no | Studentprovides an Student provides a Student provides a
equationoran incorrectequationbut | correctanswerinthe | correctanswerinthe
A-CED.A.2 | equationthatdoes | onethatmodels formof T = B(2)3%". formof T = B8" orin
notrepresent exponential growth. morethan oneform,
exponential growth. suchasT = B(2)3%"
andT = B8".
c Student provides no | Studentprovides a Studentcreates a Studentcreates a
graphor a grossly graphwithan graph with correct completegraphwith
A-CED.A.2 | inaccurategraph. inaccurateshapebut | general shapebutmay | correctly labeled axes
provides some leave off or makean and correctly labeled
evidenceofreasoning | error on oneor two data points (or a data
inlabelingthe axes axes or data points. table) showingthe
and/or data points. values for
h=0,1,2,3,4.
d Student provides no | Student provides Studentanswersthat | Studentanswersthat
answeroran limited evidence of 409.6 bacteriaare 410, or about 410,
A-CED.A.2 | incorrectanswer reasoningandan alive. bacteriaarealive.
with no evidenceof | incorrectanswer.
reasoninginarriving
atthe answer.

EUREKA
MATH

Module 1:

Their Graphs

©2015 Great Minds. eureka-math.org

Relationships Between Quantities and Reasoning with Equations and

327




A STORY OF FUNCTIONS

End-of-Module Assessment Task

M1

ALGEBRA |

9 a Student writes Studentanswersare Both equationsare Both equationsare
incorrectequations | incorrect,butatleast | correct, butstudent correctandstudent
A-CED.A.1 | ordoes notprovide | oneofthe equations | makesa minor solvesthem correctly
equations. is correct. Student mistakeinfindingthe | to arriveattheanswer
makes a gross errorin | solution. thatJackis 31 and
the solution, makes Susanis4.
morethan one minor
errorinthesolution
process, or has one of
the two equations
incorrect.
b Studentdoes not Studentarticulates Studentarticulates Studentarticulates
answer or gives a onlyoneofthe the two calculations both calculations
A-REI.B.3 | completely calculations correctly. | butwith a minor mis- | correctly.
incorrectanswer. statementin oneof
the descriptions.
10 a-b Studentworkis Student makes more | Studentdemonstrates | Studentdemonstrates
blankor thanoneerrorinthe | the abilityto multiply | the ability to multiply
A-APR.A.1 | demonstrates no multiplicationbut the polynomials the polynomials
understanding of demonstrates some (expressing the (expressing the product
multiplication of understanding of productasa sum of as a sumof monomials
polynomials, nor multiplicationof monomials with like with like terms
howto apply polynomials. Student | terms combined)and | combined)andto apply
part(a)toarriveat | maynotbeableto to applythestructure | the structurefrom
ananswerfor garner or apply frompart(a)tosolve | part(a)tosolvepart(b)
part(b). informationfrom part(b). There may as 91(232).
part(a)tousein be minorerrors.
answering part(b)
correctly.
11 a Studentis unableto | Studentprovides two | Studentshows one Student provides two
demonstrate the equationsthathave minor errorinthe equations both
A-REI.C.6 | understandingthat | (3,4) asasolution(or | answer butattempts | containing(3,4) asa
two equationswith | attempts to provide to provide two solutionandboth with
(3,4) asasolution | suchequations)but equations both positive slope.
areneeded. makes one or more containing (3,4) asa
errors. Studentmay solutionandboth with
provideanequation positive slope.
with a negativeslope.
b Studentis unableto | Studentidentifiesthe | N/A Studentcorrectly
identify the multiple | multipleas 3. identifies the multiple
A-REI.C.6 | correctly. as 2.
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c Studentis unableto | Studentshows some | Studentmakes a Student successfully
demonstrateevena | reasoningrequiredto | minorerrorinfinding | identifiesthesolution
A-REI.C.6 | partial find thesolutionbut | the solution point. pointas (3, 4).
understanding of makes multiple errors.
how to find the
solutionto the
system.
d Studentis unableto | Studentconcludesyes | Studentcorrectly Student correctly
answer or to ornobutisonlyable | explainsthatallthe explainsthatwhilein
A-REI.C.5 | supporttheanswer | to expresslimited systems havethe mostcases thisistrue,
A-REL.C.6 | withanysolid reasoninginsupport | solutionpoint(3,4) ifm =1,the two lines
A-REL.D.10 reasoning. of the answer. butincorrectly arecoincidinglines,
assumesthisistrue resultingin asolution
for all cases of m. setconsisting of all the
points ontheline.
12 a Studentis unableto | Studentis onlyableto | Studentprovides two | Studentis ableto
articulateanysound | articulateonesound | sound reasonsbut articulateatleasttwo
MP.2 reasons. reason. makes minorerrorsin | valid reasons. Valid
A-REI.D.12 the expressionof reasonsincludethe
reasoning. following: thegraph
assumes x could be less
than zero, thegraph
assumesy could be less
than zero, thegraph
assumesa andb could
be non-whole numbers,
the graph assumes 160
childrencould attend
with no adults.
b Studentis unableto | Studentprovides a Student makes minor | Studentcommunicates
communicatea verbal descriptionthat | errorsin effectively thatboth (a)
A-CED.A.2 | relevant lacks precision and communicating the and (b) mustbewhole
A-REI.D.10 | requirementofthe | accuracybut idea thatboth (a)and | numbers whosesumis
A-REL.D.12 solutionset. demonstrates some (b) mustbewhole less than or equal to
reasoningaboutthe numbers whose sum 160.
solutionwithin the is lessthan orequal to
contextofthe 160.
problem.
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c Studentis unableto | Student makes Student makes minor | Studentcorrectly
demonstrateany multipleerrorsinthe | errorsinthe writes the equationsto
A-CED.A.2 | substantive equationsand/or equations butsolves representthesystem.
A-REI.C.6 | understandingin solving process but the systemaccurately, | Studentsolvesthe

howto createthe
equationsandsolve
the system of

demonstrates some
understanding of how
to create equations to

or the student creates

the correctequations
but makes a minor

systemaccurately and
summarizes by defining
or describing the values

EUREKA
MATH

equations. representa context errorinsolving the ofthe variablein the
and/or solvethe system of equations. context of the problem
system of equations. (i.e., thatthereare
100 adultticketsand
44 child ticketssold.)
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Name Date

1. Solve the following equations for x. Write your answer in set notation.

a. 3x—5=16

3x=21 Solution set: {7}
X=7

b. 3(x+3)—5=16

3x+9-5=16 Solution set: {4}
3x=12
X=4

c. 32x-3)-5=16
6x-9-5=16 Solution set: {5}
66X -14=16
6X =30
X=5

d. 6(x+3)—10=32

6x+18 -10=32  Solution set: {4}
6X =24
Xx=4

e. Which two equations above have the same solution set? Write a sentence explaining how the
properties of equality can be used to determine the pair without having to find the solution set for
each.

Problems (b) and (d) have the same solution set. The expressionson eachside of the
equal sign for (d) are twice those for (b). So, if (left side) = (right side) is true for only
some x-values, then 2(left side) = 2(right side) will be true for exactly the same x -
values. Or simply, applying the multiplicative property of equality does not change the
solution set.
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2. Letc and d be real numbers.

a. Ifc =42+ distrue,then whichis greater: cor d or are you not able to tell? Explain how you know
your choice is correct.

¢ must be greater because ¢ is always 42 more than d.

b. Ifc =42 —d is true, then which is greater: c or d or are you not able to tell? Explain how you know
your choice is correct.

There is no way to tell. We only know that the sum of ¢ and d is 42. If d were 10, ¢
would be 32 and, therefore, greater than d. But if d were 40, ¢ would be 2 and,
therefore, less than d.

3. Ifa < 0andc > b, circlethe expression thatis greater:

or a(c—b)

Use the properties of inequalities to explain your choice.

Since ¢ > b, Sincec > b,

it follows that © >b — ¢, it follows that ¢ — b > O.

and since a < O, a is negative, so (¢ —b) is positive. And since ais

and the product of two negatives will be negative, the product of

a positive. a-(c—by<a-(b-c).
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4. Solve for x in each of the equations or inequalities below and name the property and/or properties used:

3
a. -x=9
4
4 Ce . .
X=9- (3) Multiplication property of equality
X=12

b. 10+ 3x =5x

10=2x Addition property of equality
5=x Multiplication property of equality
c. a+x=b
x=b-a Addition property of equality
d cox=d
d e :
X=-,C#0 Multiplication property of equality

1
e. ;x—g<m

% X<m+g Addition property of equality
x<2-(m+g) Multiplication property of equality

f. gq+5x=7x—r

q+r=2x Addition property of equality
@ =X Multiplication property of equality
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3
g. Z(x+ 2) = 6(x+ 12)
3 (x+2)=24-(x+12) Multiplication property of equality
3X+6=24X+288 Distributive property
2382 .. . C e
57 =X Addition property of equality and multiplication
a4 ,
= =X Property of equality
a4
7 =X

h. 3(5-5x)> 5x

15-15x>5x Distributive property

15> 20« Addition property of inequality
3

Z X Multiplication property of equality

5. The equation, 3x + 4 = 5x — 4, has the solution set {4}.
a. Explain why the equation, (3x + 4) + 4 = (5x — 4) + 4, also has the solution set {4]}.

Since the new equation can be created by applying the addition property of equality,
the solution set does not change.

OR
Eachside of this equation is 4 more than the sides of the original equation. Whatever
value(s) make 3x + 4 = 5x — 4 true would also make 4 more than 3x + 4 equal to 4
more than 5x —4.

b. Inpart(a), theexpression (3x + 4) + 4 is equivalent to the expression 3x + 8. What is the
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definition of equivalent algebraic expressions? Describe why changing an expression on one side of
an equation to an equivalent expression leaves the solution set unchanged?

Algebraic expressions are equivalent if (possibly repeated) use of the distributive,
associative, and commutative properties and/or the properties of rational exponents can
be applied to one expression to convert it to the other expression.

When two expressions are equivalent, assigning the same value to x in both expressions
will give an equivalent numerical expression, which then evaluates to the same number.
Therefore, changing the expressionto something equivalent will not change the truth
value of the equation once values are assigned to .

c. When wesquare both sides of the original equation, we get the following new equation:
(3x+4)%? = (5x—4)2.

Show that 4 is still a solution to the new equation. Show that 0 is also a solution to the new
equation but is not a solution to the original equation. Write a sentence that describes how the
solution set to an equation may change when both sides of the equation are squared.

(3 -4+4P=(5-4— 4)*gives 167 = 16°, whichis true.

(3-0+4)*=(5-0 — 4)? gives 4*=(—=4)*, which s true.

But, (3-0+4)=(5-0-4)gives 4 = —4, whichis false.

When both sides are squared, you might introduce new numbers to the solution set
because statements like 4 =— 4 are false, but statements like 4 = (—4)* are true.
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d. When wereplace x by x? in the original equation, we get the following new equation:
3x?+4 =5x% — 4.

Use the fact that the solution setto the original equation is {4} to find the solution set to this new
equation.

Since the original equation 3x + 4 = 5x —4 was true when x = 4, the new equation
3x% +4 = 5x* — 4should be true when «* =4. And, x* =4 when x = 2, so the solution set
to the new equation is {—2,2}.

6. The Zonda Information and Telephone Company calculatesa customer’s total monthly cell phone charge
using the formula,

C=MB+rm)A+1),

where C is the total cell phone charge, b is a basic monthly fee, r is the rate per minute, m is the number
of minutes used that month, and t is the tax rate.

Solve for m, the number of minutes the customer used that month.

C=b+bt+rm+rmt
C—b-—bt=m-(r+rt)

C—b-bt be_a
— — VV\ —
r+rt
r#0
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7. Students and adults purchased tickets for a recent basketball playoff game. All tickets were sold at the
ticket booth—season passes, discounts, etc., were not allowed.

Student tickets cost $5 each, and adult tickets cost $10 each. A total of $4,500was collected.
700 tickets were sold.

a. Write asystem of equations that can be used to find the number of student tickets, s, and the
number of adult tickets, a, that were sold at the playoff game.

55 + 10a = 4500
S+a =700

b. Assuming that the number of students and adults attending would not change, how much more

money could have been collected at the playoff game if the ticket booth charged students and adults
the same price of $10 per ticket?

700 x$10 = $7000
37000 — $4 500 = $2.500 wore

c. Assuming thatthe number of students and adults attending would not change, how much more
money could have been collected at the playoff game if the student price was kept at $5 per ticket
and adults were charged $15 per ticket instead of $10?

First solve for a and s
58 +10a=4500
-55s—5a=—-3500

5a =1000
a =200
$ =500

$5 - (500) + $15 - (200) = $5500

31,000 more

OR

$5 more per adult ticket (200 $5 = $1000 more)
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8. Alexus is modeling the growth of bacteria for an experiment in science. She assumes that thereare B
bacteriain a Petri dish at 12:00 noon. In reality, each bacterium in the Petri dish subdivides into two new
bacteria approximately every 20 minutes. However, for the purposes of the model, Alexus assumes that
each bacterium subdivides into two new bacteria exactly every 20 minutes.

1
a. Createa tablethatshows thetotal number of bacteriain the Petridish at ; hour intervals for

2 hours starting with time 0 to represent 12:00 noon.

Time Number of Bacteria
o B

1/3 hour 2B
2/3 hour 4B
1 hour 8B
1 1/3 hour 168
1 2/3 hour 328
2 hour 64B

b. Write an equation that describes the relationship between total number of bacteria T and time h in
hours, assuming there are B bacteria in the Petridish at h = 0.

T=B-(2*or T=8B-8"

c. If Alexus starts with 100 bacteria in the Petridish, draw a graph that displays the total number of
bacteria with respect to time from 12:00 noon (h = 0) to 4:00 p.m. (h = 4). Label points on your
graphat timeh = 0,1, 2, 3,4.

Hoo,0006

/(‘i, #09, 0o)

{

I //
"{0 '|D{"\J 0 }%w\){zMﬂbm sl ,7,00')

1 L }
| I e z b i

+imne (in hows past 12:00 noon)

NWwm oL v o-r—
baoctevia
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d. For her experiment, Alexus plans to add an anti-bacterial chemicalto the Petridish at4:00 p.m. that
is supposed to kill 99.9% of the bacteria instantaneously. If she started with 100 bacteria at
12:00 noon, how many live bacteria might Alexus expect to find in the Petridish right after she adds
the anti-bacterial chemical?

(1 —0.999) - 409 600 =409.6
about 410 live bacteria

9. Jackis 27 years older than Susan. In 5 years time, he will be 4 times as old as she is.

a. Find the present agesof Jack and Susan.

J=S+27
J+5=4-(S+5)

S+27+5=4S+20
S+32=4S+20

12=3S

S=4
J=4+27
J=31

Jack (s 31 and Susan (s 4.

b. What calculations would you do to check if your answer is correct?

Is Jack’s age — Susan’s age = 272
Add 5 years to Jack’s and Susan’s ages, and see if that makes Jack 4 times as old as
Susan.
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10.

a. Find the product: (x? — x+ 1)(2x% + 3x + 2)

2XF +3X° + 27— 2X° — BX* — 2X+2X* + BX+ 2
2XF +XPHXP X+ 2

b. Use the results of part (a) to factor 21,112 as a product of a two-digit number and a three-digit
number.

(1o00-10+1)-(200+ 30 +2)
(91)-(232)

11. Consider the following system of equations with the solution x =3, y = 4.

EquationAl: y=x+1

EquationA2: y= —-2x+ 10

y=x+1

(3.4

\ y=-2x+10

a. Write a unique system of twolinear equations with the same solution set. This time make both
linear equations have positive slope.

4
Equation B1: y=zX
Equation B2: y=x+1
EUREKA Module 1: Relationships Between Quantities and Reasoning with Equations and 340

o Their Graphs
MATH

©2015 Great Minds. eureka-math.org



A STORY OF FUNCTIONS End-of-Module Assessment Task R\"}!

ALGEBRA |
b. The following system of equations was obtained from the original system by adding a multiple of
equation A2 to equation Al.
EquationCl: y=x+1
EquationC2: 3y =-3x+21
What multiple of A2 was added to A1?

2 times A2 was added to AL.

c. What is the solution tothe system given in part (b)?

(3.4)

d. Forany realnumber m, the line y = m(x — 3) + 4 passes through the point (3,4).
Isit certainthen that the system of equations:
EquationD1: y=x+1
EquationD2: y=m(x—3)+4
has only the solution x = 3, y = 4? Explain.

No. If m = 1, then the two lines have the same slope. Both lines pass through the point
(3.,4), and the lines are parallel; therefore, they coincide. There are infinite solutions.
The solution set is all the points on the line. Any other nonzero value of m would create
a system with the only solution of (3,4).
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12. The local theaterin Jamie’s home town has a maximum capacity of 160 people. Jamie shared with Venus

the following graph and said that the shaded region represented all the possible combinations of adult
and child tickets that could be sold for one show.

(0, 160)
c: the number of child tickets sold
a: the number of adult tickets sold

a. Venus objected and said there was more thanone reason that Jamie’s thinking was flawed. What
reasons could Venus be thinking of?

1. The graph implies that the number of tickets sold could be a fractional amount, but

really it only makes sense to sell whole number tickets. x and y must be whole
numbers.

2. The graph also shows that negative ticket amounts could be sold, which does not
make sense.
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A STORY OF FUNCTIONS End-of-Module Assessment Task R\"}!

b.

ALGEBRA |

Use equations, inequalities, graphs, and/or words to describe for Jamie the set of all possible
combinations of adult and child tickets that could be sold for one show.

a+c<160
The systemwould be{ a20 wherea and ¢ are whole numbers.
c20

C

(0, 160) c: the number of child tikcets sold
' a: the number of adult tickets sold

Only the whole number
values of a and c are part
of the solution set (even
thﬂugh It appears that all
(160, 0) the points are shaded).

The theater charges $9 for each adult ticket and $6 for each child ticket. The theater sold 144

tickets for the first showing of the new release. The total money collected from ticket sales for that
show was $1,164. Write a system of equations that could be used to find the number of child tickets

and the number of adult tickets sold, and solve the system algebraically. Summarize your findings
using the context of the problem.

a: the number of adult tickets sold (must be a whole number)

¢c: the number of child tickets sold (must be a whole number)
{Cla +6Cc=11c4
a+c=144

Qa+6c=1164
-6a— 6C= -804
3a =300

a =100, ¢ = 44

In all, 100 adult tickets and 44 child tickets were sold.
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